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Modeling and simulation are useful tools to optimize and analyze the dynamic behavior of lead-acid 
batteries. One of the main problems is that the governing equations of lead-acid batteries are highly 
coupled, which significantly increases the computational time of numerical methods in simulations. 
Using reduced order models (ROM) is one of the best ways to overcome this difficulty. In the present 
study, the one-dimensional electrochemical governing equations of lead-acid battery are solved using 
model order reduction based on proper orthogonal decomposition (POD). To show the capability of this 
method, the governing equations including conservation of charge in solid and liquid phases and 
conservation of species are solved simultaneously for a lead-acid cell during discharge, rest and charge 
process. The results of reduced order model including cell voltage, acid concentration and state of 
charge (SoC) are compared to the results of finite-volume method (FVM). The obtained numerical 
results show that not only does the POD-based ROM of lead-acid battery significantly decrease the 
computational time (speed-up factor of 15), but also there is excellent agreement with the results of 
previous computational fluid dynamic (CFD) models. 
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Fig. 1 Schematic of lead-acid cell 
1      -  

  

)3(  i = i + i  
  .

 ) 4 (   
)4(  i =  

               
         .   

         ) 5(    
)5(  i = (ln ) 

) 4)  (5(  
 .

 .
 

  
= (1 ) = =

ex   
 .
) 6 (  :]3[

)6(  = exp[11104 + (199.475 16097 )
+ (3916.95 99406 712860/ )/ ]

 )  7 (
   

)7(  = (2 1)

 H  . 
  .
  

)8(  i = i + i = 0

 
:  

 ) 4) (5) (8)   (9 (
  ) 10)  (11 (

   
)10(  =

)9(  i =

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.2

5.
1 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
9-

22
 ]

 

                             3 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.25.1
https://mme.modares.ac.ir/article-15-5677-fa.html


    

    -              

  

46  13941511  

)11(  + (ln ) =

  
 ) 12 (:  

)12(  ( )
= +

2
)  12 ( 

   = 3 2 
 = 1 2   .

 )  10 -12 ( 
) )  ( (

)  (   
- 

)13 (   

)13(  = =
2

  
   

  =

   =

)  13(  

  .
  .

   
  = SoC

  = 1 SoC

  
) 1SoC = (   . 

   .
  

  
  ) 14 (

   

)14(  SoC
= ±

i

  .
) 13(  

 ( )  ( )   .
  -1 ]14[  

) 15 (  

)15(  = exp exp

   
 . 

  
   

1- Butler-Volmer 

  
 . 
 

]15[  ) 16 (   

)16(  
= 1.922
+ 0.14751 log( ) + 0.06355 log ( )
+ 0.07377 log ( ) + 0.03361 log ( )

 
) 17 (    

)17(  = 1.00322 × 10 + 3.55 × 10
+ 2.17 × 10 + 2.06 × 10

2 -2-1-   
 

 .
 

  
=  .

  
1( 

) 10)  (11(   .  
2(    )

4-10    

2 -2-2-   
-

  . -
   )0= = (

)0= = (  
 

)  . (
   

 
  .– + 

 .   
 

   .
] 3 [1   

3- ) POD(  
            

    .  POD     
          .    
           .
           

  = 0 V

± =
 

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.2

5.
1 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
9-

22
 ]

 

                             4 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.25.1
https://mme.modares.ac.ir/article-15-5677-fa.html


    

    -              

13941511  47  

    .  POD      
          

     .         
               . 
             
             

POD          .   
       .      

             .

             
           

 .           
            .  

              
     1     .    
             

     .         
            . 

             
       .  

POD  ( , ) 
( )  ( )( )  

)18 (   

 
 

 . 
POD 2 

) ( ) 19 (  

( )   ( ) 
) 19 ( )  .19 ( 

 | |  ( ) 
  ) 20 (   

 ,    .
 ) 18 (

 ) 21 (   

POD   U( ): 1 < < 
U( ) 

    .
POD 

  K 
  

0 .  
) 18 (  . 

    
( )  3 

  .  
K = UU  U = [U , U , U ] 

× 4 U

1- Correlation matrix 
2- Hilbert Space 
3- Singular Value Decomposition (SVD) 
4- Snapshot Matrix

1    
Table 1 Input parameters for numerical simulation 

] ) 3([    
  (cm)

06/0
055/0
014/0
06/0

53/0
73/0
53/0

(g cm )

7/9
34/11
3/6

(S cm )

80
104×8/4

 (mA cm )  
10
10

(cm cm )

100
100

(C cm )

5660
5660

   
5/0 5/0
5/0 5/0

-    
5/1
5/1

3-10×9/4 (mol cm )

298  (K)

72/0 (H )  
(A cm )  

34/0    
02/0    

)18(  ( , ) = ( ) ( )

)19(  max | , | , = 1 =
0

)20(  ( , ) = ( ) ( )d

)21(  ( , ), ( ) = ( )

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.2

5.
1 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
9-

22
 ]

 

                             5 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.25.1
https://mme.modares.ac.ir/article-15-5677-fa.html


    

    -              

  

48  13941511  

   .
K   

)22(  SVD(K) = UU =

=)  .22( ×  
×   

0 = min( , )  
=  .

  
1   

 .
SVD  

  .   -
1000 

10 100 )  .(
 

 . 
 )  (

)  (
 .2 

  .
  

)23(  = UW = ( )

U W  .
) 23 ( ) 22 ( 

   
)24(  CW = W

 
= diag( 1 , 2 , )   

)25(  C =
1

U U , W = [ , , , ]

W C 
, , , 

0 C 3  . 
 ) 26 (  

)26(  = ( ), , = ( )

   ) 27 (
  

)27(  , = 1 =
0

W  ) 28 (  

)28(  , = =
1

,  

1- Proper Orthogonal Mode (POM) 
2- Snapshot method 
3- Hermitian Matrix

) 20 (  .
  

   .
   

 { ( )} 
   

)29(  ( , ) ( ) ( )

) 30 (   

)30(  EC = 99.99 %

EC     

4-     

( )  

 .     
1(  
2(  

 ( ) 
 . 

 
   .

  .
 -   

  
 

   .
  ( )    

   
)31(  AU = b

U( × ) A( × ) b( × ) 
 .U

)32(  ( , ) ( ) ( ) = a( )

  )  31 (  
)33 (  
)33(  A a( ) = b

a( ) = col ( ) POD 
  .  ) 33 (

 POD) ( ) 34)  (35 (   
)34(  A a( ) = b

)35(  A a( ) = b

) 35 (  .
)31(  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.2

5.
1 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
9-

22
 ]

 

                             6 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.25.1
https://mme.modares.ac.ir/article-15-5677-fa.html


    

    -              

13941511  49  

 
  .

A

  
A  1   

5-   
) 10-12( 

    .
2 

 
  . 

  .
 

   . 
156  5/05 2 

 
 .

   
6-10    

 .

  
1( -

2( 

 -
  .

  
 ( ) i  ( ) i 

  .
  - 

)36 (  

 .0= 
) 0= (  .

) 36( 0=   
   .

 
  . 
]13 [   

  
-

1- Dense 
2- TDMA

 
   .

  
   

1(  ) 10 -12( 
  

2(  
 

U.
3( K )C (

U.
4( 

 
 

5(  
) 30( 

6(  
( ) 

7(   
  

 ) 34)  (35.(
8(  
9( ) 29.(  

6-   
6 -1-   

 
  

] 43]  [5 [ 
- 

 .
2   .

mA cm 34/0 
mA cm 02/0   . 

   

6 -2-     
  -

 
  .

]3 [ 1 
  .1SoC =

V 5/1   .
  .

   
V 5/2   .

)36(  d =

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

11
.2

5.
1 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
24

-0
9-

22
 ]

 

                             7 / 11

https://dorl.net/dor/20.1001.1.10275940.1394.15.11.25.1
https://mme.modares.ac.ir/article-15-5677-fa.html


    

    -              

  

50  13941511  

  

  
a) Variation of cell voltage during discharge

-   

  
b) Variation of cell voltage during charge

-  
Fig. 2 Voltage of the cell during discharge and charge and 
comparison with Ref. [3-5] 
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a) Variation of cell voltage during discharge 

-        

  
b) Variation of cell voltage during charge 

-        

Fig. 6 Variation of cell voltage during discharge and charge 
processes for different applied currents 
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