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 A finite element formulation for bending analysis of isotropic and orthotropic plates based on two-
variable refined plate theory is developed in this paper. The two-variable refined plate theory which can 
be used for both thin and thick plates predicts parabolic variation of transverse shear stresses across the 
plate thickness and therefore, it does not need shear correction factor in the formulation and the zero 
stress conditions are satisfied on free surfaces. The von-Karman nonlinear terms are considered in 
strain-displacement equations and governing equations are derived using the Hamilton's principle. After 
constructing weak form equations, a new 4-node rectangular plate element with six degrees of freedom 
at each node is used for discretization of the domain. The non-linear coupled governing equations are 
solved by Newton–Raphson method. The finite element code is written in MATLAB which can be used 
for analysis of thin and thick, isotropic and orthotropic plates with various boundary conditions. Some 
benchmark problems are solved by the developed code and the obtained displacements and stresses are 
compared with the existing results in the literature which show the accuracy and efficiency of presented 
finite element formulation. 
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Fig. 1 Rectangular plate element 
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Table  1 Convergence study for normalized deflections and in-plane 
normal stress for simply supported isotropic square plate subjected to 
uniformly distributed loading / = 0.1) 

   

4×4 0.0455 0.2703 
6×6 0.0461 0.2822 
8×8 0.0463 0.2864 
10×10 0.0464 0.2884 
12×12 0.0465 0.2894 
14×14 0.0465 0.2898 

] 18[ 0.0466 - 

2  
 

Table 2 Comparison of normalized deflections and stresses of isotropic 
square plate subjected to uniformly distributed load considering 
different thickness ratio  

h/a     

0.2   
] 18[  

] 19[  
] 19[ 

0.0535 
0.0444 
0.0536 
0.0535 

0.2939 
0.2873 
0.2873 
0.2944 

0.4695 
- 

0.3928 
0.4840 

 
 

 

0.1   
] 18[  

] 19[  
] 19[  

] 20[ 

0.0464 
0.0444 
0.0467 
0.0467 
0.0464 

0.2883 
0.2873 
0.2873 
0.2890 

- 

0.4718 
- 

0.3928 
0.4890 

- 

 
 

 
 

0.05   
] 18[  

] 20[ 

0.0449 
0.0444 
0.0449 

0.2869 
0.2873 

- 

0.4715 
- 
- 

 
 

0.01   
] 18[  

] 19[  
] 19[ 

0.0443 
0.0444 
0.0444 
0.0444 

0.2865 
0.2873 
0.2873 
0.2873 

0.4702 
- 

0.3928 
0.4909 

 
 
 

3   
Table 3 Material properties of orthotropic plate 

  G23/E2 G13/E2 G12/E2 E1/E2 
1 0.25 0.2 0.5 0.5 25 
2 0.44 0.566 0.339 0.558 1.904 

  

4   
 )/ = 0.1, = 1 (  

Table 4 Convergence study for normalized deflections and stresses for 
simply supported orthotropic square plate subjected to uniformly 
distributed loading  ( / = 0.1, = 1 ) 

     
4×4 0.03131 0.32433 0.19953 0.38462 
6×6 0.03176 0.32899 0.20363 0.40418 
8×8 0.03192 0.34414 0.20648 0.41094 
10×10 0.03200 0.34653 0.20780 0.41412 
12×12 0.03205 0.34783 0.20852 0.41586 
14×14 0.03207 0.34861 0.20895 0.41691 
16×16 0.03209 0.34912 0.20923 0.41760 
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5    
)= 1( 

Table  5 Comparison of deflections and stresses of simply supported 
orthotropic plate subjected to uniformly distributed load considering 
different thickness and aspect ratio ( = 1) 

b/a h/a     
1 0.05  

DR ]21[ 
] 22[  

0.03056 
0.0306 
0.0308 

0.3462 
0.3562 
0.3608 

0.4141 
0.4410 
0.5437 

  
  
 0.1  

DR ]21[ 
]22[  

0.0320 
0.0323 
0.0325 

0.3460 
0.3534 
0.3602 

0.4140 
0.4395 
0.5341 

  
  
 0.14  

DR ]21[ 
] 22[  

0.0338 
0.0344 
0.0346 

0.3452 
0.3498 
0.3596 

0.4137 
0.4374 
0.5223 

  
  
2 0.05  

 DR]21[ 
] 22[  

0.0634 
0.0629 
0.0635 

0.6325 
0.6568 
0.6567 

0.5630 
0.5637 
0.7024 

  
  
 0.1  

DR ]21[ 
] 22[  

0.0661 
0.0657 
0.0664 

0.6325 
0.6566 
0.6598 

0.5629 
0.5628 
0.6927 

  
  
 0.14  

DR ]21[ 
] 22[  

0.0695 
0.0692 
0.0701 

0.6326 
0.6564 
0.6637 

0.5617 
0.5615 
0.6829 

  
  

2 
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 .  

   
   

   
7    

  
6     

 / = 0.02)  
Table  6 Comparison of normalized deflections and normal stress of 
orthotropic square plate considering different applied load and 
boundary conditions / = 0.02) 

     

10   
DR ]21[ 

-  0.0660 
0.0660 

7.6119 
7.6661  

   
DR ]21[ 

-  0.0142 
0.0143 

2.5698 
2.4474  

20   
DR ]21[ 

-  0.1320 
0.1318 

15.224 
15.323  

 
  

DR ]21[ 
-  0.0284 

0.0287 
5.1396 
4.9193  

30   
DR ]21[ 

-  0.1981 
0.1973 

22.834 
22.494  

   
DR ]21[ 

-  0.0426 
0.0430 

7.7094 
7.4152  

 
Fig. 2 The variation of  a cross thickness for a simply supported of 
orthotropic square plate ( = 1, / = 0.1) 
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Table 7 Effects of orthotropic for normalized transverse deflections and 
stresses for simply supported square plates  
( = 10, / = 0.1 ) 

E1/E2     
10 0.0326 6.8441 0.7644 1.802 
20 0.02698 7.3245 0.3839 1.0406 
30 0.02462 7.5935 0.2337 0.7243 
40 0.02334 7.6920 0.1559 0.5521 
50 0.02254 7.7215 0.1099 0.4417 
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Fig.  3 normalized central deflection obtained for different plate 
normalized load for a simply supported of orthotropic square plate 
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