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 Time optimal trajectory planning of closed chain mechanisms has not been done by indirect method yet. 
In this paper, this problem is considered for a four bar mechanism and its solution is presented on the 
basis of the indirect solution of optimal control problem. To this end, the additional coordinates are 
omitted using the holonomic constraints, so the dynamic equation is obtained with respect to only one 
generalized coordinate. Then the necessary conditions for optimality are derived using Pontryagin's 
minimum principle by considering the constraint on the applied torque. The obtained equations lead to a 
two-point boundary value problem (BVP) the solution of which is the optimum answer. Unlike the 
direct methods that result in approximate solution, indirect method leads to an exact solution. But the 
main challenge in indirect method is solving the BVP. Solving this problem is sensitive to the initial 
guess.  This problem is much more severe for time optimal problem which has a high nonlinear answer 
in bang-bang form. To overcome this problem an algorithm is proposed to solve the time optimal 
problem with any desired accuracy, and the initial solution can simply be zero at the start of the 
algorithm. But in the time optimal trajectory the large jerk occurs, due to control signals switching. In 
order to overcome this problem, another algorithm is presented to calculate the minimum time with 
bounded jerk. Finally, the simulation results show the performance of the proposed method in time 
optimal trajectory planning. 
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Fig. 1 Schematic diagram of planar parallel four-bar mechanism 
1  

1 Simmechanic 
2 Boundary value problem for conditions (bvp4c) 
3 MATLAB 
4 Holonomic constraints 
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Fig. 3 Algorithm of the time optimal calculation with bounded jerk 
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Table 1 Relevant numerical parameters for the four-bar mechanism 
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 1 4 2.5 m 
 1 1 1 kg 

 0.0833 1.3333 0.5208 kgm2 
 1.5708 0.3533 1.2649 rad 

 6.2832 0.5368 0.9582 rad 
 0 0 0 rad/s 

 0 0 0 rad/s 

 

Fig. 4 Angular position of the first joint with respect to time  
4  

 
Fig. 5 Angular velocity of the first joint with respect to time  
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Fig. 6 Motion time in each iterations 
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Fig. 7 Angular position of first joint with respect to time 
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Fig. 8 Angular velocity of fist joint with respect to time 
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Fig. 9 Angular acceleration of fist joint with respect to time  
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Fig. 10 Jerk of first joint with respect to time  
10  

  

-3-6   
3 

  
  

2 4 6 8 10 12 14 16 18
0.4

0.5

0.6

0.7

0.8

0.9

1

Iteration

Ti
m

e,
   

 (s
)

 

 

acceptable time
non-acceptable time

00.51
00.51  

 

tf

0 0.2 0.4 0.6 0.8 1
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

 

 

Time x     (s)

Fi
rs

t J
oi

nt
 A

ng
le

 (r
ad

)

0.6116 0.6117

0.234

0.2345

0.235

0.2355

 

 
tf
tf
tf
tf
tf
tf
tf
tf
tf

tf

=1
=0.9
=0.8
=0.7
=0.6
=0.5
=0.49917
=0.49875
=0.49868

0 0.2 0.4 0.6 0.8 1
-0.5

0

0.5

1

1.5

2

Time x    (s) 

Fi
rs

t J
oi

nt
 A

ng
ul

ar
 V

el
oc

ity
 (r

ad
/s

)

 

 
tf
tf
tf
tf
tf
tf
tf
tf
tf

0.82 0.84 0.86 0.88

1.75

1.8

1.85

1.9

 

 

tf

=1
=0.9
=0.8
=0.7
=0.6
=0.5
=0.49917
=0.49875
=0.49868

0 0.2 0.4 0.6 0.8 1
-150

-100

-50

0

50

100

150

200

250

Time x     (s)

S
ec

on
d 

Jo
in

t A
ng

ul
ar

 V
el

oc
ity

 (r
ad

/s2 )

 

 
tf
tf
tf
tf
tf
tf
tf
tf
tf

  

(ra
d/

s2 )

0.66 0.68 0.7 0.72 0.74

-10

0

10

 

 

tf

=1
=0.9
=0.8
=0.7
=0.6

=0.49917
=0.49875

=0.5

=0.49868

0 0.2 0.4 0.6 0.8 1
-1000

-800

-600

-400

-200

0

200

Time x    (s)

Je
rk

 o
f T

he
 F

irs
t J

oi
nt

 (r
ad

/s3 )

 

 

tf
tf
tf
tf
tf
tf
tf
tf
tf

tf

=1
=0.9
=0.8
=0.7
=0.6
=0.5

=0.49875
=0.49917

=0.49868

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
42

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

20
 ]

 

                             8 / 11

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.42.9
https://mme.modares.ac.ir/article-15-10213-en.html


    

                   

1395163  361  

 

Fig. 11 Optimal torque of first joint with respect to time  
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Fig. 12 Motion time in each iterations  
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Fig. 13  Angular position of first joint with respect to time  
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Fig. 14  Angular velocity of first joint with respect to time 
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Fig. 15  Angular acceleration of first joint with respect to time 
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Fig. 16 Jerk of first joint with respect to time 
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Fig. 17 Optimal torque of first joint with respect to time 
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3  .

2 
  

clear 
tf=1; 
solver = 'GeOCPbvp4c'; 
sol = bvpinit(linspace(0,1,20),[0 0 0 0]); 
JKmax=150;ed=5;e=.11;k=1;s=1;j=0;JK=0; 
while abs(JK-JKmax)>ed 
abs(JK-JKmax); 
ttf(s)=tf 
    s=s+1; 
[solo, outs, times]=GeOCPbvp4c(@a,@b,sol,options,inf); 
  if outs==0 
      xx=linspace(0,1);yy=deval(solo,xx)          
n=size(xx);n=n(2); 
      sol=solo; 
  for i=1:n 
      %calculate T(i) and thdd(i) 
  end  
  for i=1:n-1 
    thddd(i)=(thdd(i+1)-thdd(i))/(xx(i+1)-xx(i)); 
  end 
      JKmax=max(abs(thddd));    
  if JK>JKmax  
      figure (1);hold on;plot(s,tf,'+') 
      tf=tf+e;k=k+1;e=e/(k)        
  else 
      figure (1);hold on;plot(s,tf,'*')       
  end 
  else 
      figure (1);hold on;plot(s,tf,'O') 
      tf=tf+e;k=k+1;e=e/(k);  
end 
tf=tf-e; 
end  
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