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In this paper, an exact analysis of thermal post-buckling behavior of eccentrically stiffened functionally

graded (FG) thin circular cylindrical shells subjected to thermal radial loading and surrounded by elastic
foundation, is presented. Stringer and ring stiffeners are assumed to be placed on the inner surface of the
FG cylinder shell and the material properties of the shell and stiffeners are assumed to be temperature
dependent and continuously graded in the thickness direction. The elastic medium around the circular
cylindrical shell is modeled by a two parameter elastic foundation based on the Winkler and Pasternak
model. Fundamental relations and equilibrium equations are derived based on the smeared stiffeners
technique and the classical theory of shells according to the von- Karman nonlinear equations. By using
the Galerkin method, the thermal post-buckling response of eccentrically stiffened FG thin circular
cylindrical shells is obtained. In order to validate the method, the obtained results are compared with
available solutions and to continue, the effects of different parameters such as volume fraction
exponent, number of stiffeners and elastic foundation parameters, on the thermal post-buckling response
of eccentrically stiffened FG thin circular cylindrical shells are considered. Numerical results show that
stiffeners and elastic foundation enhance the stability of the FG shells. Moreover, increasing the shell
thickness, reducing the volume fraction index, increasing the number of Stringer and ring stiffeners and
applying stiffer elastic foundation lead to an increase in the thermal post-buckling response of stiffened
FG circular cylindrical shells.
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Fig. 1. An eccentrically stiffened FG cylindrical shell on elastic
foundation

Sl lazs )0 0ailysd oul gz e slailgial atng 1 K&

Ao e lis
b S5 ol eluly b zioe diwgy (Preg) ,i3e aasuio
4] 095 o0 e ) by )50
Prege = Prp, (2)V;(2) + Pro(2)Vi(2) @)
Lo 5l (o e b g il oo Lo &y atusly Slge (olss saims)lis Pras
18] wil oo @) byl 50 &
Pr=Py(P_,T~' + 1+ PT + P,T? + P,T?) ®3)
g Jb jo bosuScogar aS pl o8 L g ol S5 gl 5l
g agy 6l Sl (@) bl g po 5 (B) Sl Jooo ol a5 )18
wdlioe (B) ) &5 4 bnoaiiS Zy g
[Esh(2,T), a5p(2,T)] = [En(T), am (TD] + [Ec(T), e (T)]
2z + " h h
2h ) , Eem=E.—E,, —=<z<-—
[Es(z,T), a5(z, T)] = [E(T), ac(T)] + [Emc(T), amc(T)]

2z — h h
( 2h ) , Eme=En—E., ESZSE+hS
s
(E (2, T)'ai(z' )] = [Ec(T), a(T)] + [Enc(T), ame(T)]
2z — h\"? h h
(ZZh ) , Eme=En—E., ESZSE+hr @

(o S arls i GE Es Egy g0 Qs gy iy dey deoaS
) Sl 5 Job 008 g wtingy S Jyso 5 5> el
0diS gl iy Kby cud S 4T 95 Sh uging e e plis

Sdlbee sl 5 Jsb
2 0855 leddlie (0 508 glaalom 1S s by, Gub
{17] szl o (5) alal, p,3 @ slailginl sloatug Sho maw (59,

1
& = Uy + E(W.x)z

w

&y =v, _E+§(V".y)

Yoy = Uy + U, +wow,

Xx = Wxxr Xy = Wyyr Xxy = Wxy (5)

alayly & sy Sl maw 517 alold )0 ding Cubrs puliw jo b 15,5
{17] aesb oo 6)

& = & — ZXx, €y = €y — ZXy ,Vay = Viy — 2ZXxy 6)

bl o (7) abayl, u)ya 4 6,55k doles (5) alaly 4 a> g5 L

0 0 0
Exyy T Eyxx ~ Vayxy = Wxx (ny) “WaxWyy @

N e LT ) cs".’l" T sladiwg slp JuS- Lals)
[13] arlb oo 8) aka,

osh = ;‘(—ZVT) [(ex +vey) — (1 + VIag (z TIAT(2)]
osh = 1“(—”) [(e) +vey) — (1 + VIag (z AT ()]
h E(z,T)

T

3 ooladds 17 0993 1396 s ,a (e Suilke wdiie


https://dorl.net/dor/20.1001.1.10275940.1396.17.3.11.5
https://mme.modares.ac.ir/article-15-440-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-04-20 ]

[ DOR: 20.1001.1.10275940.1396.17.3.11.5]

Obled 9 335531 ol s

bbb )b s SuiwYl piauy Joawgs 03ub dblal 0 duh gl S Zodwe Slailgiml G dimes ol HikleS g Julxs

N
+Fy —kyw+ ks(w,xx + W’yy) =0 1s8)
SUy Joo il (Ghp @Y (Fhwks ISy S Joda b &S
Sbialy 5 ASus @bl 9o Jae palolny SV e il
Oygody elod | s il oad ools Lis (18) aloles ;o a5 jgbojlan
0030,5 jalb slaleiul aing gyl @Yolas jo 55 51 s uye
O3l =)l s 0mg a5 il dz g S pl 4 gl Lol
wgy bl gl e Ll 650 S lalyd atey
Byl slaslgnl
(19) dlaly &jg0a @ 5 &b (18) alal, Jol doles g0 4y a5 |
W9 g0 2
N, = Pyyr Ny = QPxx ny = —Pxy 19)
50 (16) SYolas ¢ (7) (5,5 5L dolee o (14) SVolee (5,0 L
(el nly 1, 21)
Ail P xxxx + (A§3 - ZA;Z)(p,xxyy + A;z(p,yyyy + AE4W,xxxx
+(A;4 + A;s - 2A§6)Wxxyy+A;5W,yyyy + Ew,xx
2
+ [(W,xx) - WxXWyy] =0 @0)
AZ4W,xxxx + (AZS + AE4 + 4A26)W,xxyy+A§5W.yyyy
_A§4(p,xxxx - (A;zt + A§5 - ZAEG)(p,xxyy
1

A5 Pyyyy ~ R Pox ~ PyyWar T 20 Waxy = PaxWyy
W = ks(Waz + ) = 0 @1
Jseze yel)ly 90 o gt e S0l i (21) 5 (20) SYolso
Gaig GlaShy wn sshiea Yol Gl Wil @ gw
5 e 515 oolitl 3 g0 00 Cu sl b ol 2t (slailgin

(S piles” Jolowi -3

o dbol] g 0diS s b ol gz e (gllgins] Angy LoEASS Lyl
GoLE3 o @i (B 5 Ay g Bl oo o3le (S| ey Langs
Olnle wBlie bawgle (aimme (25 dgy 00 )8 Ny = —0gy b (elels
wdlee 22) alaly ©)90 4 550 Ll

w=0M, =0, N, =—onh,NXy=O at x = 0;L (22)
123,13 0,15 oo S5 50 (23) dhasl, & g0ty |, Gltilgin] sloding 15

. ommnx _ ny
w= fsstm? (23)

ol aiin Sle w5 an gm «sin(mmx/L)sin(ny/R) f o5
5 S sbsly o oS goe Shai g zae oo Sl (uleST JSS
b ee (e

&b sl sldoles ‘Q'I J= 5 20) dolxs j0 (23) dolre o3l L
b oo (24) alasly &0 4 a5 Wl oo Cwd 4 @ Jgpe

2mmx 2ny . omnx _ ny
¢ =@y cos—— + @, €os—= — ¢z sin——sin—-

) R
X
+Noy > (24)
wilkse 25) Laily, ©ygon ¢l oS
B n2a? ) B m?m? 5 _Bf
Ry A R Ty TR E A 25)

sl 0 03l Lt (26) alayl, o «(25) abaly gl po e a5

A = A;ymint + (A3 — 2473,)m*n?n?A? + Ay,ntat

3 oolais 17 0995 1396 s 3 (e Suille Swise

h/2+hg Ec 3 h? 3h
Esg =f z%E (Z,T)dz=?h§ (——+——+ 1)

—h/2 4h2 " 2hg
+E,.(T)h ! + L + ! h (—-12)
mer s ke, +3 kg +2hy 4k, + 1) B2 =
h/2+hy E (T)
Ey = E.(z,T)dz=|E.+——=|n
ir -f—h/z r(Z )Z <C+k2+1> T
h/2+hy Ec hr
E,. = f zE. (2, T)dz = — hh, (—+ 1)
~h/2 2 h
+E,.(T) hh ( ry 1 )
me "Nk, +2h 2k, +2
S E. .[3h* 3h
E3r=f2h ZZEr(Z,T)dZ=?Ch§ (Zﬁ+5h_+ 1>
—_— T T
2
+E,(T)h3 ! + ! h+ ! h
me “lk,+3 ky+2h, 4(k,+1)h2
(z-12)

roaiS sl Culis 5 e alols oy 4 by oy Spg by oy oS

5 IS e Lo Gl oS s a1 il o 5l 5 Jobo
I8 boasS Custi a5 0ed o0 28 addlas ol jo Ll waiws oo ojludl
slal ()l S8 s 5l w5 anleiee L 1) 293 ghabe o
(13) dlayl, &jgody Olynsd (pl 45 0050 s odiiS Cugll owiin

[20] ‘55“‘6” wbu

dlf = dg[1+ a4(T,2)T(2)], dT =d.[1+ a.(T,2)T(2)]
hT = h[1 + as(T,2)T(2)], AT = h[1 + a.(T,2)T(2)]
S;r = Ss[l + as(T: Z)T(Z)], SIT = Sr[1 + ar(Tr Z)T(Z)] (13)

Sged (o9l o Slog s 1y Lo 15,5 (lg8 0 (9) Ly
wly Hlas (14) alaly & g0 4
£ = A5 N, — A3pN,, + ALX, + A5 Xy, — (A3, — A1)y
ey = A11 Ny — ANy + A3uXy + A5 X, — (A1 — Al
ya?y = A§3ny + 2A§6Xxy 14)

ouds ol (15) abal, ,3 Cool oad Ly (14) abal, o a5 A} polie

ol

. . LM, 1
1 = ZAu: Asp ZAZZl A}, = N = A_33
. Aze
A=Ay Ay — Ay, Aje = Ao
33
Aly = Ap Ay, — Ay Ars, Ags = A1 Azs — AlpAss
Ajs = ApArs — AlpAzs, Az = A1 Ass — AlpA, (15)

w2l 1) (16) alul, (10) =¥oles o (14) ¥oles sil> b

eusls

M, = Aj4Ny + A5uN, — Ap Xy — Ays Xy — Abe Py + @2
My, = AjgNy + A5sNy — Agu Xy — Ass Xy — Agehr + &
Mxy = A§6ny - 2AE6Xxy 16)

e o0 5Lis (17) alal, o (16) ala, culpo o
Ala = Agy — A A3y — A5 A3,

Ags = Ags — A4 Als — AgsAss

Als = Ays — A1y Als — Ags Az

Asy = Ays — AgsAsy — AssAly

Age = Ass — Az6A36

Ase = A1 (A3, — ADp) + Ags (A7 — ALR)

Age = A1s (A3, — ATp) + Aps (41 — ALR) an

SedMS (555 oluol p S3L je0e slalginl atvngy s e SYoles
122,21] asl o (18) alsl, JS 0 gy
Nyx + Nyyy = 0

Nyyx+N,,, =0
My x + 2Myy oy + My, 5y + NyW o + 2Ny Wy, + Nyw )

400


https://dorl.net/dor/20.1001.1.10275940.1396.17.3.11.5
https://mme.modares.ac.ir/article-15-440-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-04-20 ]

[ DOR: 20.1001.1.10275940.1396.17.3.11.5]

Obled 9 335531 ol s

bbb )b s SuiwYl piauy Joawgs 03ub dblal 0 duh gl S Zodwe Slailgiml G dimes ol HikleS g Julxs

55 5014

» Sl il co slse ple Gual AT aule 028 O)lasls
[Xeily QL.; odwl Cawddy AT J_Tal_p- )I.A.Zin el 0ol ools QL.M.: "2 Ji.’;'a"
O 55 abgrre e AT Gt Sl ey ilioe LS o Sl slod
835 0

e -5
TCogl gl 9 oMS a9l b (ol gy sl dtng (s 0l )
elad 5 20 0.75 (L) Job b Setaa¥! jis (y50s 5 SVl i b conisS
(kggky) Saw¥l s o ol )bl ooy 423 5 ,las o 26 05 (R)
S e ey s 25:10" 5 e o g BA0° i &
9 L/R locuns 503 plp () oy copd Ll by ky) com
5dUT plowl jalaieds ol ouds a8 )5 Ll 10 250 4 15 ply oS5 4 R/
as S 5o Lo 4y anly lailgial aivg elss (Sl RS e
SiaNA/SUS304 > Les 4y atadly gobe Lole> 1 Joaz o .ol oo
4] el oas al)f

Sl JleS ly ol gandsed alol ol pshte &
HLad Cod SVl fi g 0adia sl Siyg Sl slalyinl glaaiag
[19] o5 g [24] Lasjlenl 5 5o, 2] Saen 5 2o,k Sldllas b o > 1>
ooy el ool @311 2 Jga j0 dnlie )l b sl ouys 5 anslis

——>| SelectTy = 0then AT =T
I

A \’

Assume AT for different AT Calculation from
temperature (name AT, ) formulation (assume AT; )

Error & = AT, — AT,

AT Selection

)

Temperature dependent material properties
calculation

Calculation

Fig. 2 The flowchart of programming algorithm
s aalin gy O)largls 2 g

joss asls 7 0 dilgial dingy gz Lo 4 4ty ool culyo 1 oo
Al,—A%

[n21222HR %] [4] SisN./SUS304

Table 1 Material temperature dependent coefficients for SisN./SUS304
FG cylindrical shell [4]

P P, P, P, P,

Al olge
-8.95e-11 2.16e-7 -3.1le-4 0 3.48ell E(Pa) Seal oo
0 0 910e4 0 58766 aK™H  (SisNy
0 -6.5e-7 3.08¢-4 O 2.0lell E(Pa) JE
0 0 8.09¢-4 0 123e5 a(K™)  (SUS304)

401

L2
B = A3,mint + (A7, + Abs — 245)m*n?m2 A2+ A nt At — Emzn2

(26)
3 0SB gy Jlesl 5 21) alslas 5 (24) 5 (23) SYolas 055> L
(ol pples 1) (27) alayly 0 <y <2mR30<x <L o3l

BZ
D+ 7>f +Gf? +n?L?A%Noy f + Lk, f(t)

+L2ksf[(An)? + (mm)?] = 0 @7
el 00 0313 (LS (28) alayly 1o (27) alaly gl ys o a5

D = Ajym*nt 4 (A + A%y + 445)m*n2 A2+ Aggn® At

n*At mint
G= —+— (28)
1647, | 1645,

o> sla.._‘z.,o o adaly «(27) dolas o sla.._‘;m S Ls)Liill:? L
Wl ge (29) aly & jgoa ikl pos L

Ooy = 1 + @ f? + azky, + asks 29)

el 0 ools (L3 (30) alaly o «(29) abal, culpd e oS

1 B? G
4= \P Y ) %2 = e
L? B (An)? + (mm)?

- - 30)
n2azn 2 n2A2h

az

Gl d‘alof Sl -4
alwgs oopl pogde g 0 lo )13 coll Ol az o ol s yme jo dtwg
1) BD) el iy iles Lol 55 1, acoma sy Ll il sl

els W"'“‘?"’)") O ygeods
2R L 2R L

ffa”d d —f “°+W L )Z]d dy=0 31
ayxy— &+ 5wy xdy = 31)
0 0 0 0

abal, JL51 e (24) 5 (23) «(19) «(16) «(14) &¥oles 5 ool L
D9 0 dwloes (32) alayly &j90 4y «(31)
m?m? (A3, — 432)
Noy = —f? - - ¢ (32)
o T g1243, As, t
GAT com OlFse o1 &yl el (1) akal, 5l oslaznl

5903 b (33) alayl, &g
¢, = HRAT (33)

1 E t2k
+j€ _Zem@em’__ g 34)
o 1= (Vm + vemt®)

I, 35) akal, g5 oo «(27) akail, ;0 (33) 5 (32) Lilg, 5,I3SL> L
D505 e Al iy s o AT (gl
AT = by + by f% + b3k, + byks (35)

sl s 03l (Lt (36) alayl, 4 «(35) abayly ol e a5

BZ
by = b, <D +7>, b, = 3b,G
by = boL*, b, = byL2[(An)? + (mm)?] (36)
OileS G (Sled oz aals aiy a3 e dlaly «(35) doles

ouds abl>l ¢ soSCuss b &5"’L’ T Slailginl wg &ly L5’)|)'>

3 ooladds 17 0993 1396 s ,a (e Suilke wdiie


https://dorl.net/dor/20.1001.1.10275940.1396.17.3.11.5
https://mme.modares.ac.ir/article-15-440-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-04-20 ]

[ DOR: 20.1001.1.10275940.1396.17.3.11.5]

Obled 9 335531 ol s

bbb )b s SuiwYl piauy Joawgs 03ub dblal 0 duh gl S Zodwe Slailgiml G dimes ol HikleS g Julxs

600 : : : :
— k=k=k,=0

550

500

450

AT

400

350

300F

2500 0.5 1 1.5 2 25 3

I/
Fig. 4 Thermal post-buckling curve of eccentrically stiffened FG
cylindrical shell without elastic foundation for different values of
volume fractions indexes
St Osh g odd Cusl glailgial wing Sl (MLS e Gie 4SS

500
_____ ne=n.=10 -
450t ng=n, =20 PR
- nyg=n.=30
400 ----- ng =n, =40

350

AT

300

2501 ]
200} e .
150 L L L L
0o 05 1 15 25 3
I/

2 g2l b boad &l g, Sl Jeol> bl o 8L ys Gl oo s
Bl pwlis Slo>
A s Uk k) o o (asls slo el b SVl ey (o
odplive a5 jabylen sl oals ools Hlas Iym =1 415 pl LR s
B sl gy ) S ey Sl sles RN cores Gl331 b 555 o
Sl gl abl JSGL dhwg 4z e plpls Wb S a2
Lo sy o Ay G3d S S5U L 09 SeS (Gol> rileS ' m
etz Al g SSHL sladivg (sl (AleS m (Slm sles @
33,8 0 Sy sleys s aingy ((Jles! slos

Pt D9 0098 Asgy (Sl LSy (e M4 ST
oS Jsbolos el o0t 03ls Lis Siglite ez ;oS el L oY)
Ls_?)|J:> OileS s sLeo (o> S parls alidl b RYS sdalie
S Jode (99 Sii 4 4z b g 0S5 (oo e U e @y Seol s
4 o Sl o (55 blsl o 58 (109 HaS g 31 a4y s Soal oo
o Coglie S i el 5 Saslie Slalind slatiog, ld
Ayl 638 slaslgnl gladiwg a4 Cand 5 5YL il yo

wwg sl il 5 Jsb lacanSeusm L5t "5 JSa" o
ol oad eols plas Sl s e g b e slaslgl
Shru Gles dwoaisScusts slass Lioli8l b 09l oo oamlive a5 jgbojlon

O9 oMyl Sy g Fonl slailgil slaaiag (Sliul leS Euly 2 Jgus
b jlad cow Sl
Table 2 Static buckling response of eccentrically stiffened isotropic

cylindrical shell without elastic foundation subjected to external
pressure

Fig. 5 Effect of the number of stringer and ring stiffeners on the
thermal post-buckling response of eccentrically stiffened FG cylindrical
shell without elastic foundation

gy )l S o el 2 il 5 sk sbeanSeysi Sl 5SS

Sl s ety (o2 7y slalginl

Ol sl ol & azgi bl 00,8 oy il 5l (leS ey
S pl 5o dingy Ceoglie ial38l 50 aoduaS Cygdy olaws oS Cd )T aoes
el S50 o HleS (S~

-asi b lalgiol aingy il LS e 1B ST 50
i (ks 5 k) SVl i (o ol b oaiiS gl (g g 0aliS
Pt 9N Oized 3 s g s 25x10" 5 aSe iy (i 5x10°
15 plp L/R cons 91 plp Ry, k) soze puS amli b SVl
e 9 BodiiS o gl (D9 g0 0daline S Hgblen .l oald ool LS
JB sk ar Gyl GRS by Gl sles a5 gl g0 cely Sl
gl oslital b &S S35 e plyi e calple Wb R e
Slgs o 590 50 o 5l eolaul b g Sl g o 4 L eaiss
S Gl 6 pKeda job 4 WS (51> 5k plp o) degy Slise

aasge ol 1) SLpal 5 Sy Sl b "7 g
los IS5 gy 6 5ily 100000 igldl b 35 oo ssalive 45 jsblon
b &S yge 5 wbe Rl oy 6.1 sgum atug oS Sl
7.2 0905 diwg o2leS J)lm sles SUjyuy cuyd 3,5 5 1000

3 oolais 17 0995 1396 s 3 (e Suille Swise

o oy 0, Syl pol adlas
100.7 935 102 103.3 (4)* OIS g gy
102.2 94.7 103 104.5 (4) Jsb oaiS Cy g
368.3 357.5 370 379.7 3) Goil> oauiS g i
374.1 365 377 38723)  oniSugii oo
blge M) GleS ae oyleds 3l S5 sac™
1000 T T 7
— R/h=50 7
200 ____ R/h = 100 i
ool T R/h =150 '/r |
’
,I
700 ]
&~ g
<1 600 - 1
- -
500 A .
400 B
300 B
0 05 1 15 2 25 3

/R
Fig. 3 Thermal post-buckling curve of eccentrically stiffened FG
cylindrical shell without elastic foundation for different values of
radius-to-thickness ratio

O 9 0Bl (ol e slalgtal diwgy () ATy S 3 S0
Cuwles 4 glad Cod alizes polie (28,5 Hlai o b Sl

402


https://dorl.net/dor/20.1001.1.10275940.1396.17.3.11.5
https://mme.modares.ac.ir/article-15-440-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-04-20 ]

[ DOR: 20.1001.1.10275940.1396.17.3.11.5]

Obled 9 335531 ol s

bbb )b s SuiwYl piauy Joawgs 03ub dblal 0 duh gl S Zodwe Slailgiml G dimes ol HikleS g Julxs

O oBCusl (ol gy eyl divg (Sl 2lS Gl 3 Ju
el 4 Jsb o calises polae (28,5 Hlai o b Sl s
Table 3 Thermal post-buckling response of eccentrically stiffened FG

cylindrical shell without elastic foundation for different values of
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Fig. 6 Effect of elastic foundation on the thermal post-buckling
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