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semi-analytical method, the so-called Scaled Boundary Finite-Element Method (SBFEM) is
employed for solving two-dimensional steady-state reaction-diffusion equation with constant
diffusion and decay coefficients which are widely used in contaminant transfer, chemical
engineering and heat transfer problems. This method has been successfully applied to various
problems of engineering such as elastodynamics, fracture mechanics and seepage. This method
has the advantages of both boundary element method and finite-element method. Only the
boundary is discretized reducing the spatial dimension by one. Unlike the boundary element
method no fundamental solution is required. Interpolation over the boundaries is approximated
using shape functions the same as in the finite-element method. Singularities, anisotropic
problems, non-homogeneities satisfying similarity and radiation condition at infinity used in
modeling unbounded domains are simply modeled by this technique. In this study, after
derivation of the scaled boundary finite-element formulations for reaction–diffusion equation, the
equations are solved using the proposed solution procedures. The accuracy and performance of
the SBFEM is evaluated using three numerical examples. Reasonable agreement exists between
the results of the scaled boundary finite-element method, the analytical solutions and the popular
numerical approaches.
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1- Acoustic
2- Helmholtz Equation
3- Singularity
4- Time Fractional Nonlinear Reaction–Diffusion Equation
5- Method
6- Method of Fundamental Solutions
7- Pollution Effect
8- Perfectly Matched Layer
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9- Discontinuous Finite Element Method
10- Llattice Boltzmann Method
11- RNA
12- GMRES

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             2 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

1394156  199  

 
-   

 
  
 

1996 
] 24 .  [

  
  

  
]25[ .   
   . 

  ]26[ 
]27[   .]28[ 

 .
]29-31[    

 ]32[ 
 .]33[ 

 .]34[   
  

 .  
   

  .
       

  
 

  .
   
 

   
   

   
  

 
  

  
  )   :2 (

  )  .3 (
    .

   )  4 ( )   .5 (
 

) 6 (   

2 -  
    

          

  .    ) O   1 (   
              

  .           
   2              
   .

   
1  .

= 0 = 1    .  
           

   
   

   .
 

 
  

 
   

3 -    
3-1- 

) 1 ( 
   

  

  

  
1   

-  -    

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             3 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

  

200  1394156  

= 
)    .(

 - 1  

= )      

 2  (]4[.  
)1(  = 0

– 
 ) 2 (   

)2(  + = 0

 )   
     .

  )  .2 (
 ) 3 (   
)3(  { } { } + = 0

  

)4(  { } =

)5({ } = [ ]{ }

{ } [ ]   
{ } { }   

3-2-  -   
  1   

     . 
) 6 (    

)6 -  ( ) = [ ( )]{ }

)6 -( ) = [ ( )]{ }

) 7 (    
)7-  ( , ) = ( ) = [ ( )]{ }

)7-( , ) = ( ) = [ ( )]{ }

)  7 (

) [ ( , )] (
 ) [ ( )] .(

  ) 8 (
  

)8(( , ) = [ ( )] ( )

  
 . 3 

 ( )  
 

 . 
    

1- Linearized Poisson–Boltzmann Equation
2- Inverse Thermal Energy

  
 2   

 

  
 3    

  
{ } 

) 9 (   

)9(  { } = [ ( )] + [ ( )]
1

  

)10 -  [ ( )] =
1

| |
( ),
( ),

)10 -  [ ( )] =
1

| |
( )

( )
) 8-10) (5 ( ) 11 (

 

)11({ ( , )} = [ ] [ ] ( ), +
1

[ ]{ ( )}

  
)12 -  [ ] = [ ][ ( , )]

)12 -[ ] = ([ ][ ( )]),

3 -3 -   
  ) 3)  (13 (   

)13(
[ ] { } { } + { } { } = 0

 ) 5) (9)  (11 ()13 ( 
) 14 (  

)14(

[ ] { ( )},
+([ ] [ ] + [ ] ) { ( )}, [ ]{ ( )}

[ ] { ( )} + { ( )} = 0

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             4 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

1394156  201  

) 14 (
  ) 15 (  .)14(

 
 ) { ( )} 

)14.(  (  

)15 -  [ ] = [ ] [ ] [ ]| |

)15 -  [ ] = [ ] [ ] [ ]| |

)15 -  [ ] = [ ] [ ] [ ]| |

)15 -  [ ] = [ ( )] [ ( )] | |

)15 -  { ( )} = [ ( )] | |[ ] { }

 - 
 

 
 . ) 14 (

   

3-4-   
{ ( )} ) 16 (

 ]35[.  

)16(
{ ( )} = [ ( )] [ ] { } | |

) 16 ( ) 17 ( 

)17(
[ ( )]{ ( )} = [ ( )] [ ] { } | |

[ ( )]   
 ) 11)  (17)  (15 (

 = 1  
) 18 (  

)18(  
[ ][ ] [ ] ([ ][ ] )[ ]

[ ]([ ] [ ] ) + [ ][ ] [ ] [ ]
[ ] = 0

[ ]  .
 )18 (   

4 - 
4-1-   

 ) 19 (
  

)19([ ] = [ ] + [ ]

  ( )  
)  ( ) 3 .  (

    
= 0 

 . = 0  )19( )20 (
   

)20([ ] = [ ]

 = 0  )14 ( )21 (  

)21(  
[ ] { ( )}, + ([ ] [ ] + [ ] ) { ( )},

[ ]{ ( )} = 0
[ ] ) )22:((  

)22(  [ ] =
[ ] [ ] [ ]

[ ] + [ ][ ] [ ] [ ][ ]
) 23:(  

) 21 ( ) 24 (
   

)24 -   ( ) = [ ] { } + [ ] { }

)24 -   ( ) = [ ] { } + [ ] { }

 .
 . ( ) 

= 0 { }  .
 )24 (  )25 (  

)25 -   ( ) = [ ] { }

)25 -   ( ) = [ ] { }

{ }  . 
 )26 (  

  
)26(  ( = 1) = [ ] ( = 1)

) 25)  (26 ([ ]) 27 (    
)27(  [ ] = [ ][ ]

  0   
)19)   (18 ( 

      .
 ) 18 ([ ] = 0 

 .  
)28 (  

)28(  
( [ ] + [ ])[ ] [ ]

+[ ] [ ] ( [ ] + [ ] ) + [ ] = 0
) 28(1 

)23) ( [ ] )  (22 ([ ] 
 ) 29 (    

)29(  [ ] ( [ ] + [ ] ) = [ ] [ ]

[ ] ) 27 (  .
 ) 29)  (28) (30 (    

)30(  
([ ] ) [ ] [ ]
[ ][ ] [ ] + 2[ ] = [ ]

 ) 30 ([ ] [ ])  31 (
  

)31(  ([ ] ) + ([ ] ) = [ ] [ ][ ]

  
)32(  [ ] = [ ] [ ][ ]

) 31 (   
 

 ) 33 (    

1- Lyapunov

)23(  
[ ][ ] = [ ]

=
[ ] [ ]
[ ] [ ]

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             5 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

  

202  1394156  

)33(  [ ] = ([ ] ) [ ][ ]

4-2 -  - 
   

 
  

    
 : 

 )  .15 ([ ][ ]

[ ] [ ]   1 
     

)  :22 ( 
  .  

)  :27)  (33 ( [ ] [ ]  
   

 : [ ] [ ] ) 19 (
    

 :)26 (
   
 : = 1 

) 25({ }    
 :{ }  )  25(

    

5 -  
 

- 

  
   

5-1-  :  
) 4 (1 1 

 .
 ) 34 (

 .
 ]17[ 

-2 ]18[ -3 
  

)34(+ 2 = 0

) 34(  4  5 

1- Assemble
2- Single-Grid Lattice Boltzmann Method (LBM)
3- Multi-Grid (MG)- Lattice Boltzmann Method (LBM)
4- Thermal Conductivity
5- Convection Coefficient from the Surfaces

 . = 2 kg/(K. s ) 
= 1 (kg. m)/(K. s )  . 

) 35 (  

)35(

( , 0) = cos( )
( , 1) = 0

(1, )
sinh )

sinh )

(0, ) =
sinh( )

sinh( )
= (4 + )   

) 36 (  

)36(( , ) = cos( )
sinh( )

sinh( )
  

 )  5/05/0 (
   .

32 32  
)5 .( 4   

 . 
   

 .
6  

 )    ) 
  .

6   
= 0 = 1 05/0    

  

  
 4    

  
 5  

 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             6 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

1394156  203  

 6  
 )  ( )   

  
 7   

   

  
 8   

BD 

6  
   .7  

 . 8 9  
AC BD  .

  32 

  
   

 
 .

 4 48 816 1632 32
64 64128 128 256 256  

) 10 .(  
11   

   
  .6 11 

     
  

9     
AC 

  
10  

  
 11  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             7 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

  

204  1394156  

5-2-  :  

)  2 ( 
)   .12 (

)   .37 ( )
  :  

)37(

(0, ) = 0 mgr/m < 0.5
30 mgr/m 0.5

( , 0) mgr/m < 0.5
10 mgr/m 0.5

( , 1) 30 mgr/m 0.5
mgr/m > 0.5

(1, ) = 10 mgr/m 0.5
0 mgr/m > 0.5

-
= 2 × 10 m /s= 1 × 10 s    

 ) 5/05/0 (  .
 64 64 

 13  
 . 13  

EFG H 
  

  

  
 12 

  
 13    

    
 .

 1  

EFG H 
11712 

6033   
 . 14 

 . 
 15   
15  

  

  

  
 14  

  
 15   

1- PDE Tools

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             8 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

1394156  205  

  
 16    

AC 

  
 17    

BD 

  
 18      

3/97 
  .

   
AC BD  16 17 

 
  

5 -3 -  :  
18 

 .
  

 
 .EF CD 

 3010 ABBCOD

OE AF 
 .

 ) 34 (
 . = 3 ×

10 kg/(K. s ) = 7 × 10 (kg. m)/(K. s )   
 

 ) 0 (  .
  

 
OE OD  

 . 
  

   EOD  
 .    .

    
100  

  
100 100   
 19 

 OE OD    .
  4 -2   

   
   

 .
   

  

  
 19  

   

0

2

4

6

8

10

12

0 0.2 0.4 0.6 0.8 1

C
)

 
 

(

) (

0

5

10

15

20

25

30

0 0.2 0.4 0.6 0.8 1

C
)

 
 

(

)(

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                             9 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

  

206  1394156  

  20 
 .
O 1 

 
 .

EOD O 
   .

21 
22  .

AB EOD  23  24 
 .23   

AB   
O 

EOD 24 O  .
24  

O 
 .EOD 

O OD EO  
 

    .
 O 100 

1921 .  
  

  
 20  

  
 21  

  

1- Singular

  
 22    

  
 23  

 AB 

  
 24   

 EOD 

6 -    
 

–  .

0

5

10

15

20

25

-1 -0.5 0 0.5 1

 )
 

(

)(

10

14

18

22

26

30

-0.25 -0.15 -0.05 0.05 0.15 0.25

 )
 

(

)(

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                            10 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

1394156  207  

  
 

  .– 
 .

  . 

  .

   

7 - 
C) mgr/m(  

Dx )m /s(  
Dy )m /s(  

h) kg/(K. s )(  
k) kg. m/(K. s )(  
N  

N   
q) mgr/(m s)(  
Q)mgr/(m. s)(  
T) K(  

T   
T   

W  
x  
y  

  
  

  

8 -   
[1] Zh. Chen, D. Cheng, W. Feng, T. Wu, H. Yang, multigrid-based

preconditioned Krylov subspace method for the Helmholtz equation with
PML, Journal of Mathematical Analysis and Applications Vol. 383, 522–
540. 2011 

[2] J. I. Ramos, E. Soler, Domain decomposition techniques for reaction
diffusion equations in two dimensional regions with re-entrant corners,
Mathematics and Computation, Vol. 118, pp 189 221, 2001

[3] K. Balakrishnan, P. A. Ramachandran, The method of fundamental
solutions for linear diffusion-reaction equations, Mathematical and
Computer Modelling Vol. 31, pp 221-237, 2000

[4] G. Sutmann, Compact nite difference schemes of sixth order for the
Helmholtz equation, Journal of Computational and Applied Mathematics
Vol. 203, pp 15–31, 2007 

[5] D. Colton, Iterative methods for solving the exterior dirichlet problem for
the Helmholtz equation with applications to the inverse scattering
problem for low frequency acoustic waves, Journal of Mathematical
Analysis and Applications Vol. 77, pp 60-72, 1980 

[6] Y. Hayashi, The dirichlet problem for the two-dimensional Helmholtz
equation for an open boundary, Journal of Mathematical Analysis and
Applications Vol. 44, pp 489-530, 1973

[7] T. S. Angell, R. E. Kleinman, Modified Green’s functions and the third
boundary value problem for the Helmholtz equation. Journal of
Mathematical Analysis and Applications, Vol. 97, pp 81-94, 1983

[8] L. Marin, Treatment of singularities in the method of fundamental
solutions for two-dimensional Helmholtz-type equations. Applied
Mathematical Modelling, Vol. 34, Pp 1615–1633, 2010 

[9] Z. He, P. Li, G. Zhao, H. Chen, meshless Galerkin least-square method for
the Helmholtz equation, Engineering Analysis with Boundary Elements
Vol. 35, pp 868 –878, 2011 

[10] Zh. Chen, T. Wu, H. Yang, An optimal 25-point finite difference scheme
for the Helmholtz equation. Journal of Computational and Applied
Mathematics Vol. 236, pp 1240–1258, 2011

[11] S. Kumar, S. Chandra Sekhara Rao, robust overlapping Schwarz
domain decomposition algorithm for time-dependent singularly
perturbed reaction–diffusion problems, Vol. 261, pp 127-138, 2014

[12] J. P. Bérenger, perfectly matched layer for the absorption of
electromagnetic waves, J. Comput. Phys, Vol. 114, pp 185–200, 1994

[13] V. K. Baranwal, R. K. Pandey, M. P. Tripathi, O. P. Singh. An analytic
algorithm for time fractional nonlinear reaction–diffusion equation
based on new iterative method, Commun Nonlinear Sci Numer Simulat
Vol. 17, pp 3906–3921, 2012

[14] B. Zhang, Sh. Chen, J. Zhao, posteriori error estimation based on
conservative ux reconstruction for nonconforming nite element
approximations to singularly perturbed reaction–diffusion problem on
anisotropic meshes, Applied Mathematics and Computation Vol. 232, pp
1062–1075, 2014

[15] M.G. Blyth, C. Pozrikidis, comparative study of the boundary and finite
element methods for the Helmholtz equation in two dimensions,
Engineering Analysis with Boundary Elements, Vol. 31, pp 35–49, 2007 

[16] A. F. D. Loula, G. B. Alvarez, E. G. D. do Carmo, F. A. Rochinha,
discontinuous finite element method at element level for Helmholtz
equation, Vol. 196, pp 867–878, 2007

[17] D. V. Patila, K. N. Premnath, S. Banerjee, Multigrid lattice Boltzmann
method for accelerated solution of elliptic equations, Journal of
Computational Physics Vol. 265, pp 172–194, 2014

[18] Z. Chai, B. Shi, novel lattice Boltzmann model for the Poisson equation,
Appl. Math. Model Vol. 32, pp 2050–2058, 2008

[19] L.Chen, Q. Kang, B. Carey, W. Q. Tao, Pore-scale study of diffusion–
reaction processes involving dissolution and precipitation using the
lattice Boltzmann method, Vol. 75, pp 483-496, 2014

[20] M. E. Hohn, B. Li, W. Yang, Analysis of Coupled Reaction-Diffusion
Equations for RNA Interactions, Journal of Mathematical Analysis and
Applications Vol. 425, pp. 212-233, 2015

[21] V. Sladek, J. Sladek, A. Shirzadi, The local integral equation method for
pattern formation simulations in reaction–diffusion systems,
Engineering Analysis with Boundary Elements Vol. 50, pp 329–340, 2015

[22] S. K. Bhowmik, multigrid preconditioned numerical scheme for
reaction–diffusion system, Applied Mathematics and Computation Vol.
254, pp 266–276, 2015

[23] J. M. C. Pereira, J. E. P. Navalho, A. C. G. Amador, J. C. F. Pereira, Multi-
scale modeling of diffusion and reaction–diffusion phenomena in
catalytic porous layers: Comparison with the 1D approach, Chemical
Engineering Science Vol. 117, pp 364–375, 2014

[24] J. P. Wolf, Ch. Song, Finite element modeling of unbounded media John
Wiley and Sons 1996 

[25] Ch. Song, J.P. Wolf, Body loads in Scaled Boundary Finite-Element
Method, Computational Methods in Applied Mechanical Engineering Vol.
180, pp 117-135, 1999 

[26] Ch. Song, J. P. Wolf, The Scaled Boundary Finite-Element Method: alias
consistent infinitesimal Finite Element Cell Method for elastodynamics,
Computational Methods in Applied Mechanical Engineering, Vol. 147, pp
329–355, 1997 

[27] A.J. Deeks, J.P. Wolf, virtual work derivation of the Scaled Boundary
Finite-Element Method for elastostatics, Computational Mechanics Vol.
28, pp 489-504, 2002

[28] M. H. Bazyar, Ch. Song, Time-harmonic response of non-homogeneous
elastic unbounded domains using the Scaled Boundary-Finite-Element
method, Earthquake Engineering and Structural Dynamics Vol. 35, pp
357-383, 2006

[29] M. H. Bazyar, Ch. Song, continued-fraction-based high-order
transmitting boundary for wave propagation in unbounded domains of
arbitrary geometry, International Journal for Numerical Methods in
Engineering, Vol. 74, pp 209-237, 2008

[30] Ch, Song, M. H. Bazyar, boundary condition in Padé series for
frequency domain solution of wave propagation in unbounded domains.
International Journal for Numerical Methods in Engineering Vol. 69, pp
2330-2358, 2007

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

                            11 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html


    

  -      

  

208  1394156  

[31] Ch. Song, M.H. Bazyar, Development of fundamental solution-less
Boundary Element Method for exterior wave problems, Communications
in Numerical Methods for Engineering Vol. 24, pp 257-279, 2008

[32] M. H. Bazyar, A. Graili, Scaled Boundary Finite-Element solution to
confined seepage problems, Jurnal of Numerical method in engineering
pp. 61-78,. 2011. (In Persian)

[33] M.H. Bazyar, A. Talebi, Transient seepage analysis in zoned anisotropic
soils based on Scaled Boundary Finite-Element Method, International
Journal for Numerical and Analytical Methods in Geomechanics,
DOI: 10.1002/nag.2291, 2014

[34] A. Yaseri, M.H. Bazyar, N. Hataf 3D coupled Scaled Boundary Finite-
Element/Finite-Element analysis of ground vibrations induced by
underground train movement. Computers and Geotechnics Vol. 60, pp.
1–8, 2014

[35] J. P. Wolf, The Scaled Boundary Finite Element Method John Wiley Sons
Ltd, The Atrium, Southern Gate, Chichester, 2003

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

6.
30

.6
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

25
 ]

 

Powered by TCPDF (www.tcpdf.org)

                            12 / 12

https://dorl.net/dor/20.1001.1.10275940.1394.15.6.30.6
https://mme.modares.ac.ir/article-15-5987-en.html
http://www.tcpdf.org

