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The use of phase change material to enhance the capacity of energy storage/ release is the subject of 
many new researches on the management of energy supply. Study of these systems is directly related to 
the solid-liquid phase-change problem, in which the evaluation of temperature distribution, position of 
phase-change front and liquid or solid fraction becomes a basic problem. Study of freezing and melting 
process with regard to natural convection in the liquid phase is the main purpose of the present paper. 
For this purpose, a rectangular finned container of phase change material is intended. Fins are used to 
enhance the heat transfer rate. This fact necessitates the use of immersed boundary condition on the 
solid phase. Hence, the melting process considering both the effects of natural convection and 
movement of solid phase is studied. The freezing process is also studied taking into account the natural 
convection with no need to impose the immersed boundary condition. Lattice Boltzmann method is 
used as a numerical method and results are reported based on the dimensionless parameters. Based on 
the results, the effects of natural convection are negligible during freezing process, while imposing the 
effects of natural convection provides a significant change in the required time for complete melting of 
the phase change material. 
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Fig.  1 A schematic of  PCM phase-change (solid-liquid) through a 
rectangular finned container 
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Fig. 2 A schematic of thermal boundary condition on the bottom wall 

2  

1 Particle Distribution Functions 
2 Bounce back 

   

,1
=

4 ,2 ,3 3 ,1

2
= 0 (25) 

  
 

-4   
  /

 . ( )
 ( )   .

 .
 ( )  .

 /
 .

PCM  .
 .

 
 .

 
 .

 /

  .
 .  

4-1 -   
) 26 (

   
= 0, (26) 

  
  

x:  
( )

+
( )

+
( )

= 

+ + + , + ,  
(27) 

y : 
( )

+
( )

+
( )

= 

+ + + , + ,  
(28) 

) 27)  (28 (s  b 
 . 

  
 .

) 29 ( 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

8.
39

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             4 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.8.39.6
https://mme.modares.ac.ir/article-15-10951-en.html


    

PCM  LBM    

1395168  79  

( )
+

( )
+

( )
= 

+ + ( + ) 

 
 
 

(29) 
 

 
) 29(  /

 . 
  .

 .
    

4-2 -  -  

)  )3 (
)  ) 30]  (20:[  

( , ) = ( , ) ( ( , ))  
 

(30) 

) 30 (   .
)  

  

s( , ) = ( , ) ( ( , ))  (31) 

) 30)   (31( 
)32)  (33 ( 

( , + ) = ( , + ) × 

( , )  (32) 

( , + ) = ( , + )
,

× 

( , )  

(33) 

) 
) 34 ( 

( ) =
1

, (34) 

) ) 35 (  ] 20:[ 

( ) =
1
4

1 + cos
| |
2

, | | 2

0, | | > 2
 (35) 

 ( ) 
 ) 36]  (22,21  :[ 

( , + ) = 2
( , + ) av( , + )

 (36) 

 

  
Fig. 3 A schematic of Lagrangiant point through the Eulerian ones 

3    

) 36 (av d 
   .

) 37 (  

( , + ) = ( , + ) ×
,

 

( , + )  
(37) 

) 37 * (
   .) 

) 38 (  
 

( , ) =
1

( , )

8

=0

+
2

( , ) (38) 

) )  38(
 .( ) 

) 59 (
  . 

)  39 (
] 21:[  

( , + ) = ( , + ) +
2

( , + ). (39) 

) 39 () 32 (
  .( ) MRT 

) 11(
    

 (  
( + , , ) = ( , , ) (40) 

 ( 
( + , , + ) = ( + , , )  

1 eq + 1 1
2

( , ) , (41) 

)  41 (
  .     
   ) 42 ( ] 21:[ 

= [0, 6 , 6 , , , , ,  
2 , 2 , + ] 

   
(42) 

) 42(  )] 
 

4-3 -   
SRT 3-3  

MRT  
  

 :  
( + , , ) = ( , , ) (43) 

 : 
( + , , + ) = ( + , , )  

1 ( , , ) eq( , , ) + 1 1
2

( , )  (44) 

)  44( h =

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

8.
39

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             5 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.8.39.6
https://mme.modares.ac.ir/article-15-10951-en.html


    

PCM  LBM    

  

80  1395168  

    . 
) 45]  (21 .[ 

= 

0
0
0
0
0
0
0
0

0

0
0
0
0
0
0
0

0
0

0
0
0
0
0
0

0
0
0

0
0
0
0
0

0
0
0

/2 1)

0
0
0
0

0
0
0
0
0

0
0
0

0
0
0
0
0

/2 1)

0
0

0
0
0
0
0
0
0

0

0
0
0
0
0
0
0
0

 

 (45) 
) 44( 

 ] 21:[ 

eq = [ , 2 , 2 , , , , , 0, 0]T (46) 

) 44 /  (
   . 

 .

 ) 47 ( ] 21:[ 

( , + ) = 2
( , + ) av( , + )

, (47) 

) 47(( ) 
  .

 ) 48 (  
av( , + ) = ( , + )

,

( , ) 2 (48) 

)  48() 
 

( , + ) = ( , + ),

8

=0

 (49) 

x   

( , + ) = ( , + ) ( , )  (50) 

  

( , + ) = ( , + ) +
2

( , + ).  (51) 

5 -   

  .
) 52 (   

+1( ) = ( ) + ( )  (52) 

) 52( ( )n 
) k 

k  .) 
        "4"   

 

 

Fig. 4 Energy conversion on the finite control volume 
4  

 .
( )  ] 21:[ 

( ) = 
, ( , + )  (53) 

)  53(L  
 . ) 53 (

) 54 (  

( ) = , ( , + )
 (54) 

 .
    

= ( , )  (55) 

= [ ( , ) ] × ( , )  (56) 

 ) 57 (
  

=  (57) 

 ) 57 (
1 × 1   .  .

) 58 (  

+1
= +  (58) 

) ) 54((
  

) 59 (  
+1( ) =

+1( ) +
+1

+ +1 × [ ( , ) ] (59) 

) 59(( )  .
  ) 60(  

+1 = +  (60) 

) 60 (I   

"5"  .

   

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

8.
39

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             6 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.8.39.6
https://mme.modares.ac.ir/article-15-10951-en.html


    

PCM  LBM    

1395168  81  

  
Fig. 5 Flowchart for solution of melting/ freezing problem with 
corresponding equations 

5  / 

6 -   
6-1 -   

PCM  
 .PCM 

  
  ."6" x=0 

 = 0   . 
  kl ks  L 

 ] 23:[  
( ) = 2   (61) 

( , ) = ( in )
erf 2

erf( )  

0 < , > 0,  

 

(62) 

( , ) = + ( )
erfc 2

erfc( )  

< , > 0,  
 

 

(63) 

  
Fig.  6 Melting a semi–infinite slab, x0 , initially solid at a 
uniform temperature of  

6  

X(t) = 
  . 

) 64(  ] 23:[ 
St

exp( 2) erf( )
St

exp( 2 2) erfc( ) =  (64) 

  LBM  
    

401 × 21  0.2 m × 0.01m  
  .

x=0 
 . 

1  .  
660 

 600 
700   .

 
   

St =
( )  , St =

( ) , = , =  ,  

Fo =  , R = ( ), ( ) ( ) . 
( )

  .

  .= 1 
   .= 1 

= 0.033   .
=

0.5)/3  .
 = 0.5= 0.707= 1= 1.414 = 2 

" 7 "8   ."7" 
= 1   

 1 
"8"  ." 7 8" 

LBM 
  

1   
Table 1 Thermo-physical properties of aluminum and paraffin 

    
2710  6093  (kg m-3)   
----  381.5 Cp,l (J kg  1K  1) 
935 385 Cp,s (J kg  1K  1) 
177 32 k (W m  1K  1) 

386900 80160  L (J kg  1) 
660 29.78  Tm (°C) 
---- 1.2 × 10  (K-1)   
----  1.81 × 10  (Pa s) µ 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

8.
39

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             7 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.8.39.6
https://mme.modares.ac.ir/article-15-10951-en.html


    

PCM  LBM    

  

82  1395168  

  
Fig.  7 Temperature history of four points inside the slab for the case 
of = 1 

7 = 1 
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Fig. 10 Streamlines for gallium melting at four times of 2, 6, 10 and 17 
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Fig. 14 Solid-fraction history of PCM respect to dimensionless time  
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Fig. 18 Liquid fraction history for = 2 
18 = 2 

 

Fig. 19 Liquid fraction history for = 1 
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Fig. 20 Liquid fraction history for = 0.5. 
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