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The existence of crack and notch is a significant and critical subject in the analysis and design of
solids and structures. As most of the damage problems do not have closed-form solutions,
numerical methods are current approaches for dealing with fracture mechanics problems. This
study presents a novel application of the decoupled equations method (DEM) to model crack
issues. Based on linear elastic fracture mechanics (LEFM), the J-integral is computed using the
DEM. In this method, only the boundaries of problems are discretized using specific higher-order
sub-parametric elements and higher-order Chebyshev mapping functions. Implementing the

J-Integral weighted residual method and using Clenshaw-Curtis numerical integration result in diagonal

2D Problems Euler’s differential equations. Consequently, when the local coordinates origin (LCO) is located at
the crack tip, the geometry of crack problems is directly implemented without further processing.
In order to present infinite stress at the crack tip, a new form of nodal force function is proposed.
Validity and accuracy of this method is fully demonstrated through two benchmark problems. The
numerical results agree very well with the results from existing experimental results and
numerical methods available in literature.

5 s 3lion ol 5 S5 Sgmg i1 285 s baojl ol douio - 1

piY g s Jo BB Lo Ojgea aie S5l a5 Lles cledy baojle o cadolx! slo Kz ,g,8 ST aS was o lis Oladss

Sleslainl b S divss Jo gl o go0e o yig, b flue ol Col Al e S 5S ped ol 3494 g ojle awaie o0 Stwgol ol

g 009 oz (6999 B (o se 8 Bl 5l (soue sla g, 5l (S p (e S 0 Olpsl Ojgeds Wl e dwdis 0 Siwssls

Sontp 3 drwgs eg,0m! 3 it oYL Lis a6l Slewlbre bl Judos 30 wge Blae 51 (SO nlplo iail Bl § S5 g o Sadsb

Please cite this article using:

T led aaliiu! Jod &b 5l lie ol @ gl gl y0

M. Yazdani, N. Khaji, Development of Decoupled Equations Method to Calculate J-Integral in Linear Elastic Fracture Mechanics Problems, Modares Mechanical Engineering, Vol.

15, No. 9, pp. 59-68, 2015 (In Persian)


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB pol g il e

b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs

Floo g1y asd Lo & g0 T 1,00 S Sl 51.[20-19 5] o)l
gode slaghy) ;5 Seree Sz Sde 4 g el > BB s3gue
Sl iy, SaS L o] sl 21 5 19 5] ol a4l anwes (o595
Oh9y oz Lowd lagisy ol 5l (o il 6958 0l punar
T yagen Sl Sl W8S 1B (p) 090 lSe L > 6
Sosbialyia¥l [22] Josily JBlae J> 0 plgsin s50 bg) slos sl
5,5 o Ll [27] elow ) 2lgel jLiacsl o [2526] Scolisginy! [2324]
30 LS Gl lans gl e SYoles by, drwgl ol dlis | Gus
B sr 50 Ghesy (nl o Lk sl sl I ISl glpel oge ¢ jslaie
St 3l Gaaz o 5 azpe Al oo olgiing b alie cul o 85 oo
‘oa)f‘so JLQ.C‘ alsco 5 )L)J)_‘; LgLQ‘E.;.?u Sy hﬂ).m ch\o)f 6L°3):‘.-;

25 o 518 Sl 959 lzee Dol gy cds igone Sl 9o S L g

Iymo OYolro w9y (Slo -2
ol B ogd oo eolainl galds Il L sl Tiee O¥olee (g, o
5 lime O ygods oS> OYolas olSws g oals (6,8 WS> OY ol ol o
IS g (1) Soolainl b Gua cpl ay o 0gd dligh oo 3l i
595 LaadST (6 8 1Sl g, (3) i sl gy (2) YU sy
e st iy o5lo e LS5l sl s, rias (4) 5
o9y 50 dliues SUd ismed g dwdid (Gilw Jde jelaie 4wl oud
5 o ol (LCO) e laitn g o olgicds ahais G ol « pol>
SO b alpldl loolainl b s sloj e dad ( Jl> e 10005 o
d s slhe w05 o ol aliew slad aa 5l 50 o
Slaizes olKiws 5 ol Dlaitu olSiws )0 olgds dwain S Slasin
Sl 00U o0ls Ol ool ywlido

90 4 S peba alis o dome slajgone SLIT 4 4 b
L pos &9 oy b i by, cnl 50 (sitwd 1 ilge 5 olo50)
Oy 7 wl.o..o By U‘J.u_u 0dgde  .Ogad Lga.uul.d\
oo o & elad jeme Ol s gaze Pluw ol —m1 S < +1
b (o350 59, 2) o 5 (LCO ,9)

S Slate (o diis o) 49,0 ahd o Dlae ol> gy 4o
aies sloj,e 5l Al o Slatse a5 I 0 wo 5 e atine (X,) L
Slaite )l aliae awain JEl jshie 405,85 o e (4, Y) b 55
ey 3l &8 cull mly 5l (6n) e Slae 4 (X)) IS
00,5 o ool Wil oo [P(M)] ciinz YU 45 0 slaglalosois
CllS plgs 5l ool b divs (slojy0 (g5, ahaii o Olaize cplply
g2 dalys drnlne 6 (2) 5 (1) sloalal, & )90

X = ) e )

y(n) = Z o.My (2)

9 o lass 15 093 1394 )3T o3 Sl Swade

Sl Jlue J> sl 55T a5 go0e slaghy) (nrtege 2Olise
(S Oledl gy g szl by, Jeld wiload ools drwgl CunSll
B a Gy ol o oS @l slagledl Jg el ol 00y T sl
S g wdlioe (g93 80 Gl boyis 5 LS 5 (o058 55 Wy
Wy oe2ledn L )50 CBS Ay oS 0l ooguse (! o 1) Lo yledl slaws
Hobar el ouls 3l laazs bawg Lol yulws (ISUie o) e sl
dgdone r-‘)_‘>| u*’ﬁ) )‘ oolaiul La gy Sl o o Qo)ﬂ Cawddy Lg‘).’ ‘615
2 [3-1] agiie oslinad (S5 S5 Ll L) pylezr S (255 slapledl
S g, wgaze szl Sgy 10 dgzge Okl can cleas sl
2 397 Sz s 4 Jle plpied aiiBl drwgi 6,500 go0e
ezl hgy wwgazme clizl by po gt sapledl slapi oSl wl b
sl & 5l Ldods oo [6-4] ool D> gdy Alidag dgdxe
9 Slwlre rasie 5 5) e glaS 5 S5 Se SLbl s lgl)8
L)’i’ﬁ) Arwgl [8'7] Sl oals oolo drwgd (G0 UL°‘” U”’5) sYLﬁ @L")
D Bl 55,8 Jags )b el Sl S Plas J> sl 550 L]
O3] Gt b 09 ol Camsddy oS CB0 b 1S Do cop o] jo &S
Sildoe 4 Lo il 9gmg iS5 580 p 8 ] 0 aS WS S Al
9ol 4 B g C3L g S elpe Jo 280 9 28 5l S5 slaad
Lid o550 ledl oy, j0 a5 ol )il il anwgi Jlaws o9, 0]
Oy & S Slewlne slaanze Ll 5l ogd co ganplell oj9> 55
3o L@u».u ‘(SR QLQJ‘ g;"ﬁ) 3o | Lg).‘.io.“o w.calf L§|)b Sgde 9‘)'.?-‘
30 e ey ol g g aiee oYL Cds Gl lae ol bl
5 B8 Glawe JB 0 Olsx g 09 ced Jlesl Sl 21 o Ole>
[10‘9] o)lqj ‘) Sgde 9‘).‘>‘ 02’9) Lg)JJJJLE.!J‘ Sy QLOJ‘ Qi’ﬁ) as
Sy i Ll glwainnd @ g3l Sl a4 ax gl el e sla g,
sy ol ol o [11] Wi 5 5 4 3,00 S5 s Jo
Slp oyl as cwlie S804 axgi b 0 ol uliie (650 dgume slj
L ) ol el 8,5 51,8 azgi 0590l CanSll S Bl >
@ paxio s Shy bl i Glll g sgazme clizl slohg) oS 5
St Al 50 has 6550 pladl i By, cnl j3 dilioe 593
il (og, [13-12] o )las cwlol o 0 (g5l a5 @glis ol b 00,5 oo
Wgdoa syl gy 40 09> ge OMSL (6 b 00l wliko (50 Sgaxe
slplell jloslinnl b 5 S5 Sg SLbI o 55 Jls Gogie alex |
"t ol 4 ead ulde (650 dgdome syl as gy aS wols oyl
GO phizme dalal o [14] oS ailxs ) s Oad oo Llgs
-15] wisls 1,3 Uil S50 Ghgy onl ol censll Sl i il
118
e 3 sl eoles 5l SO IS ccalss Sl Blaw o
35 sat e Gl Sl as bgy o Pl 9 S5 ol (S Dol

60


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

BB ol 9 (135 s34 b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs
nm 4(X,,Y,)
= _ i 7
nn cos (nn> ( ) \ F 2()(2 y2
51 ooliul b 48wl o 0,5 My + 1 sl ol o calaly ol o a8 r 3(%,Y,) / r
5 S o g diin gy sl Ty 4y 5 albsllazaiz L] 5 ’
Ja.g‘s) )| ‘5">).3=L3“5L>m SlaiBw Je pSL'> ‘b'."ﬁ) C‘)""L:‘““" )}.B.Lod..g Q . 1(%,Y,)
mhw 3> L (dRAD) IS claise o Gl mhw s> col 5L ab L6 %6)
22,18 (8) &yg0 (sladal, (AEAN)  Jme Slaisis ;o lo]l
d = dxdy = |[J (¢, n)|dédn = &|J (n)|dédny (8) r
il e JUH 25515 i ile J(E,17) T o a5 °
]"(E, 77) — [ff(a 77) }z.f (Ei 77) LCO‘(T X
x,?’](f’ 77) y,n (E! 77) (9) ’
()

Ssg0h (4) 5 (3) Luly, 5l eolinwl b 35 o pe 595 (25515 (mile
00,5 oo dlone (10)

_[x()  y()
1= v, (10)
oy (11) oppon [L] Grte j9lnl Guple gan g0 Jilae 5o
P90
[0 d ]T
15z 0 335l
L] _|0% ) E)ayl
lo %5 0% (11)

5 S Olaize olSiws g0 0 15k Yo p gl giie alal, plulo
-uL,@ QL, BB (12) aba, 51 ool b e

— [pl 2 12
1= 15" ()] 5 + (2] - (12
‘Q] )odS
1 [ y(1) 4 0
Ml =77 © —x(1) 4
l7(m)] :_x(n),n y() , (13)
pan=t 0" <
2(m) x(n
VO 2y —ym) (14)

5 Jley oy Wb @ 5k wlael o )0 iS5 dule jslaie @
4 dliss sloj 0 59, 2 AN} gl ogee Jlop o il oo slatal )]
1000 )5 o iy (15) ©)50
{n}= ﬁu (15)
) 5§ Sl 5 sy (15) el {4) 5 (3) el 5l oo U
i (17) 5 (16) St

1 y(m)n 0
@) =7—~—| O —x(),
y(m)
{ x(n) Xy Y, "
: I l—y(n) (0)
n1 (1) x(n
()
oo | L=y =y (an

a5 305 oo odlitul ool sla Shg b USS @y 5y, 5

b o)y 59, » @y (obogy® Wgde odls las [IN(M)I L S >

fAwd e (S 9 90 Shls &S 05 e plal S wlgs ol ) eslaal

5 aiibge g, sls ool sls Lol slo S blis o aSa] S

plod ) subon (oo slajsme & Comd Lagl o) 32t oS nl 6,500
o i ) a5

61

LCO (& = 0)
(<)

(LS Slaise jo altus awaias () (oam g0 Jilaw (o 3loJow ogou 1 S5
[23] e Slsiin 5 s 39 s sessin ()

130,56 dlors
REM) =8 =€ ) gila ®)
FEM =M= ) e, @

Joeslimel LogbSn, +l Wl S gl el b

035 o0 e (0) Ay 0500 iz slagslaloraix
iy

2 1
(Pi(n) = af; C(i—1)Cn Tn(ni—l)Tn(n) (5)

diboe N as e 3l Jol g5 i lalazosx T(m) o jo o
wolie slp g oy =1 e 0<n<n, polie glp e
Cwws 4 SO mly oy cpl 4 adlbe 6y =2 Jlaien =0,n,
s idle o) 51 pe 50 Sdg S sls Cols (sl o conal
Qoa(m;) = b4p (6)

iz bl wsln =0,..,1, byl o a1, gbs bl
o] oo Cawdy (1) alasly 51 ooliiwl b oS siiwn

9 o lass 15 093 1394 5T o3 Sl Swade


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

B ol 9 (135 s34 b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs

1= | 1B oIB ), el dn @) Nelp) = bas 18
1 Neg(np) = Sap (19)

{FP ()} = f_ NP m) dn (32) Slbozair S sl S 1y + 1 Gl SOl soleig JS8 lgs

35 o slagse o FP(O}=[F? F2]' (32) abad, o 5
b e s sloiml (29)  hslyiss doke o aibie b
oolaiwl Ll 00505 dlxe i oS- LicdS (6 .8 ], S01 g, 5l eolai]
o0l (Byme oing SIS 5 S milg olien 4 (6 xS SIS g, cal
s 1[26-21] 00 5 o (6,85 ol po sl o a5 o
Dioj = 26;[B* ()1 [DIB* )11/ () (33)
D}, = 26;;[B*(m)]"[DIIB*(:)] /()] (34)

ol aibie SigS W 8y (34) 5 (33) sladlal, o &5
sl a (35) Oygods Gled oo ) (29) alal, .50 OSYolee oKiws
g | golyl as o
EDQU(E);es + Dju(); s +EFFP(E) =0 (35)

Cot a5 olee,S (lp dais (35) alwly by, opl cads a5 o
Seye Sl G5 Dlisd g pl 53 1058 pe dnlone W)l 158 (61T
o (26) alal, 5l sslawl L& jeme sladl jo Sl 598 sol3] Ol o )
L3 lag, gloailpe ude « ol Ly, 5 ooliiasl b e pumms 103,50
2 S 5 Gl eizre 9§ jeme Slael j3 05 5a b L e S et
2395 oo dumlna (36) alal, wlwl 5 LCO alai

{oLco} = Z{ULCOL'} (36)

2 25 nl Gl 4z b oS 5l Suse e of 50 &S
DY
n—uDO{ULco} (37)

j=17jj

S o 0B5  0 L Sl dolae o0 )b gam ol 0
3 o> b olaea LCO Il s wlul o ool dcnlre  gox>
Sailie o wad J> olil axj0 o sl 4 ((38) akl) & sl
130 ,5 o0 damlzxe € jame Slaial ;0 0,5 2 a4y by e S s
{f2©)} = [n"T0:()} (38)

o 5 Sl s loailze s (0 et b 5 1 UL IS o
bogyd IS8 wlss 5heolaiwl b bl ple glp wly & Hemme slaal jo
Seolainl b 5o alies 039> 3l aads 2 10 il liee izren (090 o0
23,5 o (s (26) alal,

{oLcoi} =

Sl S0 3 (om0 DYl (99 drwgd =3
2 sl lyme Nolxe by, drmgs (sly 2 Ui o oad il llae b

Flaws lp Lidu g ol dalol o jalaie an (gl 00,8 ]zl ixe
39,5 oo &l Sl Sl

Sy dwdid g3lw oo -1-3

Gh9) Sl el S5l ol Gl et pll Cldllas @y 4z L
2S5 ol e o de ) Sl Sl manlia 5 e S¥olas
] 00 oolatuwl p) O gods dliie dwain

9 o lass 15 093 1394 )3T o3 Sl Swade

Sl 21y glls &5 asbie (20) alal; ©jgon 2ny +1 45y

ool oo
2n,+1
N;(n) = Z amnN™ = ag +a;n + a;n® +azn’ + -
m=0
+ayp, 1117 (20)

o (19) 5 (18) slaakal, Lyls Jleel b g8 <ol ol
laise 4 alis glad 5 abis o 0 eyt cladilge (053,50
s S o iy (€M} = [ wyEM] & jg0as a5 (€,7)
9y soldl p &8ly slwo S Sk s cons p K0 wilgs 5l oslaal b

ks dewlee B (21) abayl, 51 ooliswl b ;e
U MY = INMHUEMN ) uy (] (21)
2 (Em) i yo 5 slaailse (14) 5 (13) Laly, 5l eolil L

{eEmMr=[e®7) &) ey@M]
1

= [B*(mMNu(®)}s + : [B2 () {u(é)} (22)

ol e as
[B*(m)] = [b*(MIIN ()] (23)
[B2()] = [L2(MIIN(M],, (24)

alhds o 0 1S sledadlie 9,50 40 (ST 58 sl eolainl b pioren
S g oo (€,1) Slaisew «

{o(§,m} = [DHeE, M} (25)
{o(&m} = [D1([b" ()] INO KW@} ¢
1
eI, @) @9
dlas plss myle Sk [D] (26) 5 (25) leakl, o o

Qb o

(27) & )00 son 95 Sesbnlgny! Jlus p oSk Jols aoles
285 (o0 Ol

O-ij,j+fi:O (27)

55 fi 9 095 Samss i jemdl syl S lo gy (27) alal, o a5
S8 piY ais aies glad poad Jlosl oz slag s slaadlse
J=XY i =%) Slwlga¥l Plaw o g0 > 0 a5 col
Slobsy 3l eoliil b g 558 p 8 4 oo |, (27) oS doles .arily e
49 Sl gl o (9038 Djg0 a4 g ,0059 oailedl p b ey b s
Ol wdlios lagys sloodibondly (bg) (Pl Jo (sl oals il
j w(oy, +f,)d2 =0 (28)

J[i‘*"' Aolas 100535 Sloosiladly by, 5l eslnal b 358 1,55l o L
[21] 00,3 oo 2l 5l (29) alasly & jgu0as yome SYolao (o, o
E[D°Hu(®)} ge + [D*Hu(®)} s + E{FP(£)} =0 (29)

Ly, ypons Vb alal) 5 29290 o 5l slagmle &5
55,5 o i (32) b (30)

[D°] = j [B* ()] [DIIB ()11 ()| iy (30)

62


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB )0l g Gl 52 S

b el uanSih Sl JSbue ) T JHS dmlxo sl e [ jze YSleo (Y9 drangs

235,50 a5 05 @illas FiP(E) 5l o a8 G (ljme SYolae

b;
GRS (43)
O
3 S5 gy o 5l asas 38 Rl &L e DY olas g, o
Jlesl b 550 Jlue ailie 00,5 o0 slo)) (S8 Ojgody S5 S
S ie bl 3 Dy s 0yt (B USE) ali (s3pe Ll

QO;‘SQMBLAf:lsE:O)é(Tb,T)
S92 oS o @l wlralr ly Jewhias Aol g e J
aal, gllae oS5 slaglacs slp 1) (35) alal, gilas dime SYolas

2,5 sl (44)

EDJU(E) e + Dy u(f)lf"'an/_"'\/—s; (44)

Glhae i ol az o o 4 bgrye el ol jns dolee cpl > b
Vg Aﬂb‘? (45)

Bi 4ai
- Vé
DY — DL DY — 201

5 S5 S 0 slbaly) dis g5y h.’.‘)-“ )‘Bi s A ol o oS

ui(§) = Ag(%) +

g o dumlne ol31 a0 18 sl (lao,5 )0 (6,351

I JI,561-3-3
Slae lp IS0l Gloygsls cupws Lo ol 1957 gl o
30wl e S i lase (65,51 45T 0l axgie ST LwlgiY]
CanSls SlKe Pl sy |y porde cron ol 1968 Jlo jo caalsl
Ay iy gl e S Wil e I ISl S 0l azgie (g9 0 e
Sy olply g el oals plxil IS popie alin I 01 all S

AN

4 i
.

fTQ

¢ x
/

s Slaites g ood e Slaise olfws (o alal, 2 S

@ < ~
N\ / -
N / P

N\ -~
\ ," -
N P
N / o
N / .
N / -~
Y / i Tb
6:1 b . / -7 ___’b
T N / - e
~ \ 7 - —
*y \ / F & i
\\ \ ,/ ’_—’
~ \ / - -
‘\ N — - —
\\ X ’/ -
~on ol
::—’i/‘\:\: wwwwww b Ezl
-~ N T
» s ~_ T~
PP \ SO T=a
- - A" it T
o7 S T=ed N ~——e
- p \ e ~—
-~ \ ~ ~—
- s ~ -~
- 4 b} N T
- / \ ~ -
) , ; ~ -9
s ~
E:l /7 \ ~
~
/ \ ~
// \ \‘\
\
p \ S
/s ~
’ \ e
/ \ ~
* ~

e ¥olee g, 45 o5 altens ol 3 S8

63

szl Glaghy, alie s ojo> )0 S5 avsis giluJoe @
dwdid 0 whide () dgaze s>l g (g5 Gledl gaze
ST e B Glad Ojgon diis oj> 0 Sy
55,5 3l S
Dy SYolae gy 10 1S5 So j0 g e aall (385 Sl 0 @
s & o a5 5 gwiid Oleogas  oolod
ahis ol iy Lulps 4 4zl b oogd e e g e Slati
A 59 LCO alais Jore 0 S5 S oS 5 Al a5 sl
oS Col 1,15 cpl plosl LYo o e 5 (SO el o 418 S
slesleinl b Sy (Supd Olusgas den Sl S o
lome ¥olae oy, 50 &5 olmil jl 5 wgdioe gl S5 Sy
O bl obml sl cnlple )b 1y A8 e 55 LCO abais
oolaiwl B3 pl l awnSs Sl ,las g iome SYolee g,
Ll 00
Slaize g odb whie Olabw olKiws o dal, sl e
g o Hlo odad Slaite ;o S5 altus a5 Sl ) x b
zhol e SYolae g, 0 a5 SYolee a5 coul oY
Ngd Gl (orad Dlatsee 13 Cold 5o s e disd o0
Slate olfiws § ohd Slatke G dl, 2 S @ axg L
09»;‘5@ aig (39) alal, & jgon e SYolae g, ,0 00 wliie
X2 +y (39)
Lg)) lizme S¥olae g, po dbpubiiio Slaiie ciyyai 4z b
s 5 s (40) e (30) e s o] 5350 5 (4) 5 (3)

2_

de.‘@
r2 =%+ 9% = [Ex(m]? + [Ey(m]? = €2[x(m)* + y(n)?]
= &r2(n) (40)
1bg Gl oo onlpl
r=¢&r,() (41)
Wlon sty 13 Gillas (42) alal, 2 S0 3ol 05 35k
6 =tan™? (%) = tan™! (%) (42)

Lo ¥olee (B9, )0 A5 g plraly wys,5 )53 s a5 syboles
o el b ol g i), 4 (42) 5 (A1) (sloabar, 5l ool b ol ol

B, bas Kowes 4 o 5 el Slaize oSKiws jo 1,

S Syid gilwJae-2-3
Oleise « Sy Se 10 Colgd g L 092y ey JoS 5 slalass o
Slatee o jeldys 6 bawn 5l oslinad U 1, gloals 5 25 oo
S ol pi el sy 10 [19 (5] ctgs S 5s latse b g ad
Ol JB ot Sjgot S5 S (S a5 Sgdoe dnale )5k
P el iz ¥olee By j0 S Supd anwgd sl cnlple al
Sl S 4 r:)’y ] 00l solazuwl (T Slog 6‘0)5 Slo 3l asas
G fP(E) o5 1o sy o slagys &l (Ssliwlgiao¥l Jls jo o
(L@ =ag+b) wSo mu8=1065=0 3| s> 90
58 =0 )0 255 iy Ll 51Dy 5 @3 Jsamo 55 50551 ooty sy
20 LS S SlSe Jlaws o a5 sl 5l ogs o colinwl € =1

9 o lais 15 093 1394 5T o3 Sl Swade


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB pol g il e

b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs

dangs Slilga¥l Jlas 3 (57) b (55) Lals, (sla el s aen
SilKe Jilaw 4o (54) 5 (B3) Ly, o ;50 e el b asloass esls
g oo 0315 anwgi (59) §(58) &gt S

(0u,\ [0
Jaz |z O
{u},,e =3 auy r= . P {uy}
\oz/ LY ozl (58)
(Gu,) [0 -
| _l5 °lu
_ _ X
Wy =gy, ( - )
Loy ) L~ a9 (59)

)5"‘)"‘ 6L‘°u-’ﬁu Q‘ﬁ-"se ‘(59) 9 (58) Ja.g‘g) wgﬁool.w 6‘)—.’ as
13,5 s a3 (60) =0 1,3 JI,S 45 itee

9 9 5]
— 0 55 O]
[L)i] = [9% o ] =9y 3 I
0 3% ° % (60)
i b BB (62) 5 (61) &)j50u (8) akl, 5.k a5
)
— 0
1 |0z Ty d 2] 10
[L)1] = ox al= [bY (77)]6—5"‘[19 J (U)]E%
% (61)
Iri 01I P 10
nl = 637 = 1 — u el
[/ ]—'lo iJI_[bU (] gg+ ™ (g5
9y (62)
‘Q] 4O aS
1 [y(m) 0
1]y - 1 63
[ ()] Ij(f)ll 0 Y(n),n] (63)
201 (] — —y(n 0
5G] = o 5 : VN (64)
n = X
[bYn ()] [ (0) ’é("),n] (65)
2] = X
el =" o) (66
i)l (59) 5(58) slaalal, ;5 (66) b (63) Luls, 5,3l L
fubs = [BY (Hu(©)} ¢ + % B2 () Hu(®)} 67)
1
{u}y = [BYn MKu@®)}: + E [B2/(n)Ku()} (68)
[BYi(n)] = [bY1 (m]1IN(n)] (69)
[B21(m)] = [b*r(m)IIN ()], (70)
[BYi(m)] = [ ()N ()] (71)
[B2/u ()] = [bu ()IIN(m)]1,, (72)

lioee SYolae g, ,0 O 0,91 Cavoas gl (42) all, @ axgi b
Cols puples
y(n),nx(n)z— x(n),w(n)) dn 73)
x*(n)
as old QLM»J Q|9.?6o Qﬁﬁb.g

do = (y(n),nx(n) - x(n),ny(n)) 4

(1 +tan?0)do = <

(e~ Ay

_ (Y1) %) = x(1) Yy 74

( Lo )dn (74)
L

dé = h,(n)dn (75)

9 o lass 15 093 1394 )3T o3 Sl Swade

Sl Shoyd b ol glp g e pln (] ke di glalo
S Bl elow | Laxe sl 45 ol ool 5Lt Ll [28] (3 UK)
S5 ol o 5l soliiad b el sl (g3 e 3 JLSEI oS5

L8] 555 aslore pj &ygoes 1) JIS5H g0 ¢l )
Jie = jp (Wny — {T}{u},fk) dar (46)

iS5 o {Th gl (25,5 (6550 S8 W (46) alal, o o5
k cqz 0 Jbyp Jopny g (obals o {u} wlgsds |56l maw o
Sy gyools Sygo a ) LRS! g e (gamgs Jlaw o 0ib

[5] sy (48) 5 (47) b, & jg0m LAl (slaoge

J = j Wdg — j {THu} dr (47)
Ju = fr Wz — fr {THady dr (48)

30 S¥oleo ghgy 4o JI,Kl gzl poiw! -4-3
du.wl.?bo 6‘)4 ! 0duis U”")‘)f S TR u}‘SL’ ‘)?m Y oleo
oo jo alaly ol slac,le aen Wb (46) alal, gl J JISl
J LGl ailors gl candes a8 50 .00 )5 zl ] ool yulide Dlaises
Goanin gals Gl Yeens 30,5 Latie olgids ,eilS ab Wb
oS5 sl oly npde JLos 4 sl (goue Glaty, 5o (Sl
L el acnlxe BB (5,955, lp (46) akl, oS (Sl Yol
rlpls ool Coli o pls glads (Glopls ,euls o aS Sl 5l copl deg
)98 (41) A, lhe (S8 o 5l aiboe O s el)b L
Olaize oiws o Jawe )l Lad a5 00,5 0 o logl
95 Shmlxe gran e J1olS o 55 g9d5e (pl a5l 77 conds e
Slopls Heuls 5l alas pl jo (plpls 00,5 o Sl Laily, ul yools
Sl 09 oo oolainl allB slasge 51 SG o gl ) LSO ailore >
X =rcosé (49)

dx = —rsiné@ (50)

y=rsing ,
dy =rcosf ,

(R o1
r°-l)|° (48) 9 (47) Ly, o (50) 9 (49) Lly, 6,05 L
ar

E =r (52)

I = fFWr cos6 do —L{T}{u}lfrde

= f Ht(W c0s 6 — {THu} ;) rdo (53)

Ju==[wrsingdo - [ {THu s rds
r r

=— f +R(Wsin0 +{THu} ;) rdo (54)
M sloalal, o a5

W =S {o}"te} ()

{1} = []"{o} (56)

{u} =[x " (57)

64


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB pol g Gl 52 e

b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs

Giye d9ime szl gy g Sl Sl Pl > 55 s30e s
il gy 50 a5 sl S3 a a3y el on ool [15] oo elide
3 9 dooly] ax,0 11024) 6,5 5512 51 callin opl 1o (w0 S 90 Sgocme
solatul ((gol3] ax,0 30) 6,5 15 5l cons o (6300 Sgamme <zl g,
o9y o 1 ULl &S bl 5l waS el pl axg BB asS el s
alayly 5l el oais 0ol dmwgd eiSU codd wlide (530 Sgdore sl

2
45l 00,8 oolital I LS5 ki pé dpslme gz [ = O

[5] cudl s as cu o Ky oy
goue g ARisle;l s b olyed Iizee ¥olas g, 5l Jol> gl
Sebolen ol sad osls lid 1 Jgux jo (a/b) calise slacans sl p
doloe J 155 arabs sllye 5 (o s S 55 o psbiles
ably gb (Jle pl jo ol i il Djgody (RS D0D oo
cilies slacas @lp 2 Jgoo lhae 35 Sud cuyo K =JJE

Sl S0 95 1 cmwlin [l CB0 51 is Sal

Slad Sy b dguze §)9-2-4
Glle o,)LS S5 L aslg b X 2h olayl b dgaze By5 45 bogo e pg0 Jlis
alie pgs Jlia 5o cllas Clakia 5 5L il e (1 6) s
Ol ) s 2 5l8, 85 A s el ool a8 57 L Jsl Jle
(Loolyl a0 242) slo Saw 160 b 5,5 chas Lasd oyl cdeay o Lo
Sl 0350,5 (g 5ludae (E 50 0) IS gilas

5 o0 @lS 5l (o p y90 by (e sl ol Sl ailie
3 Rl mls o el 00ys )5 colaiul axle plo 2Kisls;)
Jio ol slp a5 cadl oo solanwl [29] il Ken g lob Olallas

liome ¥olae g, 503 JLK0! dcloes o9 4 S

cilizes oo el )b sl @ 1y ¥olae g, 503 1,501 anla 1 Jgu

Jsl Jbe 5o
oz 0 SSke sy, & @ & (g) St

®%) 5]  [29]  [30] b el
0/99 31371 31437  3/384 3/397 0125

-1/95 9/001 -—- 8/788 8/870 s ° =1
0/58 13/484 -—- 13/536  13/588  0/25

-1/96 18/003 -—- 17/575 177740 o5 °° 2

65

Q‘)oc\f

(76)

_(y(m) px(m) — x(n),ny(n))
b = (IS
5€0S0 s> a4 el S5 ((54) 5 (53) Luly) I JL,Ksl alal, o
20,5 oolazwl (76) akal, 5ISin 6

: y(n) x(n)
=227 = 77
sing ) cos 6 =) (77)
Arpsd 5 Jsl A Glesge 1 ) JLSSH pladl S5 sl nlnle
— i 1 T x(U) T
Ji = | gty s~ nfon] e e b

1
(1B DM@} ¢ + F B2 @} e, (R ) (79

+1 1
== [poenmeemih

+[nf )] Lo (&, m)I(IBY () (@)} ¢
1

+ B I} )|, (), () (79)
eSS o S LR oy, 5l LS U sl e ol o
S35 2 oledl Ko 6l 1,0 polaa (78) 4 (77) Lalg, 00,5 o eoliiul
L5l aS el S piY il e Al Gladge (sl olgSHs el S
o yaS o pls Wygon (Soid lad jo dlie (pl 0 pwyp 990 olgSds
Aile salgzh Bb o pls (41) alal, s sl glad jo a5 ol ou

3 ULl ozl e SYolae g, 5o 0 J1L501 dalons gl & JSo 3olas
oot bodel Canoty polie ded w9 398 0 dmle Ll 2 (sl

slosge S Sy 52 sl slols 5Bl 2 T JISEl alnliy isdise oz

K= 0D, Jum =) Us (80

e OYolo w9y (w ylisl -4

s pdely e | (80) all, 5l eolaiwl L) LSS acilxe cye
Caz o3y Jle dw jelite et Ll sod oolatwl cdie l38le 5
wd)S I8 ewin s I LN U 50 Dzme SYlas Bg, (2 liiel
el 00 dulie 39250 axlye plo b ol bl 9 ol

G350 S b dgame 9 -1-4
Gl 350 S5 Lozl 8x8 olul b sgucme (Byg 4 bgape Jol Jlo
Jose © plp ol Jlade 5 @B Cu j0 (6,138 ,L abb oo (W 5) IS
8y 58,5 ki o bcwlv =03 el oo s E =1 ol
W24 L Gy5 p)ler SO b o) cldeay (Jle ol o o i3
Silw e (z 3 9) IS @lhe gol3l ax,0 98 L gg0me 10 g lo Fan
el 0250

PElejl 5 goue @l jl e SYoles by, (riwcore ly
g 1ol Sldlas 51 o aBiolesl mls [0 .l 003,35 solitul axle plo
wibce ) = TR/ el o a5 ol o ooliies! [29] il o

E

L el plp F(a/b) GUST N
a a a a~ 32
o\ = el e e 81
F (b) =1+0128 (b) 0.288 (b) +1525 (b) (81)
sidshe Glsisa [30] sgame szl by, 59 5l o0 mbs o

9 o lass 15 093 1394 5T o3 Sl Swade


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

B ol 9 (Sl ) s34 b el uanSih Sl JSbue ) T JHS dmlxo sl e [ jze YSleo (Y9 drangs

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

ooy o JLSH 5l el b iis Sals (o s o MlpuZ Jous

g
Jsl Jloo o cilizes (gl ol )by (gl3l 4 Tyme ¥olss T/M\TTT??T \
0K;/da K; .
AN
?25; ol s, ([;3; ol s, (b Slos!
0/920 0918  1/839  1/836 025
0/737 0/75 20964 3000 o5 -1
1/840 1836 3679 3672 0125 P ¥ -
1/048 1061 4192 4243 o5 72 ®
o
A
A 2b

,uuu)m,

(Wl

<> O O

2h

v VvV VvV ¥

\ \l/\L\ A LA A A
(W) / / / / / / /

A O <

o
- G, . G . G, . .

A A A A
)
"""""""""""""""""""""""""""" : LCO
*
@
1 (S35 yo S 5 L ogase 3,0 (I Jol Jlio 55 (o 3550 (s 90 alies B YK
¥olee B9y 5 Gy siolell (o) e 4 3y il e slede (@
a/b =025 s, s
a a a 2
. F (B) =1.122-0231 (E) + 10550 (E)
3 4
¢ _21.710 (ﬂ) +30.382 (ﬂ) (82)
@ b b

Sgaoe szl 39, 9 [30] sguamme izl g, 90 3l goue s o
bl a5 canl )53 a o3V Ll o solitl [15] eas whis ()5
ol 00 a5 S L o gl Jlie aline Lie

Sl S5 bogaze 59 (il pgo Jlie 1o (o) 2 3590 s 90 alin B S
S¥olee g, 30 55 samolell (2 )& e 4 55 p)lez e silede (o
a/b =05 &, e

9 o leuis 15 093 1394 ,3T o3 Sl Swade 66


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB )0l g Gl 52 S

b el uanSih Sl JSbue ) T JHS dmlxo sl e [ jze YSleo (Y9 drangs

caliseo sl ol 6ljl @ e OVolae g, 40 ) J1,50] anloee 3 Jgu

P> Jboo 5o
b Sl ) & ez &z (g) b
%) e [15]  [29] [30] b el
0124 6/828  7/038  7/098 6/394  0/25
-4/06 52/334 --- 50/290 --- os 7T !
-0/51 13/561 --- 14/195  12/789 0125
-4/06 104/666 --- 100/581 --- o5 7~ 2

Py Jlie 5 [iome S¥olae by, 500 SIS0 drslne 4 Jouir

() s :Sibos ol o9, [15] a5 [Bl] ez J

0/93 13/093 13/273 13/158 I
5/54 -3/085 -31247 -3/285 Jur

(S 5 4omd =5
SAd o daniline ;0 0,15 Cdedy S SGGe a0 ) 1L
ConSls Sl g oS Jame (65 50 dplone oS 5 0l (i (A

TR CHP R RV U SO JUUX N R N JCSNCINONS P N CO AEEOP-
Seoloogiwyl 5 Soliwlgiw¥l (il flue J> lp 1ize OYolso
3 o alad (285 18 slain b clde ol o el oalls ools daugs
(o> loS lag i Sl s )8 g S5 dwaia iludde (S 5 Sy
waldl 5 00,8 (e Iiome OYolee g, 50 Sl Sl dlis

Colgs ool ools arwgs all sleoge glp a9 Pluwe 0] I

W85 By p 090 oo slaylib ol o aS goae e g0 J> L
Al oo I LR dilre (gl (cmlio 280 (gl ime Y oleo g,

&>lp-6

[1] R. D. Henshell, K. G. Shaw, Crack tip finite elements are unnecessary,
International Journal for Numerical Methods in Engineering, Vol. 9, No. 3,
pp. 495-507, 1975.

[2] R. S. Barsoum, On the use of isoparametric finite elements in linear
fracture mechanics, International Journal for Numerical Methods in
Engineering, Vol. 10, No. 1, pp. 25-37,1976.

[3] G. R. Liu, S. S, Quek, The finite element method: a practical course:
Butterworth-Heinemann, 2003.

[4] T. Belytschko, T. Black, Elastic crack growth in finite elements with
minimal remeshing, International Journal for Numerical Methods in
Engineering, Vol. 45, No. 5, pp. 601-620, 1999.

[5] S. Mohammadi, Extended finite element method: for fracture analysis of
structures: John Wiley & Sons, 2008.

[6] A. Ghasemi Ghalebahman, S. Salavati, Utilizing the extended finite
element method for determining crack stress intensity factors and
higher order terms coefficients, Modares Mechanical Engineering, Vol.
15, No. 2, pp. 135-146, 2015. (In Persian)

[7] L. Wrobel, M. Aliabadi, The Boundary Element Method, Voll:
Applications in Thermo-Fluids and Acoustics, Vol2: Applications in
Solids and Structures, Wiley, 2002.

[8] T.A. Cruse, W. Vanburen, Three-dimensional elastic stress analysis of a
fracture specimen with an edge crack, International Journal of Fracture
Mechanics, Vol. 7, No. 1, pp. 1-15,1971.

[9]1 T.A. Cruse, Numerical evaluation of elastic stress intensity factors by the
boundary-integral equation method, Surface Crack, Physical Problems
and Computational Solutions, ASME New York, pp. 153-170, 1972.

[10]A. Portela, M. H. Aliabadi, D. P. Rooke, Efficient boundary element
analysis of sharp notched plates, International Journal for Numerical
Methods in Engineering, Vol. 32, No. 3, pp. 445-470, 1991.

[11]T. Belytschko, Y. Y. Lu, L. Gu, Element-free Galerkin methods,
International Journal for Numerical Methods in Engineering, Vol. 37, No.
2, pp. 229-256, 1994.

67

5 @Eislesl (hsy @l b olyen lizee S¥olas () 5l Jol> b
ol 0al ool lis 3 Jgux o (@/h) cilie sl gl goae
5 e il b dmlia o 0> s, @l opdsn sanlie o5 slocles

L ] )‘0)5.‘5').3 ‘5.’5:> R

sy )b e dguze &9 ~3-4
T oplp ol Jlade 9 (B8l cga 0 6,08 L sk o (Wl 7) o
sloSaw LB L 5y (e cnl 5o o i Jlib) (8,8 Lo L
ol 038,55l (o 7) IS gillas (o0l3] 4> 0 186)

S9N gy 90 6oue b Sl Time OYolee g, (Hrwiore ¢l p
&S jebolen Ll oo eols lis 4 Jgam> ,0a/b=03 cos

]
—b—t—b—t—b/
L
. \
L
b
FEEENEREEEREENEEEERE
()
t  ab=03 }
It . !
{ LCO !
"""" ( u)

SIS S 5 b agaza Gy (Al poms Jlke 50 (guy 0590 (Sm 90 Altns T S

9 o lais 15 093 1394 5T o3 Sl Swade


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html

[ Downloaded from mme.modares.ac.ir on 2024-06-02 ]

[ DOR: 20.1001.1.10275940.1394.15.9.38.0 ]

AB pol g il e

b el uansih Sl JSbue ) ] JHST dwlxo sl e [ ize YSeo (Y9 drangs

[22] N. Khaji, M. I. Khodakarami, A new semi-analytical method with diagonal
coefficient matrices for potential problems, Engineering Analysis with
Boundary Elements, Vol. 35, No. 6, pp. 845-854, 2011.

[23]M. I. Khodakarami, N. Khaji, Analysis of elastostatic problems using a
semi-analytical method with diagonal coefficient matrices, Engineering
Analysis with Boundary Elements, Vol. 35, No. 12, pp. 1288-1296, 2011.

[24]N. Khaji, M. I. Khodakarami, A semi-analytical method with a system of
decoupled ordinary differential equations for three-dimensional
elastostatic problems, International Journal of Solids and Structures, Vol.
49, No. 18, pp. 2528-2546, 2012.

[25]M. I. Khodakarami, N. Khaji, M. T. Ahmadi, Modeling transient
elastodynamic problems using a novel semi-analytical method yielding
decoupled partial differential equations, Computer Methods in Applied
Mechanics and Engineering, Vol. 213-216, No. 0, pp. 183-195, 2012.

[26]N. Khaji, M. Mirzajani, Frequency domain analysis of elastic bounded
domains using a new semi-analytical method, Acta Mechanica, Vol. 224,
No. 7, pp. 1555-1570, 2013.

[27]1M. I. Khodakarami, N. Khaji, Wave propagation in semi-infinite media
with topographical irregularities using Decoupled Equations Method,
Soil Dynamics and Earthquake Engineering, Vol. 65, pp. 102-112,2014.

[28]J. R. Rice, A Path Independent Integral and the Approximate Analysis of
Strain Concentration by Notches and Cracks, Journal of Applied
Mechanics, Vol. 65, pp. 379-386. 1968.

[29]H. Tada, P. C. Paris, G. R. Irwin The stress analysis of cracks handbook:
Professional engineering publishing, 2000.

[30] ANSYS, Commercial finite element package.

[31]B. N. Rao, S. Rahman, Probabilistic fracture mechanics by Galerkin
meshless methods - Part I: Rates of stress intensity factors,
Computational Mechanics, Vol. 28, No. 5, pp. 351-364, 2002.

9 o lass 15 093 1394 )3T o3 Sl Swade

[12]J. P. Wolf, C. Song, Scaled boundary finite-element method - a primer:
Derivations, Computers and Structures, Vol. 78, No. 1, pp. 191-210, 2000.

[13]C. Song, J. P. Wolf, Scaled boundary finite-element method - a primer:
Solution procedures, Computers and Structures, Vol. 78, No. 1, pp. 211-
225, 2000.

[14]C. Song, J. P. Wolf, Semi-analytical representation of stress singularities
as occurring in cracks in anisotropic multi-materials with the scaled
boundary finite-element method, Computers and Structures, Vol. 80, No.
2, pp. 183-197, 2002.

[15][15] S. R. Chidgzey, A. J. Deeks, Determination of coefficients of crack tip
asymptotic fields using the scaled boundary finite element method,
Engineering Fracture Mechanics, Vol. 72, No. 13, pp. 2019-2036, 2005.

[16]Z. Yang, Fully automatic modelling of mixed-mode crack propagation
using scaled boundary finite element method, Engineering Fracture
Mechanics, Vol. 73,No. 12, pp. 1711-1731, 2006.

[17]Z. Yang, Application of scaled boundary finite element method in static
and dynamic fracture problems, Acta Mechanica Sinica, Vol. 22, No. 3, pp.
243-256, 2006.

[18]C. Song, Z. Vrcelj, Evaluation of dynamic stress intensity factors and T-
stress using the scaled boundary finite-element method, Engineering
Fracture Mechanics, Vol. 75, No. 8, pp. 1960-1980, 2008.

[19] T. L. Anderson, fracture mechanics fundamental and applications: Taylor
& Francis, 2005.

[20]N. Choupani, M. Soltanpour Khamneh, Investigation on mixed mode
elastic-plastic fracture behavior of ABS polymeric material, Modares
Mechanical Engineering, Vol. 15, No. 4, pp. 272-280, 2015. (In Persian)

[21]A. Portela, M. H. Aliabadi, D. P. Rooke, Dual boundary element method.
Effective implementation for crack problems, International Journal for
Numerical Methods in Engineering, Vol. 33, No. 6, pp. 1269-1287, 1992.

68


https://dorl.net/dor/20.1001.1.10275940.1394.15.9.38.0
https://mme.modares.ac.ir/article-15-8593-fa.html
http://www.tcpdf.org

