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In this paper, elastic-plastic buckling of thick rectangular plate has been investigated based on
both Incremental (IT) and Deformation (DT) plasticity theories. Uniform biaxial edge traction was
assumed as the plate loading while simply supported as the boundary conditions. Integral
uniqueness criterion has been minimized to determine the critical buckling traction. Based on
Rayleigh-Ritz method, linear combination of polynomial base functions which satisfy the
geometrical boundary conditions has been used as the trial functions for rotations and transverse
deflection. To validate the analysis, the results for the Mindlin plate theory have been compared
with the previously published results and very close agreement has been observed. Then the
effects of thickness ratio, aspect ratio and also different biaxial traction ratios on the buckling
traction have been investigated. The results show that for the problem considered here, very close
critical buckling traction is predicted by both the Mindlin and sinusoidal plate theories. This
implies that Mindlin plate theory is sufficiently accurate to predict critical buckling traction in this
problem. Moreover, when the loading is gradually changed from biaxial into uniaxial compression
or when the thickness-ratio is increased, the difference between the two theories is also
increased. Also, for compression-tension loading case, the critical buckling traction predicted by
deformation theory is much less than the incremental theory.

Keywords:
Elastic-Plastic Buckling
Thick Rectangular Plate
Sinusoidal Higher-Order Shear Deformation
Theory
Rayleigh-Ritz Method

  

1 -   
    

  

  
   

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             1 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

1394157  275  

  .   
  

  .   
 . 

  
 

 
 ]  1] [2]   [3 [

 .  
  .

   
 -  

] 4 [
-  .  

 
 

  . - 
 .

 
 ]  .5]   [6 [ 

 
]  .7 [

   
]  8 [- 

 
 -  .

  ]   .9 [
-

    .
  . 

 
 . 

 .
]10 [- - 

 
 . 

 .
] 11 [- 

 
  . 

  
- 

] 12 .  [
    .

   

   .
   

]   .13 [- 
 

  
 . 

 
 .

  . 
 

]   .14 [
-

 . 
 

 .
   
  

 
   

 ] 15 [ - 
 

   . 
 - 

   . ] 16 [
- 

-  .
 10  40

    

-  
-  .

 -  
   . 

  
  .  

  
1   

  .1  ab 
h  

 .    .
 0=   1=  
1-= -   

  

2 -   
-   

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             2 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

  

276  1394157  

1  
  

1  ] 17 13 .[
 .

2 
    

1 
) 1 ( ] 13.[  

)1(

=
1
2 +  

+

) 1(      
      

 .
 - ) 2 ( ] 4.[  

= + ( , ) sin

= + ( , ) sin

)2(= ( , )
) 2(   ( )  

     .
  ) 3 ( ] 13.[  

)3(

=

=

=

= +

= +

= +

 ) 3(  
)4 (  

1- Uniqueness 
2- Bifurcation 

)4(

= + sin

= + sin

= 2 + + sin

= ( , ) cos

= ( , ) cos

  ) 5 (
] 17.[  

)5(

= +
= +
=
=
=

 ) 5 (  
   .

  .
  )6 (  ] 17.[  

)6(

= (5 4 ) (1 2 ) 3(1 2 ) 1

=
1

4 3 1

=
1

2 2(1 2 ) 3 1

=
1

4 3 1

= 2(1 + )
   

)7 (  ] 17.[  

)7(

= 3 + (1 2 ) 2 (1 2 ) 3 1

=
1

4 3 1

=
1

2 2(1 2 ) 3 1

=
1

4 3 1

=
1 + 2 + 3

 ) 6(
 ) 8 ( ] 13.[  

)8(= +
) 8 (     

   ) 1.(  
  ) 6 (  

 . 
 2 A -   

  

=

=

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             3 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

1394157  277  

2  
A - 

   
- 

) 9 (]13[  

)9(= + k

  
  )10 (  ] 13.[  

)10(

=
1

1 + kc

=
1

1 + k

) 4 ( ) 1 (
) 1 ( ) 11 (   

)11(

= + sin + 

2 + sin ×

+ sin +

+ sin +

2 + + sin +

( , )cos +

( , )cos

+

+

) 11 (      
    

3 -   
 ) 11 .  (

  )  11 (
  .    

3-1-     
   ) 12 (   

)12(

x =
2

y =
2

h =

w =
2

=

=

=

 ) 12 (   
   

   ) 12( 
) 11(  ) 13 (

    

)13(

= { + + + } x y 

=
1
2 x + 12

w
x

4
x

w
x

= 2
2 w

x y
w

y x +

12
w

x
w

y +
1
2 x y

2 y + 12
w

y y
w

y

=
1

2(1 + ) 3
w

x y + 2 y +
1

x +

2 y x
w

x y y
8 w

x y x + 8
1
h

( + )

= 4
1
h

w
x +

w
y

3-2-   
 ) 13 (  .
 -  .  

   
   .  

   .  
   ) 14 ( 

  w = w d (x) (y)  

  = d (x) (y)  

1

1

1
A

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             4 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

  

278  1394157  

)14(  = d (x) (y)

 ) 14 (   
dd d    . w 

   
  . 
  . 
  ) 15 ( ] 13.[  

)15(

w (x = ±1) = 0
w (y = ±1) = 0

(y = ±1) = 0
(x = ±1) = 0

)  15( w  
   ) 16 (   

)16(

w = (x 1)(y 1)
= (y 1)(y + 1)
= (x 1)(x + 1)

 ) 16(  
      ) 17 ( 
   

)17(

w = d (x 1)(y 1)(x) (y)

= d (y 1)(x) (y)

= d (x 1)(x) (y)

 ) 17)  (13) (13   (
    

 
)13 (  ) 13 (

 dd d  . 
 )  3 (

) 3 ( ) 18(  

)18(

d
×

d
×

d
×

= {0} ×

 ) 18 (  
 w  ) 14)   .  (18(

  ) 19 (  

[ ] ×

d
d

d
×

= {0} ×

d × =

d
d

.

.
d

)19(

d
×

=

d
d

.

.
d

d
×

=

d
d

.

.
d

) 19( dd d 
   .

) 18 (
[ ] ] 13 .[

[ ]   .
  [ ]  ] 13.[  

4 -   

 -   .

  .
  .   

 
   

4-1-   

  .

 -  
 .  
 

   
1   

  . 
 14S-T6 7075-T6 
1 (a) (b)    .

] 13 [   
]  17 [

(c) (d)  
  .

 
] 17 [   

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             5 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

1394157  279  

3 
  h

 3 
  .

3  h  
4= )| . (   

  
1  -  

  ] 17 13[  
  

ck

(a)14S-T6203485/0267/17432/0
(b)7075-T62025/075030/0
(c)225/075033/0
(d)525/075033/0

1 2 3 4p

1

1.04

1.08

1.12
(

cr
)/

(
cr

 , 
p=

4)
h=0.001

h=0.005

h=0.01

 - 001/0h= 01/0h=

1 2 3 4p

1

1.04

1.08

1.12

(
cr

)/
(

cr
 , 

p=
4)

h=0.05

h=0.08

h=0.1

- 05/0h= 1/0h=

3   
 (a) 1

    .   
 3= 4=   .

4=     
  

 
   .4 

  ]17 [
  .4 

(c) (d) 1   .
    

4  c 
 -  

  . c 
   ] 17.[  

5   
  

0 0.005 0.01 0.015 0.02 0.025 0.03
h

0

0.5

1

1.5

2

2.5

10
00

 x
 

cr

[17] 

 - (c) 1

0 0.005 0.01 0.015 0.02 0.025 0.03
h

0

0.4

0.8

1.2

1.6

2

2.4

10
00

 x
 

cr

[17] 

- (d) 1
4 ] 17[

(c) (d) 1

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             6 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

  

280  1394157  

]  13 [
  . 5 

   .5 
 

   ]   .17 13 [
 .  

  
]17 13 [ 4 5

3    

4-2-   

   
 

 - 
 
 .6  .

6   
     

   
  

 ]  .4 [
  

1  
   

 
 .7 

h
     

 7   
  

0.035 0.0375 0.04 0.0425 0.045
h

4.5

5

5.5

6

6.5

10
00

 x
 

cr

[13] 

5 ] 13[
) (a) 1(

1- Shear Correction Factor 

0 0.04 0.08 0.12 0.16 0.2
h

0

40

80

120

160
10

00
x

cr

   

6  
 0=

0 0.02 0.04 0.06 0.08 0.1
h

0

40

80

120

160

200

240

10
00

x
cr

 - 2- =  

0 0.02 0.04 0.06 0.08 0.1
h

0

20

40

60

80

10
00

x
cr

  

  

- 1-=

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             7 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

1394157  281  

0 0.02 0.04 0.06 0.08 0.1
h

0

20

40

60

10
00

x
cr

   

7 - 5/0- =  

0 0.02 0.04 0.06 0.08 0.1
h

0

10

20

30

40

10
00

x
cr

   

   

- 0=  

0 0.02 0.04 0.06 0.08 0.1
h

0

5

10

15

20

25

10
00

x
cr

   

   

- 5/0=

0 0.02 0.04 0.06 0.08 0.1
h

0

4

8

12

16

20
10

00
x

cr

   

- 1=

7 
(a) 1

   
 7  

- ) 0< (
)0>(   .

 . 

 .
 .  

1-= 1=1/0h=
 

74 89  .
36 .

 .   
 

]17 .[ 
 

  
7   

 
 

  
 

 
05/0h= 1/0h= 8  .8

 
  .8 

  .  
 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             8 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

  

282  1394157  

 . 05/0h=
   ) 0>( 

 
   

8   .
8  

) 0> (- ) 0<(
    .

 
]   .15 [

  
8  

-  
  
   

  

-1 -0.6 -0.2 0.2 0.6 1
0

4

8

12

16

20

10
00

x
cr

   

- 05/0h=  

-1 -0.6 -0.2 0.2 0.6 1
0

20

40

60

80

10
00

x
cr

   

- 1/0h=

8 

(a) 1
 

 .
 ) 1,2,3=(

9  .9 
 ) 0= (  

9  
 . 

 
  . 

] 17 16 13 .  [
9   

 . 
  

  .   
 .   

  

0 0.02 0.04 0.06 0.08 0.1
h

0

10

20

30

40

10
00

x
cr

   

  

 - 1=  

0 0.02 0.04 0.06 0.08 0.1
h

0

10

20

30

40

10
00

x
cr

  

  

- 2=

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                             9 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

1394157  283  

0 0.02 0.04 0.06 0.08 0.1
h

0

10

20

30

40

10
00

x
cr

  

- 3=

9  
0= (a) 1  

0.5 1 1.5 2 2.5 3
0

2

4

6

8

10
10

00
x

cr

   

   

 - 05/0h=

0.5 1 1.5 2 2.5 3
0

5

10

15

20

25

30

10
00

x
cr    

   

- 1/0h=

10  
0= (b) 1

   
  )0= ( 

05/0h= 1/0h= 10  .
10     ) 

 ( 
 .  

 .  
1   1 

 . 
    

 .
 ] 17 15 [

 . 
  

 .   
 

    
 10 

  
 .  10-10- 

   
 

  .  
 . 

     

5 -    
- 
   

  .- 
-  
  .

 
 . 

 -
  .   

 
1 - -

2/0h
 . 

 
  

 .    
) 06/0h(  

1- Mode Shape 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

                            10 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html


    

  -            -           

  

284  1394157  

2 -  - 
)0<) ( 

(  .
 

  
- 

3 -  
5/1= - )   (

  .  .
    

   .
   

  .
  

  

6 -    
  (m)
  (m)

c  - 
d d    w
d d  

d d  
  - (Pa)

k  - 
 (Pa)

(m)

h  ( ) 
  

  
(Pa)

(Pa)
, ,    (m/s)

 (m)

w  
, ,(m)

x, y   

  

 

 

 
 

  
 )  (

 

 (Pa)
(Pa)

  
 

 -  (Pa)
 (Pa)

 (rad)
 (rad)
 (rad/s)
 (rad/s)

( )
  

7 -   
[1] N. Yamaki, Buckling of Thin Annular Plate Under Uniform Compression,

Journal of Applied Mechanics, Vol. 25, No. 3, pp. 267-273, 1958. 
[2] S. P. Timoshenko, J. M. Gere, Theory of Elastic Stability, New York: Mc-

Graw-Hill, 1961.
[3] S. Majumdar, Buckling of Thin Annular Plate Under Uniform

Compression, AIAA Journal, Vol. 9, No. 9, pp. 1701-1707, 1971.
[4] H. T. Thai, T. P. Vo, new sinusoidal shear deformation theory for

bending, buckling and vibration of functionally graded plates, Journal of
Applied Mathematical Modelling, Vol. 37, No. 3, pp. 3269-3281, 2013. 

[5] A. A. Illyushin, The Elasto-Plastic Stability of Plates, NACA Thechnical
Memorandum, No. 1188, 1947. 

[6] E. Z. Stowell, Unified Theory of Plastic Buckling of Columns and Plates,
NACA Technical Note, No. 898, 1948.

[7] G. H. Handelman and W. Prager, Plastic Buckling of Rectangular Plates
Under Edge Thrusts, NACA Technical Note, No. 1530, 1948.

[8] H. A. El-Ghazaly, A. N. Sherbourne, Defromation Theory for Elastic-
Plastic Buckling Analysis of Plates Under Non-Proportional Planar
Loading, Computers and Structures, Vol. 22, No. 2, pp. 131-149, 1986.

[9] D. Durban, Z. Zuckerman, Elastoplastic Buckling of Rectangular Plates in
Biaxial Compression/Tension, International Journal of Mechanical
Sciences, Vol. 41, No. 3, pp. 751-765, 1999. 

[10] J. Betten, C. H. Shin, Elastic-plastic buckling analysis of rectangular plates
subjected to biaxial loads, Forschung im Ingenieurwesen, Vol. 65, pp.
273-278, 2000. 

[11] C. M. Wang, Y. Chen,Y. Xiang, Plastic Buckling of Rectangular Plates
Subjected to Intermediate and End Inplane Loads, Journal of Solids and
Structurees, Vol. 41, No. 4, pp. 4279-4297, 2004.

[12] S. .Shrivastava, Inelastic Buckling of Plates Including Shear Effects,
International Journal of Solids and Structures, Vol. 15, pp. 567-575, 1979

[13] C. M. Wang, Y. Xiang, J. Chakrabarty, Elastic/Plastic Buckling of Thick
Plates, International Journal of Solids and Structures, Vol. 38, pp. 8617-
8640, 2001.

[14] C. M. Wang, T. M. Aung, Plastic Buckling Analysis of Thick Plates Using P-
Ritz Method, International Journal of Solids and Structures, Vol. 44, No. 3,
pp. 6239-6255, 2007. 

[15] M. Maarefdoust, M. Kadkhodayan, comparison between the
incremental and deformation theories to analyze elastoplastic buckling
of thin rectangular plates by GDQ method, Modares Mechanical
Engineering, Vol. 12, No. 3, pp. 11-26, 2012. (In Persian) 

[16] S. Rezaei, M. Salmani Tehrani, Elastic-Plastic Symmetrical Buckling
Analysis of Solid Circular Plate of Variable Thickness, Modares
Mechanical Engineering, Vol. 15, No. 2, pp. 25-33, 2015. (In Persian) 

[17] J. Chakrabarty, Applied Plasticity, Second Edition, pp. 519-522, New
York, Springer, 2010.

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

7.
31

.9
 ]

 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
3-

20
 ]

 

Powered by TCPDF (www.tcpdf.org)

                            11 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.7.31.9
https://mme.modares.ac.ir/article-15-6526-en.html
http://www.tcpdf.org

