
  

  13941511 359-367
                

  

    

     
mme.modares.ac.ir

  

    

    

    

    
                

 

  
:  Please cite this article using:

Y. Anani, Gh. H. Rahimi, Modeling of hyperelastic behavior of functionally graded rubber under mechanical and thermal load, Modares Mechanical Engineering Vol. 15, No. 11,
pp. 359-366, 2015 (In Persian)

           
  

 1  2*  

1-          
2-         
 *  143-14115 rahimi_gh@modares.ac.ir  

      
  

 :24  1394  
 :20  1394  

 :17 1394  

                          
    .                  
       .               

             .           
             .        

           .             
        -      .         

                        
               .           

         .                 
         .  

  
   
     

  
     

    

  

  

Modeling of hyperelastic behavior of functionally graded rubber under 
mechanical and thermal load 

Yavar Anani, Gholam Hossein Rahimi* 

Department of Mechanical Engineering, Tarbiat Modares University, Tehran, Iran 
* P.O.B. 14115143 Tehran, Iran, rahimi_gh@modares.ac.ir 

ARTICLE INFORMATION  ABSTRACT 
Original Research Paper 
Received 15 August 2015 
Accepted 12 October 2015 
Available Online 08 November 2015 
 

 In this paper, behavior of functionally graded rubbers with large deformation has been modeled under 
different loading conditions. Rubbers have been assumed incompressible hyperelastic material. In the 
first section of this paper, behavior of isotropic FG rubber has been investigated in uniaxial extension, 
equibiaxial extension and pure shear. In the second section, behavior of isotropic FG rubber is 
investigated in mechanical and thermal loads, simultaneously. For this purpose, multiplicative 
decomposition of deformation gradient tensor has been used. At last, behavior of transversely isotropic 
FG rubber has been investigated in uniaxial extension, equibiaxial extension and pure shear. Material 
properties vary continuously in different specific direction in FG hyperelastic materials. For modeling 
nonlinear behavior of hyperelastic materials, strain energy functions are used. Strain energy functions 
are function of invariants of left Cauchy-Green stretch tensor. Modification in strain energy functions is 
required in order to  for them to be used as FG rubbers. For this purpose, material constants of strain 
energy functions have been assumed to vary exponentially in the axial direction of bar. Moreover, 
stretches in different points of the bar are considered to be function of material properties variation in 
the length direction. Analytical solution has  been compared with experimental data and good 
agreement has been found between them, therefore the  proposed constitutive law has modeled material 
behavior with a proper approximation. 
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Fig. 1 Cauchy stress vs. extension ratio in uniaxial extension of 
isotropic functionally graded hyperelastic material 
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Fig. 2 Planner tension test specimen outline (Pure shear) 
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Fig. 3 Cauchy stress vs. extension ratio in equibiaxial extension of 
isotropic functionally graded hyperelastic material 
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Fig. 4 Cauchy stress vs. extension ratio in pure shear of isotropic 
functionally graded hyperelastic material 
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Fig. 5 Multiplicative decomposition of deformation gradient tensor into 
thermal and mechanical parts 

 5       

)26(  

=

0 0

0 0

0 0

, = =

0 0

0 0

0 0

  

      
 1  = = + 

 )16 (  :  

)27(  ( ) = 1 + = 1 + +  

     )1 (= 0.000342 

       
 20      

 40 80     

4 -1-      
 = ( )( 3) 

  ]4[   
 .    

( ) = exp ( ) = exp  
        

 :  
)28(  = exp ( 3) 

  ) 26)   (28 (
 :  

  
  

)29(  

= exp ( 3) = exp
+ 2

3  

= exp
+ 2

3  

 ) 24 (  :  

1 0 0
0 1 0
0 0 1

+ 2
( )

exp

0 0

0
1

0

0 0
1

 

)30(    
     :  

)31(  = + 2
( )

exp  

  = = 0   
= = .   

)32(  = 2
( )

exp
1  

 
   :  

)33(  = exp 2 ( + ) 

 =  .  -
    
   ]20 .[

0

10

20

1 2 3 4 5

1 
(M

Pa
)

0

Experimental data
Proposed exponential model
Power law model

R C

I

 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.4

7.
3 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
5-

21
 ]

 

                               5 / 9

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.47.3
https://mme.modares.ac.ir/article-15-11109-en.html


    

                    

  

364  13941511  

)1 (001.0   .

 ( ) = 0.0834   .
     
     

6 62.6 
     

     .
       =

( 3)     . 
       
  -  
  = 1.42   .   

    
    .

)24)   (28)   (10( = = = 0 
   :  

)34(  = = = exp 2 ( ) +  

   ) 24)  (28)  (12(
 = 0     :  

)35(  = exp 2 ( ) +  

     
  7 8   .   

         
   .  

5 -          
  

      
     

     . 
     

   .    

  
Fig. 6 Cauchy stress vs. extension ratio of isotropic functionally graded 
hyperelastic material in simultaneous thermal loading and uniaxial 
mechanical extension 
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Fig.7 Cauchy stress vs. extension ratio of isotropic functionally graded 
hyperelastic material in simultaneous thermal loading and equibiaxial 
mechanical extension 
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Fig. 8 Cauchy stress vs. extension ratio of isotropic functionally graded 
hyperelastic material in simultaneous thermal and pure shear 
mechanical loading 

 8     

     

0

10

20

30

1 3 5 7

1 
(M

Pa
)

0

Experimental data
Proposed exponential model
Power law model

0

5

10

1 2 3 4

1 
(M

Pa
)

0

Experimental data
Proposed exponential model
Power law model

0

5

10

1 2 3 4 5

1 
(M

Pa
)

0

Experimental data
Proposed exponential model
Power law model

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.4

7.
3 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
5-

21
 ]

 

                               6 / 9

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.47.3
https://mme.modares.ac.ir/article-15-11109-en.html


    

                    

13941511  365  

    ]4:[  

)39(  

= + 2 + ( ) + 2 ( )

+ 2 ( + ) 

      .
= ( , , , )     

   
   

 ( ) =   .
   :  

)40(  

=

0 0

0
1

0

0 0
1

=

0 0

0
1

0

0 0
1

 

 =   .   
     -    :  

)41(  

= =

0 0
0 0

0 0
= 

0 0

0 0

0 0

  

5 -1-      
     :  

)42(  = ( ) + ( ) 
   

   ..   
 ] 2122[:  

)43(  =
( )
2

(( 3) + ( 1) ) 
( ) = exp     

      
   39( 
  :  

)44(  

1 0 0
0 1 0
0 0 1

+ exp

0 0

0
1

0

0 0
1

 

+2 exp ( 1)
0 0

0 0 0
0 0 0

 

    :  

)45(  

= + exp + 2 exp  

0
4

4

0
2

2

 

 = = 0 =

= .    

)46(  = exp
1  

 
   :  

)47(  

= exp + + 2 exp  

*( ) 
   

   = 1 +  .  
-   

   ] 20 .[

) 1 (001.0   .

  ( )= 0.0164  = 0.14 
  .    

 .  
  9 

3.41    
  

   .  
 ( ) = ( 3)      

     ( ) 
   -

    = 2.18   .  
    

    .
) 39)  (43)  (10(= = = 0 

   :  

)48(  

= = = exp ( ) +  

+ exp ( ) 
   ) 39)  (43)  (12(

 = 0     :  

)49(  

= exp ( ) + + 2 exp  

( ) 

  
Fig. 9 Cauchy stress vs. extension ratio in uniaxial extension of 
transversely isotropic functionally graded hyperelastic material 
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Fig. 10 Cauchy stress vs. extension ratio in equibiaxial of transversely 
isotropic functionally graded hyperelastic material 
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Fig. 11 Cauchy stress vs. extension ratio in pure shear of transversely 
isotropic functionally graded hyperelastic material 
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