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Non-Newtonian fluid flows experience turbulent regime in some industrial applications. Several
approaches have been proposed for numerical simulation of turbulent flows, each of which has
specific features. RANS turbulence models have reasonable computational costs, while include
several sources of uncertainties affecting simulation results. In addition, RANS models developed
for non-Newtonian fluids are modified versions of available models for Newtonian fluids,
therefore they cannot provide reliable estimation for viscoplastic stress term. In contrast, DNS
delivers accurate results but with high computational costs. Consequently, use of DNS data for
estimation of uncertainty in RANS models can provide better decision making for engineers based
on RANS results. In the present study, turbulence model based on power-law non-Newtonian
fluid is developed and employed for simulation of flow in pipe. Then, an efficient method is
proposed for quantification of available model-form uncertainty. Moreover, it is assumed that
uncertainties originating from various sources are combined together in calculation of Reynolds
stress as well as viscoplastic stress. Deviation of the stresses, computed using RANS turbulence
model from DNS data are modeled through Gaussian Random Field. Thereafter, Karhunen-Loeve
expansion is employed for uncertainty propagation in simulation process. Finally, the effects of
these uncertainties on RANS results are shown in velocity field, demonstrating the fact that the
presented approach is accurate enough for statistical modeling of model-form uncertainty in
RANS turbulence models.

Keywords:
Turbulence Modeling
Non-Newtonian Fluid
Uncertainty Quantification
Direct Numerical Simulation
Karhunen-Loeve Expansion

1-   
       

        

   
        .

      

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               1 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

  

288  139415 5  

        
]2[.

     
]3[    .

      
698/0-813/0  

    
 .      

         
 ]5[  ]6[ 

 .
   .

        
    

  
       

   .
          

       
     

 . 
   
 ]7[    ]8[    
     

 1     
 ] 9[. 

 
  ]10 11[.  

     
      
       .

     
] 12 .[k      

]13[ .    
     

    . 
k      

   
]14[ .

         
   ]15 .[   k 

  
]16[ .     

   
   .   

  

1- Shear Thinning

    
      

 .    

 ]17[ .  
          

   
    

 
       

     .     
2 3  .

    
     

  .      
    

     
    .    

      
    .

       
 .

     
  

     
 .     

     .      
  . 

        
   

     
 RANS  

         .
     

-4 5  
         

) k)  ( (     
]18[.  

    
6 

  .
     

    

2- Aleatory 
3- Epistemic
4- Eddy Viscosity
5- Boussinessq Hypothesis 
6- Kolmogorov

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               2 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

139415 5  289  

    .      
     

1   
         

       .
]19[       

k      
 .

k       
 .   

    .
2    

 .3  
        

  . 
% 99     

 .
 .     

   .

 .  
   .   

20[    .
 .     

  
 .]21[   

  
   .

  
 ]22[ 

    .
     RANS DNS   
DNS     

4    .
]23[    

        .   
   

    
     .  DNS    

        .
  

          DNS    

1- Robust Design  
2- Decaying Turbulence  
3- Probabilistic Collocation Method 
4- Adjoint Method 

RANS     .       
     

     
  

          
 RANS        .

 
DNS RANS  .

  . 
-    

 .   .
    

         .

k    

2-    
2-1 -   

 
)1)  (2 (   
)1(  . 0v  

)2(  D v p
Dt

  

)  2 (D
Dt

   

   

2-2-   
) 3 ( 

S   

)3(  2 S  

) 4 (   

)4(  1( )
2

ji
ij

j i

uuS
x x

  

  ) 5 (
   

)5(  1( ) nk  
) 6 (   

)6(  2 .S S  
) 5(k  

1n   

2-3 -  
 ) 1)  (2)  (7 (

)8 (  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               3 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

  

290  139415 5  

)7(0i

j

u
x

)8(2i j ji
ij i j

j j j i

u u uu
p u u S

x x x x

) 8(   . 

  
   .

) 7)  (8 (
  .-

  
   

   .
 )  8)   (9 (

   

)9(  22
3i j t ij iju u S k  

 ]20[  
]24[    .

 - 
 ]25[ ]26[   

2-4 -   

k   
27[ 

 .
) 10 (

) 11 (
  

)10(  ˆ2t
i ij ij

i i k j

k k kU P S S
t x x x

  

  

  
)11(  

2

1 2

ˆ
2

t
i

i i j

k ij ij
k

U
t x x x

PC C u S S
k k x

  

ˆ  1= ( )
2 i jk u u

= ( )ji

j i

uu
x x

= j
i j

i

u
P u u

x
  .

ˆ2 ij ijS S 
ˆ

2k ij ij
k

u S S
x

 )  10)   (11 (

)   .12 (
    

)12(  
2

t
kC  

t   
   

  . 
  

) 13 (  

)13(  1 lnu Ey  

  -= uu
u

 =
yu

y

  .=u   

  
 .

 ˆ.  
 ˆ 

2ˆˆ ˆ . 
) 14 (   

)14(  2 ij ijS S  

 ) 6 ( ) 15 (  

)15(  2 ˆ ˆ2 2 2ij ij ij ij ij ijS S S S S S  

) 14)   (15(
) 16 (    

)16(  2 2 ij ijS S  

) 5)  (16 (
 

) 16( )  5 (

 .  
 

  .) 10 (
) 11 .  (

  
   

  

3-    

  
 .

 .  -
 

    
  

3-1 -   
           

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               4 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

139415 5  291  

 .0
x

 

 
 

) 17 (  
)17(  ( )u u r  

) 17 ()8)   (18 (
  

)18(  1 2t xr
p ur r S
x r r r

  

 ) 18)  (19 (

)19(  
* *

* * * * * *
* * * *

1 1 2
Re t xr

g

p ur r S
x r r r

  

*
     .

  
* rr

D
* uu

U
*

20.5
pp

U
*

wall

 g
wall

Re UD  

D wall 
U  .  

wall

Re 180
u D 

  
 

- 
   

3-2 -   

- 1  .
  

  .
  .

  .
2  

   

30 80 *r 

 65 *r  
 1   .

000151/0 .  

Y 
  ]9[  2 3 

  

1- OpenFOAM 
2- SIMPLE 

1   
  

2   
  

  
3   
   

3-3 - 
   

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               5 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

  

292  139415 5  

   )X (
   .

) 20 (

)20(  2 1 2
1 2 2

log( ) log( )
Cov( , ) exp

2
x x

x x  

1x 2x   
 

  .
) 21 (

)21(  1

1
2 2

( , )
1 1exp Cov( , )

2
(2 ) Cov( , )

X

T
N

f x

x x  

N*r x X  .
 )  22 (

)22(  , | | ,xL x f x  

  
 L 

x . 
L log( )) 23 (

)23(  
2

Cov
Cov

1

1log( ) log( )
2

TM
i

i i

X v
L  

Cov covv 
 .    

 

3-4 -   
 

   
  .j i  

jX i  
jV i   .j

jP

G 
) 24)  (25 ( 

)24(  
1 1

2 2

1 1
1

j j j j

j

V i V i c r P X i
c r G X i

  

)25(  1 .j j jX i X i V i t  

1c2c 
2   . 1r2r 

 . 
  

  9/0 4/0 
   

           
, 0.0417,1 10e          

k   

3-5 -   
  -

) 26 ( 

)26(  
1

, ( ) ( )
K LN

i i i
i

X x f x  

 K LN 

K Li

(0,1) ( , )i if 
  

K LN 
 40  .

1000    . 4 
   

 ) 19 ( 
  . 

5    
 95 %

  .95 % 
2 , 2   .

    

6  .  
DNS 

  . 
 

DNS RANS 
 

 RANS  .
-

  

4-   
     

    .
      .

      
 

  .   

 .--
    .

     .  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               6 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

139415 5  293  

 
RANS    .

    
  

  
4  

   

  
5    

  
6    

 
        

 ""      .
     034551/0 

044858/0  .
    

  

5-   
) kgm-1s-2( p
) s( t

) ms-1(

) kgm-3(
) kgm-1s-1(

) m2s-1(

   ) kgm-1s-2(  
  
6 -   

[1] C. A. Ventura, F. A. Garcia, P. J. Ferreira, M. Graça Rasteiro, Modeling the
Turbulent Flow of Pulp Suspensions, Industrial Engineering Chemistry
Research Vol. 50, No. 16, pp. 9735-9742, 2011. 

[2] M. Rudman, H. M. Blackburn, Direct numerical simulation of turbulent
non-Newtonian flow using spectral element method, Applied
mathematical modelling Vol. 30, No. 11, pp. 1229-1248, 2006.

[3] R. M. Clapp, Turbulent heat transfer in pseudoplastic non-Newtonian
fluids. International Development in Heat transfer, ASME, Part III, Sec. A.,
pp. 652-661, 1961.

[4] M. P. Escudier, F. Presti, Pipe flow of thixotropic liquid, Journal of non-
newtonian fluid mechanics Vol. 62, No. 2, pp. 291-306, 1996.

[5] M. P. Escudier, F. Presti, S. Smith, Drag reduction in the turbulent pipe
flow of polymers, Journal of non-newtonian fluid mechanics Vol. 81. No.
3, pp. 197-213, 1998.

[6] F. T. Pinho, J. H. Whitelaw, Flow of non-Newtonian fluids in pipe,
Journal of non-newtonian fluid mechanics Vol. 34, No. 2, pp. 129-144,
1990.

[7] R. Sureshkumar, A. N. Beris, R. A. Handler, Direct numerical simulation of
the turbulent channel flow of polymer solution, Physics of Fluids, Vol. 9,
No. 3, pp. 743-755, 1997.

[8] C. D. Dimitropoulos, Y. Dubief, E. S. Shaqfeh, P. Moin, Direct numerical
simulation of polymer-induced drag reduction in turbulent boundary
layer flow of inhomogeneous polymer solutions, Journal of Fluid
Mechanics Vol. 566, pp. 153-162, 2006.

[9] M. Rudman, H. M. Blackburn, L. J. W. Graham, L. Pullum, Turbulent pipe
flow of shear-thinning fluids, Journal of non-newtonian fluid mechanics
Vol. 118, No. 1, pp. 33-48, 2004.

[10] A. Moosaie, DNS of turbulent drag reduction in horizontal channel by
microfibers at high Reynolds numbers using an algebraic closure model,
Modares Mechanical Engineering Vol. 13, No. 3, pp. 117-127, 2013. (In
Persian)

[11] A. Moosaie, Development of stochastic field method for DNS of drag
reduction by microfibers inturbulent channel flow, Modares Mechanical
Engineering Vol. 14, No. 4, pp. 75-82, 2014. (In Persian)

[12] D. O. A. Cruz, F. T. Pinho, P. R. Resende, Modelling the new stress for
improved drag reduction predictions of viscoelastic pipe flow, Journal of
non-newtonian fluid mechanics Vol. 121, No. 2, pp. 127-141, 2004.

[13] P. R. Resende, F. T. Pinho, B. A. Younis, K. Kim, R. Sureshkumar, (2013).
Development of Low-Reynolds-number k- Model for FENE-P Fluids.
Flow, turbulence and combustion Vol. 90, No. 1, pp. 69-94, 2013.

[14] M. R. Malin, Turbulent pipe flow of power-law fluids, International
communications in heat and mass transfer Vol. 24, No. 7, pp. 977-988,
1997.

[15] M. Behr, D. Arora, S. Schulte-Eistrup, Prediction offlow features in
centrifugal blood pumps, in European Conference on Computational
Mechanics, Carcow, Poland, 2001.

[16] K. Ro, H. Ryou, Development of the modified k- turbulence model of
power-law fluid for engineering applications, Science China
Technological Sciences Vol. 55, No. 1, 276-284, 2012.

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

                               7 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html


    

       RANS           

  

294  139415 5  

[17] O. P. Le Maître, O. M. Knio, Spectral methods for uncertainty
quantification: with applications to computational fluid dynamics New
York: Springer, 2011.

[18] S. B. Pope, Turbulent flows Cambridge: Cambridge university press,
2000.

[19] P. D. A. Plattew, G. J. A.  Loeven, H. Bijlz, Uncertainty Quantification
applied to the k- model of turbulence using the Probabilistic Collocation
Method, 49the AIAA/ASME/ASCE/AHS/ASC Structures Structural
Dynamics  and Materials Conference  Schaumburg   Unites States, 2008 

[20] T. J. Craft, L. J. W. Graham, B. E. Launder, Impinging jet studies for
turbulence model assessment—II. An examination of the performance of
four turbulence models, International Journal of Heat and Mass Transfer
Vol. 36, No. 10, pp. 2685-2697, 1993.

[21] H. Yildizturan, Uncertainty quantification and calibration of k-
turbulence model MSc Thesis, TU Delft, Delft, 2012.

[22] E. Dow ,Q . Wang Quantifcation of structural uncertainties in the k-
turbulence Model, 52nd AIAA/ASME/ASCE/AHS/ASC

Structures  Structural Dynamics and Materials Conference  Denver  United
States, 2011 .

[23] E. Dow, Q. Wang, Uncertainty quantifcation of Structural Uncertainties in
RANS Simulations of Complex Flows, in  20th AIAA Computational Fluid
Dynamics Conference  Honolulu   United States, 2011.

[24] S. C. Cheah, L. Cheng, D. Cooper, B. E. Launder, On the structure of
turbulent flow in spirally fluted tubes, in  5th International Symposium on
Refined Flow Modeling and Turbulence Measurements  Paris, France,
1993.

[25] C. G. Speziale, On nonlinear k-l and k- models of turbulence,  Journal of
Fluid Mechanics Vol. 178,  pp .459 -469, 1987.

[26] T. J. Craft, B. E. Launder, K. Suga, Development and application of cubic
eddy-viscosity model of turbulence,  Int. Journal of Heat and Fluid Flow 
Vol. 17 pp.  108–115, 1996 

[27] W. Jones, B. E. Launder  , The Prediction of Laminarization with Two-
Equation Model of Turbulence,  International  Journal of Heat and Mass
Transfer Vol. 15, Vol. 2  pp  301–314, 1972 . 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

5.
54

.8
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

23
 ]

 

Powered by TCPDF (www.tcpdf.org)

                               8 / 8

https://dorl.net/dor/20.1001.1.10275940.1394.15.5.54.8
https://mme.modares.ac.ir/article-15-11556-fa.html
http://www.tcpdf.org

