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In this paper, the longitudinal vibration of nanorod based on Eringen’s nonlocal elasticity theory
was studied using Rayleigh-Ritz method. non-uniform nano-rod with variable cross-sectional
area, density and Young’s modulus were considered. In the present work, boundary polynomials
with orthogonal polynomials were used as shape functions in the Rayleigh-Ritz method which
causes the vibrational analysis to be computationally efficient and imposition of boundary
conditions to be easier. Using the mentioned polynomials the convergence rate of the obtained
results was increased. All of the equations used in this study are nondimensionalized to reduce
the number of effective parameters in the solution. The influence of the nonlocal and in-
homogeneity parameters on the vibrational behavior of nanorod was investigated. The results
were compared to available results in the literature and good agreement was achieved. The
results showed that nanorod frequencies were dependent on the small scale effect, non-
uniformity, and boundary conditions. For instance, an increase in frequency ratio causes the scale
coefficient in all vibration modes to be increased, especially in higher modes. In addition, the
frequencies were increased by increasing in the length of the nanorod.

Keywords:
nanorod
nonlocal elasticity theory
Rayleigh-Ritz method
boundary characteristic orthogonal
polynomials
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Fig. Non-uniform nanorod with variable cross-sectional area, density and
Young’s modulus 

 1   

7 Size effect
8 Nano-Optomechanical Systems
9 Nonlocal parameter
10 Boundary characteristic orthogonal polynomials
11 Frequency parameter 
12 Nonlocal constitutive equation

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

1.
3.

6 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

m
e.

m
od

ar
es

.a
c.

ir
 o

n 
20

24
-0

4-
24

 ]
 

                             2 / 10

https://dorl.net/dor/20.1001.1.10275940.1395.16.1.3.6
https://mme.modares.ac.ir/article-15-528-fa.html


    

    

1395161  205  

   G 
 .= (e ) a 

e   
) 1 (  

)2(  (1 ) =

E   
 

  

)3(  =

( , ) m  
  

)4(  =

x A 
   

) 2 (
  

)5(  =

= 

) 3 -5 (
  

)6(  ( ) ( ) = 1 ( ) ( )

) 6(( ) ( ) m   
= 0 

  
( , ) = ( )sin 
  

)7(  

( ) ( )
( )

+ 1 ( ( ) ( ) ( ) ) = 0

1 ) 7 ( -
 .( ) 

  

)8 -  

( ) ( ) ( )
( )

+ 1 ( ( ) ( ) ( ) ) = 0

   

)8 -  

( ) ( )
( ) ( )

= [ ( ) ( ) ( ) ( )

+ ( ( ) ( ) ( ))
( )

  

  ( ) ( )
( )

1- Weak form

  
  
)9(  

= [ ( ) ( ) ( )

+ ( ) ( ) ( )
( )

2   

)10(  
( ) ( ) ( )

( ) ( ) ( ) + ( ) ( ) ( ) ( )

2 -2-   
  

   - .
3   

  

)11(  

X =

=

=
e

 4 
  = 0  . 

5 e 
        

   .  
) 11)  (10 (

  

)12(  

E (X)A (X) ( ) X

(X)A (X)U(X) + (X)A (X)U(X) ( ) X

   

)13 -  

= E (X)
= (X)
= A (X)

  .
E (X)(X) A (X) 

X   

)13 -  

E (X) = 1 + X + X
(X) = 1 + X + X

A (X) = 1 + X

b6  

2 -3-  -7  
-N 

  

)14(  U(X) = (X)

2- Rayleigh-quotient
3- Admissible shape function
4- Scaling effect parameter
5- Internal characteristic length
6- Thickening coefficient
7- Rayleigh-Ritz method

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

1.
3.

6 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

m
e.

m
od

ar
es

.a
c.

ir
 o

n 
20

24
-0

4-
24

 ]
 

                             3 / 10

https://dorl.net/dor/20.1001.1.10275940.1395.16.1.3.6
https://mme.modares.ac.ir/article-15-528-fa.html


    

     

  

206  1395161  

     
-1 

]3128.[  

)15(  

= X (1 X) X

= , =

=
,
,

   a b   

)16(  , = (X) (X) X

[0,1]  .
2   

)17(  (X) = ,
     

)18(  =

-0 1 
  

)19(  , = 0 ,
1 , =

)  14)   (12(
  

)20(  [ ]{U} = [ ]{U}

[ ] [ ] {U} =

[ ]   
  

)21(  

= E A
X X

X

= A +
X

A
X

X

3 -   
 

)20 (3  .
N   

m n 0 1 
  

3 -1- 

 .
1 2  ]33] [34 [

] 35 .  [1 
 0.05 0.10   

2 
 0.05 0.10   

1 Gram-Schmidt process 
2 Norm
3 Maple 18.0

  
Fig. 2 Convergence of first six frequency parameters for C-C1 nanorod 
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Table 1 Comparison of first five vibration frequency parameter of C-C
nanorod with others for different values of nonlocal parameter  

µ  
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Fig. 5 Variations of first three frequency ratios with scale coefficient for, a) C-
C, b) C-F condition
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Fig. 7 Variations of first two frequency parameters of C-C nanorod with
parameters, q and r
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Fig. 11 Variations of first two frequency parameters with for different
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