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In this article, the linear quadratic regulator method (LQR) for voltage control of a linear time-varying 
model of a robot is used to design an online adaptive optimal stable controller to trace the robot arm 
path. Normally, offline solving of Riccati differential equations in backward with final conditions for 
linear time-varying system or converting the Riccati differential equation to an algebraic one in linear 
time-invariant system is inevitable in LQR. However, in this paper, the differential Riccati equations are 
considered as the adaptation laws along with a voltage control strategy to be solved online in forward 
method with initial conditions. Choosing a proper Lyapunov function guarantees the asymptotic 
stability of the tracking.  Furthermore, parametric model uncertainties such as mass parameter variation 
and external disturbances which affect the dynamics of the model are also taken into account. 
Simulation results show the energy used by dc motors of the voltage optimal control strategy is less than 
that of the torque control strategy and as good as the classical PID one. The superior performance of the 
voltage optimal control over torque control strategy is also shown in presence of disturbance. 
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Fig.  1 A view of the implementation of the proposed adaptive 
optimal control system 

1   
 

  :) 23 (

  [7].  
 

)23(  =     
       [7]   )17(  )12(  

      )23(      

      ) 21)  (24 (     
  

)24(  = ( + )     
) 24( 

[24])  .24 (0   
  [ ( + ) ] , , ,  
  
  
)25(  

lim sup
1

[2
( + ) ]  

, lim sup = 0  
                         

( ) = 0  
) 22 ( .) 21(

  .    )24 (  
           [7].  

1 :         

           

      )1(      

  
2 :[27-25] 

 
  

5-  

  
           

   

[7]
 

 .

 .
1-5[7] 

 6 
  

[7]    

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
10

.7
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             4 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.10.7
https://mme.modares.ac.ir/article-15-641-en.html


    

      

1395163  375  

5-1 -           

 
       [19,16]     

           1 2  3 
    " 2"    )26(    

  
  
  
)26(  

[ + ( + 4 ) ] + 2( + 4 ) =  
 

( + 4 ) ( + 4 ) =  
 

=  
  

1 
2 3  )  

 = 9.81 [m/s ] 
)  .5(      )26 (

        = 
=  2 

3 2 3 [16].  
"2"

"3" 

 .
) 26   (1   

           )1 (
         

         

         )    

         )  

 
  

Fig.  2 Overview of cylindrical robotic arm with its workspace 
area  

2   

1- Driver 

 
  

                    )                                                ( ) 
Fig.  3 Cylindrical robotic arm (a) lateral sight, (b) upper sight 
[8] 

3  ( )  ( ) [8]  

1  [8,7]  
Table 1 Robot parameters [7, 8] 

      

  m 0.3  

  m 0.3  

  m 0.2  

  kg  0.46  

  kg  0.34  

  kg  0.34  

   kg m  0.04624 

   kg m  0.02545 

   kg m  0.03616 

               

            

        

    .
      

   .  
[28]     

dc   

dc )40 [17]  ( .
dc   2    

  = 1, … ,  [18,17]  
  
)27(  

+ ( + ) = 
/  

= 1) 27 (  
)28(  + ( + ) = /  

       

[rad]   [Nm/A]
[kg m ] [Nms/rad][Ohm]    

  emf 34

5 

2- Permanent Magnet DC Motor 
3- Back EMF Constant 
4- Damping 
5- Reduction Gear Ratio 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
10

.7
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             5 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.10.7
https://mme.modares.ac.ir/article-15-641-en.html


    

      

  

376  1395163  

    [18,17]. 
" 4"     dc 

 2  
) 28 ( .  

[17] 
) 29(  

)29(  =     
) 29)  (28 (

)1)  (30 (
 dc   [17].  

  
)30(  

+ ( ) + ( + 
 ( , ) + ) + ( ) =   

        
dc ) 30 (       ) 31(    

)31(   ( ) + ( , ) + ( ) =   

( )( ) ( ) ) 32 (
) 34 (.  

)32(  ( ) = + ( )  
 

)33(  ( , ) = + ( , ) +  
 

)34(  ( ) = ( ) 
      

  dc 
            

    
 ( ) 2 3  -

 .) 26 (
) 1 (   ( )

( ) ( )   ) 35 (  

  

Fig. 4 Block diagram for dc motor system [18] 

4   dc [18]  

2 dc [17]  
Table  2 Parameters of dc motor of the cylindrical  robotic arm 
with their numerical values [17] 

dc  =   1/   

  1.6  0.26  0.0002 107.82  0.000817  

  1.6  0.26  0.0002 53.706  0.00138  

  1.6  0.26  0.0002 53.706  0.00138  

( ) =
+ ( + 4 ) 0 0

0 + 4 0
0 0

 

 

( )
+ 4 + 4 0

+ 4 0 0
0 0 0

 

 

( ) = 
0
0  

)35(   
)  32)   (35(

 dc
) 31 ( -

   ( )( ) ( ) )   

         ( 
    ) 36 (.  

  
 

)  1)   (5)   (7(
= 3 )3 :  ( 

 
 

 
 

 
 

6-  
    

 
3  )

 ( 
.        [7] 

 

 .  

6-1 -   

     

( ) =
+ ( + ( + 4 )

0
0

 

0 0
( + 4 ) 0

0 ( )
 

( ) = 
( + 4 )

( ( + 4 ) )
0

( + 4 ) ) 0
0

0
 

 

 

( ) =
0
0

( )
                                           (36) 

             

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
10

.7
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             6 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.10.7
https://mme.modares.ac.ir/article-15-641-en.html


    

      

1395163  377  

)31 (2 
) 1) (6)  (7 (= 3   

  
  
 
 
  

)37(  

= + ( ( ))      

0
0 ( ) ( )  

 

=
0 ×

( )  

 ) 37 (
    1 2 

    )35(    )38(  
  
 
 
 
 
  
  
 

  
)38(  

( ) =
0.10785 + 1.7 0 0

0 1.7 0
0 0 0.34

 

  

) =
1.7 1.7 0

1.7 0 0
0 0 0

 

  

( ) = 
0
0

3.3354
 

)  38(( )
( ) ( )  )36( .

 
= 0.26 

)35)  (36 (2 3 
  

    
= 0.5 [rad] , = 2.25 [m] = 0.75 [m]  
= 0 [rad/s] = 0 [m/s] = 0 [m/s] 

[7] ( )  .
    [7]: 

  
)39(  

= sin( ) , = 1 + cos( ) , = 1 + sin( ) 
= cos( ) , = sin( ) , = cos( ) 

 
6-2 -   

 :   
1 -  

 )  32)   (36( )  37 (   
 )dc (1 2  

2 - 1-6   

 
3 - 

1-6 ) 39(   
= [ ] = [ ]  

4 -   )  2 (  
5 -       )21(      
)40(   = +  

  
= diag (0.0002)= diag (1) 

(0)  

6 -   ) 10(
) 8)   (17(= [ ] 

  
7 - ) 32 (

)36) (37(  
8 - 4 7  

 

     

      

  PID      

 505 0.1 

[7]  . 
      

 )   

 .       

     " 5"   

      
         )= 0( 
  )0( 
   

 .       
"5"    

 )  (
) (      

   :  )(  

           

          

       " 5"= 0  .  
" 6" 

12 3  

         

         -
              [7] 

          " 7"   
   12  3   .

        .  
     " 7"             

  

  

Fig.  5 Block diagram of the overall system with controller for 
simulations 

5   
 
 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
10

.7
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                             7 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.10.7
https://mme.modares.ac.ir/article-15-641-en.html


    

      

  

378  1395163  

 
 
 

 
 

   
)  )  )  

Fig.  6 Comparison of  the tracking performance of the applied voltage and torque strategies to robot motors (a) Trajectory tracking of the link 1,           
(b) Trajectory tracking of the link 2, (c) Trajectory tracking of the link 3 
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Fig. 7 Comparison of the applied voltage to produce the control signal to track the reference path by the voltage and torque strategy to robot motors       
(a) The optimal control voltage of the link 1, (b) The optimal control voltage of the link 2, (c) The optimal control voltage of the link 3 
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Fig. 9 Comparison of the tracking performance of the applied voltage and torque strategy to robot motors in the presence of disturbance 
 (a) Trajectory tracking of the link 1, (b) Trajectory tracking of the link 2, (c) Trajectory tracking of the link 3 
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Fig. 10 Comparison of the generated voltage signal to track the reference path by the applied voltage and torque strategy to robot motors 
in the presence of disturbance  (a) The voltage of the link 1, (b) The voltage of the link 2, (c) The voltage of the link 3 
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Fig. 11 Comparison of norm 2 characteristic of the generated 
voltage of the control signal ( ) by the applied voltage and 
torque strategy to robot motors in the presence of disturbance  
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Fig. 12 Comparison of the tracking performance of the applied voltage and torque strategy to robot motors in the presence of 
disturbance   (a) Trajectory tracking of the link 1, (b) Trajectory tracking of the link 2, (c) Trajectory tracking of the link 3 
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Fig. 13 Comparison of the generated control signal to track the reference path by the applied voltage and torque stratergy to robot 
motors in the presence of disturbance  (a) The voltage of the link 1, (b) The voltage of the link 2, (c) The voltage of the link 3 
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Fig. 14 Comparison of the norm 2 characteristic of the generated 
voltage of the control signal ( ) by the applied voltage and 
torque strategy to robot motors in the presence of disturbance  
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Fig. 15 Comparison of tracking performance of the applied voltage and torque strategy to robot motors in the presence of uncertainty in 
the system model parameter (a) Trajectory tracking of the link 1, (b) Trajectory tracking of the link 2, (c) Trajectory tracking of the link 3 

 15       ( )  ( ) 
  ( )    

    
)  )  )  

Fig. 16 Comparison of the generated voltage of the control signal to track the reference path by the applied voltage and torque strategy 
to robot motors in the presence of uncertainty in the system model parameter (a) The voltage of the link 1, (b) The voltage of the link 2, 
(c) The voltage of the link 3 

 16     
  ( )  ( )   ( )    

  
  
  
  

0
500

1000
1500
2000

Link 1 Link 2 Link 3

1464 1619

672
399 525

261

2

Motor Torque based LQR [7] Proposed LQR

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
95

.1
6.

3.
10

.7
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
4-

10
 ]

 

                            11 / 12

https://dorl.net/dor/20.1001.1.10275940.1395.16.3.10.7
https://mme.modares.ac.ir/article-15-641-en.html


    

      

  

382  1395163  

  

  

Fig. 17 Comparison of the norm 2 characteristic of the 
generated voltage of the control signal ( ) by the applied 
voltage and torque strategy to robot motors in the presence of 
uncertainty in the system model parameter 
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