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 In this study, a simple and efficient closed form solution for bending and stress analysis of functionally 
graded circular and annular plates with elastic boundary conditions is presented based on the first order 
shear deformation theory (FSDT). By using the presented solution procedure, functionally graded plates 
subjected to arbitrary non-uniformly distributed normal and shear loads may be analyzed and all of the 
stresses components can be accurately achieved. Shear loads may be imposed on the top and bottom 
surfaces of plate. By using the constitutive equations based on the first-order shear deformation theory, 
the transverse shear stress components cannot be obtained correctly and constant through-the-thickness 
distributions will be extracted. So, to achieve the transverse normal and shear stress components in the 
proposed solution procedure, the three dimensional theory of elasticity is applied. To establish the 
accuracy and efficiency of the proposed approach, the obtained results are compared with other 
available published results and results of the three-dimensional theory of elasticity extracted from the 
ABAQUS software based on the finite element method (as the most exact method). Comparisons show 
that the obtained results are very accurate, while it is computationally much more economic than the 
three-dimensional elasticity approach. Also, transverse normal and shear stresses boundary conditions 
on the top and bottom surfaces of the plate are exactly satisfied, even for a complicated loading, when 
the non-uniform normal and shear loads are imposed simultaneously on the top and bottom surfaces of 
plate and transverse stresses boundary conditions on these surfaces are non-zero. 
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Fig. 1 Model of a circular/annular plate with elastic boundary 
conditions under non-uniform loads . 
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1 ) ) = 1000 
)  

Table 1 Non-dimensional center deflections of circular plates for 
) ) = 1000 and various ) 

g=105 g=10 g=2 g=0  ( ) 
1.180 1.333 1.613 2.979 ] 4[ 1000 
1.1798 1.3330 1.6133 2.9792 ] 5[ 1000 
1.1798 1.3330 1.6133 2.9792  1000 
1.1821 1.3353 1.6157 2.9816  10 
1.2030 1.3562 1.6366 3.0025  1 
1.4124 1.5656 1.8460 3.2119  0.1 
3.5061 3.6592 3.9396 5.3055  0.01 

2 ) ) = 0 
)  

Table 2 Non-dimensional center deflections of circular plates for 
) ) = 0 and various ) 

g=105 g=10 g=2 g=0  ( ) 
4.285 4.882 5.925 10.822 ] 4[ 1000 

4.2854 4.8819 5.9247 10.8216 ] 5[ 1000 
4.2854 4.8819 5.9247 10.8216  1000 
4.2876 4.8842 5.9269 10.8239  10 
4.3086 4.9051 5.9479 10.8449  1 
4.5180 5.1145 6.1572 11.0542  0.1 
6.6117 7.2081 8.2509 13.1479  0.01 

3 ) ) = 1000 
)  

Table  3 Non-dimensional center deflections of circular plates for 
) ) = 1000 and various ) 

g=105 g=10 g=2 g=0  ( ) 

4.285 4.855 5.708 10.822  ] 4[ 0 
4.2854 4.8551 5.7083 10.8216 ] 5[ 0 
4.2854 4.8551 5.7083 10.8216  0 
2.6815 2.9258 3.3138 5.1006  0.001 
1.4457 1.6016 1.8849 3.2596  0.01 
1.2086 1.3618 1.6422 3.0082  0.1 
1.1827 1.3359 1.6163 2.9822  1 
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(b) 

) 
Fig. 2 Non-dimensional center deflections of circular plates for  
various ( ) and ( ) and (a) ( ) = 0 and (b) ( ) = 1000 
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Fig. 3 Deflections of clamped FG circular plate under non-uniform 
normal and shear loads 
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(a) 
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(b) 
) 

Fig. 4 Stresses of clamped FG circular plate under non-uniform 
normal  load (a) radial stress and (b) transverse shear stress 
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(a) 
) 

 

(b) 
) 

Fig. 5 Stresses of clamped FG circular plate under non-uniform shear 
load on the top surface (a) radial stress and (b) transverse shear stress 
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Fig. 6 Transverse normal stress of clamped FG circular plate under 
non-uniform normal  load 
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Fig. 7 Through the thickness distribution of the von Mises stress 
criteria for clamped circular plates under non-uniform normal load 
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Fig. 8  3D plots for distribution of  the von Mises stress criteria for 
clamped circular plates under non-uniform normal load 
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Fig. 9 Deflections of FG annular plate with clamped boundary 
conditions under non-uniform normal and shear loads 
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(a) 
) 
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Fig. 10 (a) Radial displacement and (b) transverse shear stress of FG 
annular plate with clamped boundary conditions under non-uniform 
normal load   
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(a) 
 ) 

 

(b) 
 ) 

Fig. 11 Transverse shear stresses of FG annular plate with clamped 
boundary conditions under non-uniform shear load imposed on the (a) 
top surface and (b) bottom surface 

11 
  (  ( 

  
-

 ( )  .
- -

 .-
- -

 - .  

-5   

  .

 .
 .

 .
 .

 
 

    

 

Fig. 12 Transverse shear stress of FG annular plate with clamped 
boundary conditions under simultaneous non-uniform normal and shear 
loads on the top and bottom surfaces 
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Fig. 13 Deflections of FG annular plate with clamped-simply supported  
boundary conditions under non-uniform normal and shear loads 
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(a) 
 ) 

 

(b) 
 ) 

Fig. 14  Deflections of FG annular plate under non-uniform normal and 
shear loads with (a) free-clamped and (b) clamped-free boundary 
conditions  
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Fig. 15  3D plots for distribution of  the von Mises stress criteria for 
clamped-simply supported annular plate under non-uniform normal 
load 
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(a) 
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(b) 
 ) 

Fig. 16  3D plots for distribution of  the von Mises stress criteria for 
annular plate under non-uniform normal load with (a) free-clamped and 
(b) clamped-free boundary conditions 
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