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Time optimal trajectory planning of four bar mechanism using indirect
approach
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ARTICLE INFORMATION ABSTRACT
Original Research Paper Time optimal trajectory planning of closed chain mechanisms has not been done by indirect method yet.
Received 08 December 2015 In this paper, this problem is considered for a four bar mechanism and its solution is presented on the

Accepted 15 February 2016

Available Online 26 March 2016 basis of the indirect solution of optimal control problem. To this end, the additional coordinates are

omitted using the holonomic constraints, so the dynamic equation is obtained with respect to only one
generalized coordinate. Then the necessary conditions for optimality are derived using Pontryagin's

Keywords: L o - N . . .

Four Bar Mechanism minimum principle by considering the constraint on the applied torque. The obtained equations lead to a

Time Optimal Trajectory Planning two-point boundary value problem (BVP) the solution of which is the optimum answer. Unlike the

Optimal Control direct methods that result in approximate solution, indirect method leads to an exact solution. But the

Indirect Method main challenge in indirect method is solving the BVP. Solving this problem is sensitive to the initial

Bounded Jerk . . . n . X .
guess. This problem is much more severe for time optimal problem which has a high nonlinear answer
in bang-bang form. To overcome this problem an algorithm is proposed to solve the time optimal
problem with any desired accuracy, and the initial solution can simply be zero at the start of the
algorithm. But in the time optimal trajectory the large jerk occurs, due to control signals switching. In
order to overcome this problem, another algorithm is presented to calculate the minimum time with
bounded jerk. Finally, the simulation results show the performance of the proposed method in time
optimal trajectory planning.

e, tale b ogy0e SL By p3ule aiile glools sla izl 5l La:dl dodo -1

5055 Gaded slapiaw (g0 OYT il do S o Buo asile sauzn Silse el 5l 05 5 Sl g ool g9« S Yoz lopilSe
3L 08 95 e 10 0330 £95 nl [1] wloe anngs ol Jade 5 aril e Is,93 n sols Cuenl ) cilise mlio )5 45wl iy dil>
3 mor 2550 [2] ezye 50 aej (ol po 48T plodl (sl &S 0l 0l5 gl o JoSitd ol S S 5 S ot ST s Sl ol )l

Please cite this article using: tawlod 03wl o3 @yl 5l dlis ol @ gl (1
A. Nikoobin, A. Kamal, Time optimal trajectory planning of four bar mechanism using indirect approach, Modares Mechanical Engineering, Vol. 16, No. 3, pp. 353-363, 2016 (in
Persian)



JloS saol 9 (paa9Sas cpol

piiae it (Jh9) &y SN L 58 e dise Ule) same ALD

gy oVl LKan 5 yessSi ool @) peiies o by, 4 i |
Vo [14] whos,S &) 118 5 pyz 5l oslil b 1 gy sl (sl
b aie) 50 53 Jle aw o 4 S el la)ls 1 e [14-9]
2l os pefias 228 gy 4 ymns

& dghee wdF Sl o alide Bon e A e (b o
Jom Sl (BS o aneS (o) D aieS 5Lt S (g Jeld
oxf 5 Shoe aneS (Sl 5l S Slals )l ands aan b
3heslaul g el I8 ey ialidl jelaie 4 o cpl jo il
39 e Sl 1 (S5 S o S o e acwloe dal lgy xSTas
b ( Soilaw 358 Jlosl b [15] oS 5 5 il o Sl ple
@l sl cesss qisil sl Gln |y wiogy Sz 5 aie QLo e
by S S ol Sileaie @l shiz Oby, [16] olSen
ey OSer 5 (Sb 3 00,8 sleiny S o8 5l eslinal L 055
st o9y 4 oloj ilwaneS Bun b agy yees (b sl |y o
S35 L [17] ool sletiy (3l 538 pslid S sl ains
Calpin Ceos @ Sy glhae aneS loj @ pilSe oS pley s
sy vy Jlool b anaS oy ecdél Joo o alple S o e
b ooy 3 eolial b [18] oKen 5 conl 055 e dnline oS>
Sl o Sl lp 1) sgame Syz g e Oloj e (b i
g9 s (s1p 1) Sgamme 52 b ane ooy [19] 4t 5 o) slosls
b angr gloj e >k [20] SSsa 5 55 0505 ol Olendse
Wols plonl (g Dby lp palins g, 5l eolaul b ) sgase S >
2 Silye Sl sl peions b9, 4 intp oy s (b Ul
ady b,y 21] ilse (I Sy slp alez ezl 413,515 azgi 050
dls 0l [23] lamio soliT az o 50 5lse b, 5 [22] s5l5a 08
prille o mgSae Sl Wlas o o) Sen 5 Tghow  Consl 00 J>
Jo sl Lol 50,8 iy o5 ety S8 s S 290 40, (S ez
Ay 40,500 sla)ls ase [24] codl oot soliil puiiawe (g, 3l
[6-3] ol s gy bl 2 (S Sz SlopslSs s (>l

SlopilSe slp s (b ) 53 0ud plowl So) oy 0 b
odalin (ool 18 By 4 oad plodl o)l (izmen 5 (S i
i) iz slop il (sl dig e (b Alas 35T o5 295 00
Oloj e b dlias o (53 el 0025 S kil j2é Gy,
R P9 & Ny pellee gy 4 4 (S xS Gl ek
wiz glaepile Sealys E¥olas ol 00,5 > 55T s
0 s Sodezmn b v ol b anglie o atuy dil> S
Sl LS )3 Sengiglyn (Silaiow 098 0929 dtan dil> slaplSe
S oo JSie e 1) pedites 2é By, 4 bag)] o [24] (Salio
SYolre poogdle >l j0 ol Cansy (glalais g0 (650 Hlode dllo
Sl @l s, wilie 5 G rex Aslae (g3lad Gl ( Jgene il
EYolao 6y Sy sl bLbsy ol Lol ol o @yl SVolno iz o
b alie ol o JSie ol g8 sl [25] el Jlosl b6 ol 5 ool
ogd 5l A6 o¥olee hauly glagell e S el iy
5 S9bee IRy Aoy 4 al> e (Soolis SVolae o (Solerw
a8l pratd Galaiins sy dly p,8 4y (Seolips Aol S Lol

L.\ P)“lgb 0 C‘)M‘ Yol oo R S ..L\"L;o Cawdy

3 o)l 16 095 1395 sls ya (Hurde Suilke wiiie

o Ll o soged 5 ooles p3lSe Ky p5ilSe ol dx ST .ol 48,8
9 ool 03 a8 Sy9e (limen )fs &S (ool )5 g Coeal Lo
4 Siloaingr @laghy, 5l eslitul g anwgs ane) 53 3k slaiagy
Sl 5l oad plnil (956 (Sod ez o3l o Shee 090 polaie
ke slaplle Giludige 5 e (b aiey 0 a8 S plul 2
ooy [B] GilSen 5 silealy osei o)lal 15 olse 4 Gl S
cot (S ez pile sl agy ol asle gl (jludie
VL [4] e 5 go58T . ai0ls @l 2015 Jlo o 1, (Seelivs uiVL
sl plxl 2014 Jls o 1y (S Sz 050l ol angy (Sl
5 [B] Sy o s 5l oalial L 0 5 p5l0 cl (sl e (>0
Jlo 50 [6] (slse ons (3latncts 5T 5 (s loritnl 2old; slaps ,55)]
el 433 5 ol 2015

JrsS e 5 & Olgiion |y it s 2ok Wls IS 5ok
gy 3l sz Allas ol U slp ol By 99 0ges b ane
5 b (sl it ot ks g, 50 [7] oalins i (o) 5 padians
Siloinge Al S 4wy J5S s 5 oud At (S
Syl wile (gilwange i G Oedoe ol sl
Wit e dsloe (sl 0pd 9 QBN ged (S5 e 08 (oS e
Slyeti Cla (Bg) olol p pelitns 28 (g W90 0 03l Loyl by
ol osiioe gl Sl g meriee Jol | (S oY llpt 5 oo
Jo o Wsdioe labai 93 (550 i dllae SG 4 e Lules SYslee
o9 alys aige gl Lo

3 adsl iz w5l Wlas Jo Sldae 9,8 ln sy 50 50 50
oo @ ol Jo oS Sl ol )3 pelies () (S Bl bl
lp bl 05 o0 plnil (095 4 (Ko el Cus (o Gl 4]
e 4 3ls3 e oy dllas Jo VL sla gzl slass b Jilawe
Sy Sop |y dlae Doz bl 03Y el oty ol 53 skine
ol b Siga e @y cslabor wiz aiile oad a5l @l
N[BT osiion allace ) (oo o S o pmie ol o5 285 Lk o
& doelline yod Gy 5| (AU Sl 90 (5550 ke s o K0 Bk
JSte oz Ples 51 olom 53 Ll 0 )57 5 il Gl el ud>
oo ST g cal 3do o S by, ol 5 edel sy o Lol aiS e
Oles g Sl Y jlos (2 Ken Sag s w098 QLT S5 5 conlin 2yl
[O] sl a8 s s 39, 41 S alles J>

Olgie & pedias 22 by, 4 ol Elsil ln d jeee (Sb
W3S 3 pdizme (55l 4295 3)90 13l allS g BBs by, SO
@y cdo gy Dby So Gl dty e (b (LSR5 Gl
s ohgy [10] Sen 5 mlysS O] wloo,S &l s & 3o,
g LS b S jVenie dbp e 2Lk Gln ) it
ol b [11] o)Sen g Jgo S 5103 IS 0 3y Sllanil (sl Juanin
Slp ) dgazme 2 b di e (2Ll s e )
[12] ol)Kon 5 sagine alosls plosl ol Sllax! S b L5Vt
Blo Sl ool o) Sz 4l abesy o Gl 1) aie e Sb
Sl et s o [13] S1fSen 5 ol iges 4l S i
Rl g b Jeo cadyb Al Cur 1y pdy Sllaxil Jolie b 95Ygeie

! Spline

354



JloS saol 9 (paa9Sas cpol

piiae it (Jh9) &y SN L 58 e dise Ule) same ALD

Sy 4 e ol (ol (sl s i g 4 Aty S8 s S
S ol U o5 0gdige 62 c¥olae b glabaii 53 (550 jlaie s
40 Slaiss a5 codl cpl 8)ls 09 a5 o oy cplply ol S
02) 5 (1) sladoles gope ggoma it ! 4 an] Cowsy B Slaise
283 o azes | (3) doles
C,(8)sing + C,(8)cosp + C5(8) =0 (3)
51 o, le (3) doleo el
C,(0) = —2L,L;sinf
Oy 4 COSP 5 SING &g (4) ablaly & 90 T el )by o b

¢
(= tan§ (4)
. 2¢
Slnq,'> = 1+—€2
1+¢2 ®)

§ o pd 4 ye alolas (3) doles ;5 (5) akal, (5 KL L
.AJ‘SQ Cawdy (6) abayly b sillas
(C3—C,){2+(2C,)¢ +(C3+C,)=0 (6)
s oy (7) abaly 3:b sl s (6) aoleo > L

—C % /612+022—C32 )

€= GG
b o 0 oot § sl (4) alolns o (7) aobeo 3,5 3l b
Sy oo dnsloea (8) alal,

/—c1 + [C2+C2 - cf\
¢(0) = 2 x arctan 8)
e )

ably Gob 0 5§ o 2 0 aggly (1) oo 2 (2) Wolas s |

Lssing — L;sSing
= 9
(9, ¢) = arctan (L0 — L,cos6 + L3cosq.’>> ®)
ko Sl =22
a1, (10) bl (ploy & s (2) 5 (1) Voleo 5l 65 3o
.Mou’_n
L,a sina — Ly¢sing = —L,8sing
—L,a cosa + Ly¢dcosp = L, 0 cosd (10)
Dgd oo oo (11) Woles & 90 4 (10) dlolas o yilo JS

L,sine  —Lssing][a] _[—L,sin6] _ .

—L,cosa  Lcos¢ ] [qb] - [ L,cosf ] 6 (11)

Sgr dalgs (12) abal, &0 4 (11) doles 5l ool sy ¢ Py
. Lysin(p—0) .

* = Lsin(a—¢)
. Lysin(a—6) .

" Lysin(a — ¢) (12)
Jmiliy 9 (S (55531 dmnlone -3-2
Silwdae @lp Gl 5 Gl 5 ead aslin by, BISY g,

ilise o2 vzl SRl plapiers (ogas 4 SHBe slapia

355

Sealipd Jo 5 oad Jao 53" Sl (siloands Il a5l eolizal
GRS 50 b G 95800 aliie (T L (Sl SVoles s
Lulyd g oaal oy rigilans @b dacdl 4 Giyye 5 Ban o S
pariee Lol 5 Ot Sl ool apid ) oolinl b Siag o3V
59 (S0 i b SO coel sy DY slas 05 oo gl menl SL ey
Sdleys ,0%bvpdc jgiws ) esliinl L a5 ases o JuSis 1, (glalaks
P38 (sl dmte o) e >y Al adlol 5 050 0 J> 0t
QoS 55 S sl o sl 098 0 485 a5 0 (S ez
2 oloting g8l 2gdge Sy (55p0 e Als Jo el
@ Oy 50 0l GV g opdle &5 el oah i) b slasS
2 0ged dmle i 0j00 B0 s L) ol Sl Gl o0 (oled Slsx
o s 8 (095 53 adsl e JSie 1) (6l soleiiny ool
2 Oedes NSl dn do e Glp adyl i plie @l pe 2
4 Sz lhe ange ploy 4 S > Gy oy L st &L Sl
et (65500 o8l (JSte (nl @8 Gl S (o0 oo Sulid o S
arlons | anaS leg Glsiss oSy 55 Cudgame Jlasl b a5 ol o
G5y @ s 28 (lie w85 sl slaggiluand b Ly gl

s e o3l oLid o olgiiy

S ez P o (Saolyd ddlee Zl Sl -2
b9, 4 (Seslns SYolee zlminl ogos 5 (Swilatmw Juloo s opl o
g ge &)l (St ez 05l ol 5I,5Y

Casbgo Julo -1-2
LSS ez Lo oo LS ) Glazmio (o ez prlSe 1SS
(2) 5(1) Ly, @yp0 @Y 5 X loj3me sl o diy ail> gladlalae
[26] Wi o g
L,cosa = Ly — L,c0s6 + L,cos¢g (1)
L,sina = Lysing — L;sinf (2)
Yolee gl aid,F e o0 P g o Al s slailaize (S
ot 4l 5 32l s gy 358 ol 3 (2) 5 (1)
EY¥oles wolatie aw ol 5265 S o b aaws e ol |, beolaiie
(1) o3 dolre g0 Selins @Y slae JLS™ o Lol s alys ool Salis
WA 03ld syl Andie ;0 A5 jebiylen a5 il el 94zg 55 (2) 4

Joint-3

Fig. 1 Schematic diagram of planar parallel four-bar mechanism

Glazio gjlse (S oz 50 Sileds JS 1 Sl

! Simmechanic

2 Boundary value problem for conditions (bvp4c)
* MATLAB

* Holonomic constraints

3 osleiis 16 095 1395 sls i ey Suilke waiie



JloS saol 9 (paa9Sas cpol

piiae it (Jh9) &y SN L 58 e dise Ule) same ALD

oL (0a aa Ba da 6¢
+—— =+
da (69 00{ )

3 3¢ " 36
op 0 da_ 0¢ 39
+a¢<ae oz 30 " 3 ae) (22)

NS ).39«. i 3lSY Si siie (20) doles a4 azgi b

05 @ syl
A8 e a1, (23)

dabee gloj & Camd o] Brte cnlply Bl o

daL oL
d|— 0|l—
4o (5s) 00, 2(5) oa
dt \a 0 ot da ot
daL .
2(5) o0, 9(5) o0
9 ot a6 ot (23)
oSl b il 0 56 @ B slo gl e 1 (23) doles
2 ple (Seolus dolee ((21) aolee o (23) 5 (22) Luly, oo,
il Sealis Jow Sules o e s 8 50 0 lo ke s
3o 4585 (24) dslen o 4D S5
M(©)8+C(6,6)+GO) =u (24)
(dd52)55 59555 C(6,0) ccmn| o le M(6) (24) Wslas s
sl (5399 ,3LiS U 5 a3lr 51G(6)

+ 7

Sgdise 5bs (25) Wolas g0 &1 (ol eyl
M(0,a,¢) = myLey® + Iy +myLy® +
my Ly 2Le,sin(¢p — 6)cos(a — 6)

L,sin(a — ¢)
Lysin(¢p — 8)my L, L,cos(a — 6)
L,sin(a — ¢)
Lysin(¢ — 0)L, L, 2sin(¢p — 0) .
L,sin?(a — ¢)
Lysin(¢p — 0)1,L,sin(¢p — ) N
L,sin?(a — ¢)

I;L,%sin?(a — 0)  msL,2L.3%sin%(a — 6)
Lssin?(a — ¢) Lssin?(a — ¢) (25)
sy i3 (26) s 3 43l
G(0,a, @) = Lym,cos(0) + L.,m,cos(6)
Ly (Locos(8) — Ly + Lzcos(¢ — 6))

—L.,m,cos(a)
B,

LB, (L3 + Locos(¢) — Lycos(¢p — 6))

- B3B,

+ Lc3m3cos(¢)B,
5 (26)

55wl (26) doles ol o
By = Lo? — 2c08(8)LyL, + 2c0s(¢p)LoLz + Ly 2

—2c0s(¢p — O)L Ly + L32
_ 8Lysin(0)B; Ly + 2B,,°cos(8)sin(p)
2 B,Bs
2B4sin(6)B, Zchos(B) N 2B, — 2B;,sin(B) g
B,Bs Bs Bs
B’gsln(e) 2L1L3S|n(9)
Bs
. 2
B, — B;,Sin(8
= (B Buosin®)”
Bs .
B, = (By°sin?(8) + 4L3°B,* — B¢*)?
Bs = Byc0s(0) — Bg + 2L3B;
By = Bg — Byc0s(8)
B, =Ly — L,cos(6)

B

3 o)l 16 095 1395 sls ya (Hurde Suilke wiiie

b ogdion oslizul pilfe (Sealis alslae gl sl 39y ool 5
s 2 ASY s IS Jeilly 5 iz 6551 0] Sy
Sipe 4 Sl oz 5l i (53] gseme
S oo i a5 (13) dolee
T=T, +T,+T, (13)
Sy gn iy yai (14) abal; S0 4 S S o i (535
Ty = 5 (myllve 2+ 1,62)

1 .
T, = §(m2||vcz||2 + La?)

1 .
;= E(m3||vc3||2 +1;$?) (14)

il se Sy (15) abay Gebo oS p )2 55 50 e s gy
verll? = Ley 262
v ll? = L2602 + Loy 2d® + 2L, Loycos(0 — a)fa
[vesll? = Los? 2 (15)
Sod oyl Hlow I oS oy My ((i=1,2,3) 1| S o sl
-ﬁb@iﬁffﬁfb'&a‘mw‘ﬂhiso Pz S Js>
Ssdise ol (16) dolbae b (Sid oz o505 Sy (5551 £502m0

V=V, +V,+V, (16)
Debn iy (17) by &0 a3 S 51 S5 o Jenily (6551

Vi=mgya

Vo =mygye;

Vs =m3gycs (17)

Y by 50 baSid oz 35 50 Slatke adl e (25 Ols g oS
il e (18) abal, oo

Ye1 = LeqSIiNG
Vez = LySiNG + L ,Sina
Ve3 = Lc3Sin¢ (18)

@ g wlioe Sy iy 635 5 (ot 6551 ol 5l o3l SY
D9 s i yai (19) Wolas o900
L=T-V (19)
S (19) dlan 3 Sty 5 i 53 03,5 rsSele
oo sy (20) alal, b
1 .
=3 [(m1Lc12 +1I + m2L12)92
"'(mchz2 + Iz)dz + (.mch32 + I3)¢2]
+myL,L.,c08(0 — a)fa — (my gL, + mygL,) Sind
—mygLg,Sina — ms gL.3Sing (20

Slaxiio S Hlz 030 gl p oS o dolro gzl ! -4-2
Loy 4l peesd Olaie lsie a0 Sbesl b 31L5Y g, bl
Sl emlSe o8 o dolee (B Lide 50 el Cewds ol SY 5l eolaiul

e cewns (21) alal,

d (dL\ oL
5= e
29050 o paasly 50 o p¢ 4l (9) 5 (8) Laly, 3l
Wb B 56 @ b e g P slaasly e (12) alul, Lol
el P g B b s 3,5Y Wslas (20) b, Gl i w
1 (22) dslee lopors oueld 5l ) &) a3l SV B ol
oL _9L 9L 0¢ L 0da
3 90 3¢ 90 o 90

356



JloS saol 9 (paa9Sas cpol

piiae it (Jh9) &y SN L 58 e dise Ule) same ALD

b (40) alal, Koo ke 40 poris |y Guigileas LT €T
[27] sl J3nt € [to,tr] su €T o o)
H(x* u' Y™ t) < H(x* u,*,t) (40)
&b Gy b b amo o lis | ange polia (*) oles dolea opl 4o
s 1) HliaS a8 b angy peene o5 (A1) alal) &jpo 4 Boa
(42) Wolro &0 4 ainge JyuS o598 (39) doles ) oolil b cans o

IV PRCHRY

1
L= Euz (41)
u=—x,M(x;) (42)

(40) ol 5l ooliiwl b o J S i (59, Cadgaome S99 Syg0 58 g

Ssdige ol (43) dolee S50 4 aige J5uS (58
U+ u>Ut

u= {—x4M‘1(x1) U-<u<sUut (43)
U~ u<U-

ol o] Gty 4-2 Caond o M sl o il (42) dolra 4o
2 S bl (38) 5 (37) Ly, ,o (36) Woles 53K L
Al oo Sy (44) alal,y ol
X1 = Xy
%, = M(0)~1 (u —c(6,6) - G(e))
, 0H 0H 8¢ OH oa
X3 = —{—+—X—+—X—
0 99 00 oda 00
oH (aa dd¢ da dd aqb)
=+ —X—+—xX—
9¢\36 da 036 03¢ 06
LOH(0p 0) da 03¢ 09
T op\a6 T aa 26 T ap <20
, {OH 0H 3¢ OH aa}
X4 =

96 ag a8 36 (44)

{(44) dolae ;o (42) Wolas 5| Jol> ang y5liaS 0,8 3l b
28 Wl Sy s i sl 4o dyane Sy dlobe Jlox
- ol sl 55 (5550 e s S, (32) (5550 Loyt ez LS
L allas cpl olgios Jiae l3dle 5 0 DVPAC jgius 3l oslitul b a5 55
Rged J>

A0S Ol dawlxe-4
ol 53 3 5 Sl e 4 o a8 b dsite e 93551 ot
5,10 1 )gige 45 (5 5glidS Codgae 4 daxgi b ~[22'15] bl e S,
Oloj G2eS )0 plamas S8, g yeige lei S Sl eolatul jelate 4
00s] Sy Sl 050 Tihe Aty Bloj e (b Wlis (S
Ao (45) doles o504y Ban b il oloj (%S b Aty smes
ol Oloy od aeS Cge g Al wwles J=t b & jeo ol 5o
Ostheed b 6,38l e 5 (36) 5 (45) ala; NS> b ogi o
Db Juol> (46) S 9busls (40) 3 (36) woles 5!
1+, 5" + 2" Mo, ) 7 (W — Clxy ", %) — G (%)) < 1
+x, 05"+ 2 M) = €0 ") = G(x ) (46)
g g0 At (47) Sslunsls ‘(46) alal, jlas
X M)t < x*M(x*) " tu (47)
t € [to tr] o3l JS 555U Jsd B U5 5n sl b (47) ol

357

Bg = Lg%+ Ly* — Ly* + Ly?

By = 2L,L,

Big = 2L;Ls

Syge 4 (26) 5 (25) sledlslas (9) 5 (8) Laly, & axy L
Sop Wolwe iig 5l anle cawn G =G(0) M= M(6)

ol 0 Ja5 B po ] yog SYgb e s wd g 5o8

@ £3Y Bl o &l Sit-3
s Sealins E¥olae el p3Y ol o caingy JyuS e by sl
S oy cinyai b jslate ul 4y g d atlgs cl glad o8

[ =13 @
L (2

8) abl, b bl <> slid S5 4 (24) Seoliys alolee

D s
. X,
*= [2] - [M(e)‘1 (u—c(6.6) - G(G))] (28)
°}“‘gs“u (29) ‘\Jéldml»d.aUan eo),ws F)S )QJ
x=F(x,ut) (29)
:QT o as
_[A] = X2 .
F= [fz] - [M(B)‘1 (u -c(6,6) - G(e))] (30)

@ olgiee |y S ez 5l 6l aiy o b Al JI>
UEU age JpsS o8k Ban oged Gl ane S5 dles & 90
098 aieS (31) wbi a5 (slaigS 4wl oo

I=[ L) dt (31)
S5 gn 0215 (32) dlalre e (5550 Ll (29) (Salizs 05 o
x1(0) = 6o, x1(tr) = 6

0)=0, x,(t)=0 (32)

U S S ) b S Sl 3 5 iam 5 L (31) e s
I oogame T il o 2l oo tr 5 ozl olo o il s lacdls
S iy (33) ben 5o 5 w3ln SRS 53
U={ulU- <u<U%} (33)
il o s 4 Jlael S35 Vo 5 Gy 0> o5 4 UT U
@ ogdeen 2l (34) all; Ojgo 4l s oy iy b aslsl e
S5 g0 25 (35) dales &0
v=[] (34)
H=L+y'F (35)
Sb @ peileen & (35) b, o (34) 5 (30) Laly, 5, L
e ey (36) doles
H =L+ xx3 +x,M(x;)7? (u = C(xq,%3) — G(X1)) (36)
S Ghge o Dl ol wlel aad Gl oeslasl L
Jal ad aS gl abl aliles oezg S Jlade (55, Sudgde
[27] 542 03,512 (39) b (37) w¥oles b

. _oH

__oH (38)
ol 0x
u

oo ol (83955 J5uS U (59, Cadgae d9zg Sygo 0 g
Ay Sy Bae gl ol periee sl &5 WS e plo (S Se

3 osleiis 16 095 1395 sls i ey Suilke waiie



JloS paol 9 (paa9Sss pol

paiiae it (Jh9) &y SN L 58 e dise Ule) same AL

Start

'

Select: PreSol.eg.0, t
¢'=e

s=c+1
Solve bvp with end
initial soluton

PreSol

=kl
I=tr+¢

PreSol=Sol
e =1
- <« JF+1
t=t, -¢ Srmin=ts
=% -l

Fig. 2 Algorithm of the time optimal calculation
g gloj drmlone o258 2 S5

dgume &I 2 b 4ines” o) b @i 39831 -5
3 UK o vgamme Sy 8,5 0 b aneS (ley ale oy 55l
el obey oz, LialS wad dll i o1 o ol ool eoly LS
A yo y2 500355 o0 O jpe dp Oloy 4 Gy Al B ady) lade Sy
lal 5o 1095 00 duglie wgllae Sz jlake b 5 ool dulne Sy ok
50 a5 Cewl (5 e 8 igd o oSl adgl > g JKmax df € £g polie
ooy adsl lade ol oy e Gloj B 0gdio0 o5 b 5l al>ye p2
S8y lade By g wdbos Yo Syx gSlas Jlade JKmax ol e ol
S allie ozl )3 0l oo S 2 (59, Cudgasme Al 03,515 Ca oY
Sipe e dlawe SToogh o o ol QL) adgl polie Slil 4 (5550
Lol tr a4y 5 b o s2ols e/K &jg0 a5 € laie K iolpdl b wgis o>
dlae 51wl oo aolsl dlas sazme Jo oloj b & 2alS ol 09 oo
JK 31050 00 0,33 JK 10 S ym aniSlo cdold] jo g > (550 jloie
a5 abe yialS K & jgo 4 € jlaie K 20l581 L el iy JKmay 5
JK 31 sl oo aolol allae suzme Jo by B € 2lS ol 09 o 48l 1y
tr o, B > onl s 09doe J> 1€ (ol & allice 09 ,2aS JKimax 5|

3 ool 16 095 1395 sls )i (Hurde Suilke wiiie

@ Cond Wb M) M p 5 o WS e b alaly ool a3l 8
23l ddnod a5 WS (0 Jroot U J5US ) (pl 358 aieS U S 52
alarly (poged 00,500 (sl i U5 0B o pl bl il 1) o
Dy i S 0 5 500 4 WL (47)
+ -1

=l o a0 “

@ JAS g9 ol ogbise 4 s @i G =M 7 (x) &b
Ban ol Gab perie sl onlply Bl Bypmet Sir Sy S
R sum polie 59, Wb S o Sy S polie Gl 5 )9e
305l S | g slagle; o5l ¥ Wl ol U sl 005
W plxl B Sl 4 Cagn Glagle) peiites sl oS L]
Oype ol 4 ) 5 4 St onl U sl SVl pan 0 & (S,
s Sy 9 o b S a5 o (41) alal, S5 4 Bas gl 45 ol
GRSl s ol o Sy pslas b Sy sl e p5ltS (ka8 L At
[18] il o ey (S o 258 b o slal- 5o

ooly Hlas 2 S (o oS aieS o) dnlone Gz (0,65 dalol yo
T 2l lae sl LI Gelul 1o oo Sty el oud
53 8lee (See oy (nyteS & e B adgl Jlade Sl e e
Ab AU a5 b las g oo UGl sl J> 5 €, by ,8g € polie lul
adyl U o a5 Cenl p Y ol 0 slalais g (55,0 e dlue J> (sl
il @ il aen Jols adgl Jo 092 Sl o anld g9,8 ln
Dol e 41,8 a0 (49) alal, g0 4t € [t tf]
PreSol = [X1pre X2pre X3pre Xapre] (49)

855 4 el (5 e € 5 ppilse oS o sl bl loy o by
28ty ] Canny aig ooy Coled o U g o5 b 5l Al
Ll Jsb 5o Ll Jade 5 958 00 bl adsl e oy p oSl slol
a3 Cds Jlade By sy B9 43 € Jlade g timin 4 b U 0l so S i 165
Sl 4 e e dlae laml jo il s aeS Gloj dnlne g
Jo s Jo (550 ke s S1055 0 Jo o0 Dl 4yl ol
50 5 Oad o 0,33 PreSol jo aay al> e adsl J> lsie 4y o] Caway
s9is Jo 5jpe oo allus S0 0 Jo i€ sl & allis o al> e
Jo oles b e Luals cl sl oo 2alS 6K &0 4 € laie K al330 L
Sy B3 4 € lade a5 Slej b a,s5 Lules il oo aslsl allise sae
el 00t o allie a5 € e (3T L sl pl € lade .ol oo el
A5 Ol 90,8 oo redd €1 B8 L Timin jlade apwlxe byd pl L
Covgmy G2 5o wipsNl cnl Gzl ln s S8l 5o el iy
Lol ool

ks o gy o5 (ISie ol o)Lil dnade i3 ;0 45 jsbilen
clis gl Jo 5145 glaisS 4 il adsl U calie bl el
ooy dlas gl Ul 0l walyss Jo g5p0 e allas wois wlsel
Ol oty luad g (Vsb ey SVolas a5 (S oz pilSe g
S oy 58 ST s S Ky S Sjg0 4 o atge il Ll
& psboles St cnl @3 slp 090 walys ol s JStie 00 oligS
oolaiwl day > yo Jo lgie @ dlo o 0 ol 00ls zndgi o ,sNl o
oad atulys 285 ya b plyn |) de oy 45 09d 8 cge (nl 5 39800
il 41505 S92y 55y e allis Jo (1 udgamte 5 3,5] et

! Bang-bang

358



JloS paol 9 (paa9Sss pol

paiiae it (Jh9) &y SN L 58 e dise Ule) same AL

dynamic equation

* simulation

Angular position-Joint 1 (rad)

0 0.5 1 15 2 25
Time (s)

Fi

g. 4 Angular position of the first joint with respect to time

Oy e Jgl Jaio a5l Coadse 4 JSCU

— dynamic equation
*  simulation .

Angular Velocity-Joint 1 (rad/s)

0 05 1 15 2 25
Time (s)

Fig. 5 Angular velocity of the first joint with respect to time

Obes e p Jsl Jfade agly e 0 5 YIS

e 3 (U=0) 53959 )3kiS Jlosl g 5wl (5958 S8 3l
Sljloges 5 Ui g 4 S @ dzgl b 0,8 e plsl 4l 2.5 g
Iy Seols doles gtwys a5 Wloads Gulaie w2 (59, MolS 00 Jow

Olo) (52 7S b dnte ynno -2-6
2 US 5 oad ) aiysSH Gl 5 GBS ey & Ceand oyl 4o
p3Se sl Oloy cyreS b dity s OF Golol 2 5 990 310y
Ol 1 Jgoz 53 5l (So5d slayally ogdion anmlone (S bz
b iyt oo 55iS 5 O NM L s Jlosl moy3Sle Hslitd .ol o0
120 ley ,o p3lSe lasgly CuxBge ol ouls 48,5 L 0 -9 Nm
lazl jo T dygly ag ps ol g0 42,0 B0 bl 1=ty Loy 0 9 0L ol
@ 4yl polie .l oud i3S e p0 Jho b plp (S5 0l sl g
s o PreSol=[0 0 0 0] & = 1s,e = 0.1,ed = 0.0001: & )50
Obas 2 S8 o980 lawgs ouds (b Jolye B JSS 50 05800 485
codle b ol oas Jo 50 e dllas a5 Slacle; Canl oo ool
el st sols las f07 b el oais Jo allis a5 lapley 5

tf =1 61)4 J> st‘ 4.1},4 ) \35,..:6.0 o0dud 6 Jiw B as )9JauLo.b

359

Start

Select: PreSol ,es 0.7, 7k,

v
=1, 5=1, j=0, ji=0

=s+1
l Solve bvp with inital
end solution PreSol

4
Isbwp 2 T
R =t +e
solved? b=l
=o'k

Fig. 3 Algorithm of the time optimal calculation with bounded jerk
Sgae 5 2 L dg (loj drlne o 5501 3 S50

szl Gy Hew )l}é‘f}j 50 ol dldes oS Sl .\;b‘go aolol tmin 4

ol ol g iu 0 v,

Slamio S 5lex Silg0 P il (5 3lodnd -6
Slasine o glmio S bz 530 Glp gileand Gise Gl 50

\)5‘46,0 Aj‘)‘ Sl 00 00)51 1 J9A> ) L)"

Sl s dolro Como (ow ) p-1-6

0590 0580 woad gl peinl (Seals SYolas Coro pwyy jslaie 4
Gl Lol el g csl oad Joo e 33l 5 (lands bame o
Sois S oolinal b (28) c¥olis o 5l 45 e pekiee Sielis
Sl dgdbie dwolie Wl Cwwss o il o 0ded5
[26] Sidloz p3eilSin @ bguye g0 syl 1 Jguar

Table 1 Relevant numerical parameters for the four-bar mechanism
[26]

oy e S e S gl S bl

m 25 4 1 Jsb
kg 1 1 1 Pyes
kgm? 0.5208 1.3333 0.0833 el ples
rad 1.2649 0.3533 1.5708 adgl asl;
rad 0.9582 0.5368 6.2832 a9l al;
rad/s 0 0 0 adsl iy
rad/s 0 0 0 45l ey

3 osleis 16 095 1395 sls i (e Suilke wiie



JloS saol 9 (paa9Sas cpol

piiae it (Jh9) &y SN L 58 e dise Ule) same ALD

2 T T T T
—x—tf=1
—tf=0.9
el T tf=0.8
© J
K] 15 tf=
=
(5]
2 -
g 1F senuees If:0_49917
5 ====1f=0.49875 f
3 — 1f=0.49865//~
£05
1=
5
S
j2
i Of
3
05 L . , 082 084,086 088
] 0.2 0.4 0.6 0.8 1
Time xtf (s)

Fig. 8 Angular velocity of fist joint with respect to time
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clear
tf=1;
sol = bvpinit(linspace(0,1,20),[0 0 0 0]);
e=.1*tf;es=e;ed=.0001;k=1;5=1;j=0;
while ed<es
ttf(s)=tf;

S=s+1;
[solo,outs]=solvebvp(@a,@b,sol);

if outs==
k=1; j=j+1;tfmin(j)=tf;

figure (5)
hold on
plot(s,tf,'+"

sol=solo;
es=e;

else
figure (5)
hold on
plot(s,tf,'O"

k=k+1;
tf=tf+e;
end
e=e/k;
tf=tf-e;
end
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clear
tf=1;
solver = 'GeOCPbvp4c';
sol = bvpinit(linspace(0,1,20),[0 0 0 0]);
JKmax=150;ed=5;e=.11;k=1;5=1;j=0;JK=0;
while abs(JK-JKmax)>ed
abs(JK-JKmax);
ttf(s)=tf
S=5+1;
[solo, outs, times]=GeOCPbvp4c(@a,@b,sol,options,inf);
if outs==
xx=linspace(0,1);yy=deval(solo,xx)
n=size(xx);n=n(2);
sol=solo;
for i=1:n
%calculate T(i) and thdd(i)
end
fori=1ln-1
thddd(i)=(thdd(i+1)-thdd(i))/(xx(i+1)-xx(i));
end
JKmax=max(abs(thddd));
if JK>JKmax
figure (1);hold on;plot(s,tf,'+"
tf=tf+e;k=k+1;e=e/(k)
else
figure (1);hold on;plot(s,tf,™*")
end
else
figure (1);hold on;plot(s,tf,'O’)
tf=tf+e;k=k+1;e=e/(k);
end
tf=tf-e;
end
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