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Beams are the basic geometries in engineering and many engineering issues are simplified as
a beam problem. In this paper, the dynamics and vibration analysis of composite Timoshenko
beam made of epoxy graphite layers with two piezoelectric layers on both sides have been
investigated. Extraction of motion equations has been conducted based on the first-order
shear deformation beam theory using the Hamilton principle. The partial differential equations
were converted to the first-order coupled differential equations and then they were solved by
fourth-order Runge-Kutta method. The effect of piezoelectric parameters on the vibrational
and dynamic response of the beam has been investigated. The results show that the natural
frequency of the beam decreases with increasing the length of the neam. Among piezoelectric
parameters, the parameter of C11 has a lower effect than the effective transverse coefficient of
e31in the frequency response. As the ratio of the length of the beam is lower than the thickness,
the effect of C11 will be greater on the natural frequency. The effect of the other piezoelectric

parameters in the frequency response has also been evaluated very small relative to these two
parameters.

Keywords Vibratiions; Timoshenko Beam; Piezoelectric; Runge-Kutta

CITATION LINKS

|1] Size effects in carbon nanotubes [2] Active control of piezo-fgm beams [Internet] [3]
Vibration control of functionally graded material plate patched with piezoelectric actuators
and sensors under a constant electric charge [4| Free vibration of functionally graded
material beams with surface-bonded piezoelectric layers in thermal environment [5] Free
and forced vibration of functionally graded beam subjected to a concentrated moving
harmonic load [6] Non-linear vibration analysis of a functionally graded Timoshenko beam
under action of a moving harmonic load [7] A mixed Ritz-DQ method for forced vibration of
functionally graded beams carrying moving loads [8] Forced vibration of FGM Timoshenko
beam with piezoelectric layers carrying moving load [9] An analytical solution for free and
forced vibration of a piezoelectric laminated plate coupled with an acoustic enclosure [10]
Static and dynamic analysis of two-layer Timoshenko composite beams by weak-form
quadrature element method [11] Bending and vibration analysis of curved FG nanobeams
via nonlocal Timoshenko model [12] Static analysis of functionally graded beams using
higher order shear deformation theory [13] An analytical method for free vibration analysis
of functionally graded beams [14] Vibrations of continuous systems [15] Linear Piezoelectric
Plate Vibration [16] Vibration of laminated shells and plates [17] Free and forced vibrations
of Timoshenko beams described by single difference equation [18] Vibration analysis of
cross-ply laminated beams with general boundary conditions by Ritz method [19] Recent
advances in composite materials

Copyright© 2019, TMU Press. This open-access article is published under the terms of the Creative Commons Attribution-NonCommercial
4.0 International License which permits Share (copy and redistribute the material in any medium or format) and Adapt (remix, transform,
and build upon the material) under the Attribution-NonCommercial terms.


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.81.1869
https://bit.ly/311zrhG
https://iopscience.iop.org/article/10.1088/0964-1726/16/4/037
https://link.springer.com/article/10.1007/s10483-009-0803-7
https://www.sciencedirect.com/science/article/pii/S0263822309001329
https://www.sciencedirect.com/science/article/pii/S0263822310000681
https://www.sciencedirect.com/science/article/pii/S0263822310000723
https://www.sid.ir/fa/journal/ViewPaper.aspx?id=199036
https://www.sciencedirect.com/science/article/pii/S0898122115001273
https://www.sciencedirect.com/science/article/abs/pii/S0307904X17306984
http://ojs.whioce.com/index.php/scr/article/view/401
https://www.sciencedirect.com/science/article/pii/S0307904X07002211
https://www.sciencedirect.com/science/article/pii/S0261306908001891
https://books.google.com/books?id=59R1oLzNvCQC&printsec=frontcover&dq
https://books.google.com/books?id=o6QeAQAAIAAJ&dq
https://books.google.com/books?id=HMs-sjURhxQC&printsec=frontcover&dq
https://bit.ly/2yoerpf
https://www.sciencedirect.com/science/article/pii/S0020740305001724
https://books.google.com/books?id=9Q7wCAAAQBAJ&printsec=frontcover&dq

hlen 5 il ol Lo Y54

Z 5 JB15 b 53 39,801 ST Jlie y5b d akelie usSae
ol O3900s5me b (dgeiiune 4 4295 b 05 1,8 dilgiul
el b plisl el Wlgige (Gl Ug) Sl
Mg cwlss

5l Sleslie dods jgb dy S yiSlg s slge cdae (glaay,lS
Jlacl o 53 515 33 olul 1 Siuzudgw slasyls -)
(eSSl HLad l s edghe) jlad

SelSamains adsi ps 38 -Y

Syme plgie 4 o g S glyic @ 0o Gige lasyls -V

I &8lays 35 ol 53 iobesy slapituc 3 ol -F
23Uy wdel s daalsls aabing Gl s8damie cool>
39790 paidd (sly 5008 pgsle amdl ply 53 GBS)E oK
39 (50 0dldiwl 043

oreee 5 G Hlisle et wyllas (glaeituw )3 3y3lS -0
lolisle et eyl 55 «SuyiSlgpn yole gyl
Abbise

oz 5l S 8 S PlghlSes 5 (o odfipwle
23S G |y Slas 5 Sue S iSllgin sloay b FGM
Ly oin ksl 60955 4l 1 |y ey w¥sles johio gl hy
BlySan 5 ousi SS7.2055 liil gsilan Jol 51 osliul
glay b FGM iz 1 Gy wlilei)]l JpuS oy @
il el (oSl Sl cod Sue g Slee S ysllysa
Jaie y33 G35 <S> wslae o)y SuwdlS (535 by 5 ST
Hphllen 5 o/ 63 zhaiul poilean Jol 5l ool L )
h Syl oy b FGM iz 51 50 G T ales)|
Slie a8 )Sias,s b Ll 408 Gy Sy g Lod Galjdl wex
w¥slze Loyl SeudlS (65955 sluey 5 ob LIS &8s
Aigyglennsdy Gl (SaSIl (5l385k kb 53 1)yl e8>
315 olizl g Sl3T palaiyl Yool Jlo 3 Bl5iailp5y Cad
Gz ol 53 T L2088 Gy Syemite b e |y FGM e
w¥alae FIHEY (i, 5l eslisal b g opd SeuodlS (5,585 4l
oilasy) 3IUT Ve Jlo s (61 Citacd 10s,S zlyiuial |y Sy
Sy b o Syite )b e |y FGM sSiadigans o0 o Ghs s
G55 by Ghis LT @lo 55 05 Guyn Ssale
35 duglio SelS' (55985 iy 0 Ghd Jeld L) sSiadisens
sl s DQM g jiy Gy b 5 o5 VghSen 5 (LLs
Al Syt )b wed FOGM iz 1 8 (Seolins 58y uy
L s Loy SeudlS (685 by » |y S w¥slas kil uss
Bliesblpis 5 (spde 2535 gl ISY by 51 eslatul
gy b FGM (uiz 5l sSiudsess o sibel wlilss)
L3S Gy ) el e b Symite )b eed Suyislgin
eslatl b g Loy (o Jol 4o (60985 iy p ]y wSy> w¥slse
G PlghlKan 5 iufed 055 zhaiwl psilen Jol |
WV dyy S SeesST Gilsladl Glded (g5ledse
LT LI s aiislay Gige dhiame SO b olper S yuSUlgiu
Gl Sy g b slopilSys x> Gas g opd> il
g esilil JIUT a0 [10] o g g0 ol o0l sy oy Jao
9 e Al VY GhjenlS oSidgend i Saeliny
Giio glayisil )3 pies g wlile)l Gy 4 Milas,
9 MSlay oSidgend Gl (98 I eslatel b 2
305 518 (30 330 1y Sige (slayialily

HAA LT Y o)ladd 4 0y9d

gNadigesd yui ol 9 Swelizy Julxs
SaySlgia sy b iajguels

MSc liyls 2ol le

Ol o lol golz olKaily (wilge 3 (B ouStily (SlSe 09,5
ol

MSc (gguge (slepw

b o ool gals oIS utige 5 (536 83Kl (Spile 09,5
ol

MSC (012 ljyae (AT 3900

obel eyl (ol @ze olStdls (uige 5 (i3 0aS8ls (SilSe 09,5
PhD " uséo Cgame Sysw

Ol o lol golz olKaily (ke 5 (B ouStily (SlSe 09,5
ol

o.\..gSg

4 rosige Pl 1 (5Hlkun 5 ddus Gusige )3 Gulel gladwiis I Loy
25 Syl g Saelias Julad dlie gl 53 39die gilwesle nd ez
Y gy ohen 4 LSyl el glaay I cadaisle i gas
2 eS)> @Yslee gliiul cwl sad aiblyy o Gyb gy jd Suyislgiy
al oad olail gilias Jol 51 oslitul g Loy (58 Jsl aire ()95 4y
a sl wle cws 4 G sbgun wyged 5 S wisles
iye slisS Sl sy o e 5 i Js! diine oS (Jpame w¥alae
Sloleil guly 5> Spplsig glastehly iU calgs ) slosd > o)loz
25 dob (Ralidl b &5 simsse glid gt el oddh iy S Saelias
SoyiSlgey slaselly ol 2 ASGe Iy GtelS ol Gaub (uils)3
il Guly 5> €31 oy se capd 4 cuwd (5eS 3l Cu sl
053 g5y Cin il Al yiaS 5 colid @ Jsb cowd 4z 3l
Ol 4 o 3 Sl gh (slayiohly jabo 53U 39y selos iy b
el 0ad () 5zl il Gl ) el 53

5SS, (S8l g3 oS idbgand i ccsliblat| slmoglgaals

WAYIVNA elyys g,
WAAYI¥Y 1 Gopds g0,

smahjoubmoghadas@ihu.ac.ir : Jsiuwe sxiuumgs”

doddo -\

patudie uodige I 3 1y 393 ool> (IS j5b ) She dlse
Hoezo dgo plgie @ alido blE j» ils Jls 3 g e3ged
33 550l XiyS e sh3 osliiwl 350 (glojl Blsal gy Logas
c4iss lws el (il yags (giluleglsn (allss giluo
3l5 caapelS Blse (S 5 Sl «Sudg Sl oSy g
Ayls

G959 Sae Sl 4y & el Ghspgie S diuyiSlgjan
wws 9> 4 SuSllgin slge gdioe b wliels
s (ahsl ganliingaly Jie) bperlisin 5 Suslywg i
loSiolw iy &5 Glsamapt slocShy 5l S Nsde
ol of Ghal e wdd b SGuSlgin ol JS(e o3
Sy anhlss (255 s Jlesl b el jLid I b
95 A0S ooy dedie skl (Sl glae g Wgdie
Sy A8 e posSme |y plie ez (WS 4 S I Yie)
ey S 3dgs 51wl @ylie dipun;iSlgiun b SeySlgin
S Jleel B s JlenS So sl bugi eadalxl
Spifllgin JlwanyS So @ Sl glae SO &S Gl
28y 1y o Mol o 3,50 8 LT ol sd Jlsl
Syisdls s

it SilSe uslge gy —ale asliale



Y31 S350 (s b oiiosel sSindgass 5 AU 5 Saolizs Jabod

v=20
w = wy(x,t)
X bl 53wyl 4 5 Gl 4 (lulz> Wo g U o 3 &S
Oixed ol i ghie xhw Gidye P(X) 5 sibe Z g
25 90 41 Gl S Ly, 51 sl b G55 olase
(131367 m|9;> Cwd
_ Oy, + 0P (x)
T o T ox
aWO
Yxy = ox + P (x)
Exr €0 Yxyr Vyz = 0
el e Jol 4 Bgyme a5 (W) daly 51 eslasiwl b J>
(18] LJW (JJLQ jox USP eYsleo

M

t;
(U + 68V —-6T)dt =0 )

t;
@UsVBT.Molg'AJ)OLo)'s.}sttl‘(\“)ctbgb).)ds
&S 1bbie 2 g 41 g Jawiliy (i (6553 udys
8039 o iy 5 9o el wlpsd ol

[
6U = fff 0;;0¢;jdyd,d,
OT = fff pu;6u;d,d,d, Q9]
6V =-b ftP(x, t)dwdx
0

el (dye (gLl 53 505 5 03)ly G2l a5 P(X, )
29552 4 si xSl g () a5 (F) dasly o3l 8 L
5 Oy <Ol cunlie dumdhiny Clus Gulel Jol Golul
Al 3 Wigd yho Jhiue wyze @ eliS o SP(X)g Swy
:[13].\370.4 Cawd ) gyl eSys eYslee

aNxx .. i
o Liig(x.t) + Ly (x.t)
X
oM ..
axx = Qx = Lip(x.t) + Ly(x.0) @
X
a
90x + P(x.t) = Lwy(x.t)
Ox

4 Q) wYslzo y3 Ligi=1103) s 5 ploe sladxite «
Nigld (5o Ay yj g0
)
2o 21 22
Nyy = f Ogy dz + f o™ dz + f Ozy dz
2z 2 Z3

Zy z V41 Zy
My = f ol zdz + f oMz dz + J- Oy 2dz
Z1 Z2 Z3
Z1
0= [ ogmaz
Z2
(.1,.I3) = f;jp (1.z.z%)dz,
oY ol i S p S dbles odglewsd gl
S Sloe g S SouSlgin sloay 5 Gjenels
S (5,8l (7)) akaly ya 1y S palie
jgeels 4y bl —1-W
bl 5> 39250 Qx 9 M, 9 Nyx L.r"-’)9""°l5 i duwl=e LS‘)?

B pi wnge w o™ g o sl Wb (7)
) 4] S,
Gf}?m = Q11 &
3 Q)]
Oxg™ = Qss Yz _ _
el ;g 4 GieelS sleay ¢lp Qss 9 Qi1 «
59 50

Modares Mechanical Engineering

ot 5 LSdge 5 baleylsa 8y puusd )3 sSudgens pd
caio o ehlai) g oSwelus Julsi 45 39 oslitul
uLva.s)l [GI3VS o)lg.o@ a5 U_!‘Q.!T )‘ .:ﬂ) .\).3)‘5 UALE.) 9 (_,.a|9n=
4 alixe Slge Jul=i )3 pgo colio 1 b slailsys
S lee slaojlo 53 ojg dliune aSil 4y 4293 by g 39,0 Hled
dlox

sl s & cul oY 13 ilie ppe sl Sige
4 plSouiw] cuwd B 39 eslaitul S0je0elS slge 5l g gous
3 9o dpe Bl a4 ojle B sl YU ol as U LT 5
dadeny ) 45 ysbplen ably dingy daje g (G55 lge Spas
W8S wygo 2l dlge (59) lagiaghy JiST Ad dbade Giagh
L e g el g Jus 4 oY lace;snls el
ool 5 A1 (s yie3ytu alS Gl Slge 4 cawd (3913480
s b gSadgend yd wlilell Guyy 4 Glegly ol 53 9)
ol oml 9 Y 53 shm Y 9 uSsl SBIS Sjgrels slaary
RCIW PV wh); )'3)*?)44493 iy ,L:Jl)m LJ9

o dwind ol =Y

5 1 dob @ sSudseand o dwsin 5l Susleds glods V IS
olg3ds ¥ n slasd Gl @Y 45 sase glas ) b oy
Y sibe H ay jo cwlxs g h S culxs 4 el
le)b 9 )iuu} L:-*-*-’L’ 433’ 9 ha cwlxs le)b 9 )ilo.c S)LJ

, actuator Zo=2,=h,,
o= a1 []- o T
v Composite layers g
¥ - - z zo=h/2+h,,
. , I =ensorauN M| ! z,=h/2,
: z,=-h/2,
z
(2—h

z =—h;’

3 Sz g Vb 3 Shoe Y b jonels sSiudseans pi awsin () JS&
GliseelS sy ol

Sy eYslne gl -¥
039 4 oy OIS 31 8k b Gy Jol dipe (5555
VOUSS 3 agde 035 Sx ouedS ceats slayd gl
SawodS (sl g 3955 (gl ISy 5l a9 8 505 Siladanw

ol 0ads o3l u'.u.u 9S.u...u9,4.u 9

1= "-ih'.h 7

y = ‘:’
g " Jyp(x) X
> L FSDBT -'/

- - — f‘\'/dl

— // o

! ~J. :-*CLBT

¥ ol
8 “. . o Y ‘\’ a8 \ml'

1%

2 il sl 553 (sl S8 5o 51y 5 b 5 Sl (¥ IS

B33 505 wyse 4 Gy ol e (5085 by el glie
{EX) WPV IPTER
u(x, z,t) = up(x, t) + zp(x) m

Volume 19, Issue 11, November 2019



ohlKan g u.:l.uo)\:)galulc YAy

1le s 4 5 g 4 S S dhaly Gl ol

0
o5 = (e + —‘g("))s 0%)
X

9 S 33 Syl glae @ad oaInhd e b b ool
2 slily 55 @xSUSSl 5 o b 15 By = @y s alaly

Z3
Vs = f E: dz
Z2
VS - _ €31 h (auo hS al,,(x))s (\V)
€33 0, Oy
Zy + Z3
By = =

Slac 4 bylg, ~F-¥
as $)S UO)S u|94b"° )iLo& » ﬁSb ERN N 05)97‘3‘“"’54'.’ Lgb.}
iy @l So oo 4 Slee ) oSl Jaidly &2598

Hom| o.xaT),g)' 4Jm|) 3 [3]ﬁ9.>

P =@tz +2% @ OA)
sl ol Jaailiy GMisl Slae 53 4yl 4 dgi b >
3950 418y ,a0)s T (sl 05 GSepSIl (s5pe bl clnli

e=V? at z=1z5= -+ h,
0 . \9)
¢ = a

5] JouS Lo adaly 51 oslaiwl g 398 (sipe ulpd I oslaiwl L
ol sl s s SyiSUl uwsliy 2355 sl 0 <o
(Y9

Va e a e ad
a_ ,na vV _1a 831 lIJ(X) 2 31 YY)
@ @0tz (ha D €33 ) tz 2€33 Ox

(151 esls ‘o.&|9.> Iy 35 4.1::._'|) E, slp oolwl ol

a Va e a
g=-20__ V0, 1" ga_ 0w v
aZ ha €33 ax

sl _&m|9'> Cwd Uy g0 Ag)ilo.c ol 4144') u»[uul C)ﬁ')?
dug Oy () ¢ ve

O'J?X=C11 <a—+Z F) +€31h—
P P a

631

v

d
P(x)
(hip, —2)* ——
€33 ax
by b Sl 2955 5s il (59, JruS 3l esmliis (sl
950 b Nlos 5Lis 4 505
_ €31 hs G auo hS 6¢,(x) (Y‘”)
€33 ax 0y
GRS (sl ales sl (YY) dhaly ps (VW) dlaly 6,186l
Lol aolgd sy 4y Kloe

6u0 6w(x) @ €31 2 hs G
a _— _2 —
Txx u < ax e ax ha €33

6u0 s Bw(x)
-0 Y¥
<ax + hy, 3, (Qa!

331 (ha _ ) all)(x)

€33 a
siadgoud yui wSy> wisles -O-Y

O 9 (5) dlaily 5 (YF) 9 (08) () kg, (6,186l L
SSiadgess yui w8y @¥alee «(O) daily 53 (5) dbayly (5,18l
0] Algd Cawd 4y 1 wiygo
(Yo)

Ve=GVS=

%uy(x. t) 2 %P, (x. t)

15,7 252 = Liig(x.t) + L(x.t)

HAA LT Y o)ladds 04 0y9d

Q11 = Q11 ¢* +2(Q12 + 2 Qe6)c?s* + Q22 A
Qss = Q55 % + Qg 57
iy ) wnse 4 Sperishl sleay Gy Q e &

L KTV 1
E;
Qi = TV, Vlﬁ: vt
Vi B2
Qo = T
12 1- \é12 V21 X
2 )
Qo = 70—
22 1— vy Vs
Q44 = Gy3
Qss = Gy3
Qs = Gi2,

SISl w5 (A) daly 53 (3) dhayly (5,186l L >
alatly 53 (V) bl (551885l wald ;3 5 (V) a5 (A) bl

W.)" *)
du, 3y
NEZ™ = Au 5>+ B
du 611, )
MEQ™ = By, a" Dn—ai" 09

Q™ = Ass(a_ + )

Nigd o0 iy yj eygo 4 Ags 9 Dig By A calps &S
n+1

Ay = 2(611)1( (Zx—1— Zy)

n+1

1 _
By = E Z(Qn)k (le—l - ZI%)
N on
1 = 3 3
Dy = 5 Z(Qn)k (Zk—l - Zk)
N+l

5 _
Ags = Z Z(st)k (Zx-1 — Zy)
k=2

Sosslg5 aaY bl -v-Y
[15] el oo a.))gT)g)' 3 w.}.ﬂ Wygo 4 LSJ).&HB).U h%'B)
Oij = Cijxl €kl — €xkij Ex ov)
D; = ejq & + €ix Ex
oeile € SouSllgin Gt pusile € hilyy ol oS
osle LI calyd ayile € @lho Suusllgs (5dpdeds
Aobe (SySIl plae E g S ySlgsn
9 035 5 Syo Y ol 53 G o5 5l i 4Y GS3U Juds @
by paslyd Soyislgian aY gl (V) Ly 5s s 5
Oxx = C11€xx — €31 E;
{Dx} _ (511 0 ) {E} + ( 0 els) {exx} Up)
D~ \0 33/ lE e3; 0 €xz
2SS el 5l lgie Soysdlgin Y S0 Juds
bilgy caled )3 38 sk Gpo SoySlgig 4 508 sll; g
sl sles Sl ) wyge 4 ey S Slgja
Oxx = C118xx — €31 E, (V%)

D, = e31 &+ €33 E, .
)im} 4'43, hels) -v-y
35 3929 (2l oSl 5L dgSan Sus 53 Sl
sao el glivly 3 @y ool Sl lale ol
:‘o.:g)h O:gl)gl.'g KW _m|9’>

6u0 6¢( )
axx )S + €33 EZ =0

D, = es (_+
0
gs = _ &1 (% 5¢<x))s o
? €33 x ax

iyt SilSe uige gy —ale asliale



YRAP S5y slodsd b oiinsols sSindgass 5 bl 5 (Saoliss Jalos

L I, 0
M=, I 0]
0 0 I

[Al CYREACY 0 l
_ m )2 m )2 m T
¥l ‘rs () a(F) + a5 as (T)}
2
mT mT
0 as () as()
Siadsand i 390 JSB g Grmb (l5S (YA) by 5l &5
@ obel Golesy)] cexi g eslw 0B Byb g3 balyd wes
Swly payslewnts ez @¥slee Jo gly sel salgs cuos
sl o o3liial ¥ agipe BgSiSily by, 5l s oSaelis

ey 9 ol -F

(84 aJLu O § OALD (uy ) luol=o ﬁL;.S‘ cewo lal s
93 Gy o johiio ol Gl b dnles fulad g asllhae
el oads (b3l g dulie 3z g0 pulis b adiv wdl>
gSidgens a3 ilS)S (sl eselewsd s Jgl wdls sl
i 17halie 1y Syl (sliconsd (25,5353 L Iz
3 gdse odalie ¥ gz 53 duslio ¢l deh Ll ol
s de i wlakie a5 cwl o Ken Ao ¢l 43 0wy
ol 030V Jgaz 53 dlie ol 43

2l &5 iS50 csalino ¥ Jgaz 53 o Al i 4 dazsi by
b s> @lad ol ol > poga> 4 Ghegl o
SIS gadog slopiegiy

E (Pa) G(Pa) p(kg/m3) L(m) b(m) h(m) 0

YAX)" ANXYS YAS« \ oY TN oV

SSbgass y (riwons g gl duglic (¥ J9i>

Frequency 5 ali 1710
"o 2 L g, FEM Gy, Gsin skl o5
\ Wee WO/ ¢ WoerOd WYAN
¥ FrE. EFES/A FFEV/F EVIY/5
w Vofee aravs AR N VegoV
= VAQe \OFY. \OFYA YAAD.

dhyly 1 45 GijerelSyd s Gmb (uilSS pgs sy 0
wlakie 3 (09/900 iz Y ©ly Lo cws 4 (¥
2l L v12=0.25 § G12=G13=0.6E2 .L/h=20 .E1/E2=40
ol 04 duungliie iliteo (g5p0 baslyd €55 93 (5l 181alio
A= (w12/n)(p/E,)"? el
20 &S 3950 oaaliio ¥ Jgaz )3 eud ] il 4y dzgi b
o4 yuogs 5 (CF) 5l3pSpss (5550 by sl pmga o0
I3 g slapiagh b s> sl @illal (SS) el

W pmsoue gz S b il mld alie (W Jeu>

SigelS sSidgand
bl [19] 250 Kl
i b9y I3 %13} ub) yol>

PSDBT ESDBT FSDBT  HSDBT
SS Y Yy 2 V¥ V¥
CF Y08 Y08 Y04 Y04 Y0¥

Modares Mechanical Engineering

%ug(x. t) %Py (x. t) ow,
3 Ox2 4 5}(2 - AS(a_X + Uy
= [zﬁo(x. t) + 1311.]()(. t)
9%uy(x. ) %Py (x. B) ow,
3 %2 4 %2 - As(a—x + lI‘JX)

= Izﬁo(x. t) + 1311.]()(. t)

Xgdd (oo i yeS ) g w1 =1 103) 9 Aj (i=1to5) welrd

)
2 2
€31 €31 hs G
A= A11+<C11 + - >h5+ <C11 - h7>ha
33 a €33
A
2 en?\ (B + o= 2 = 7hes
= Bj; +(Ci1 + - >
33
2 s
€31 hm h’S G
- ———+h% |h
€33 ( hq Ao ¢

2 2 2
e31“hs G\ (zy — z
A; = By +|Cy1 —
3 11 <11 Iy €23 >< >
e 2\ (g2 _ 2
+(C11+ 2313)( N+1 - N+Z>
e 2\ [z 4+ 23, — 23 — 73
_ D11+<C11+ 31 )(0 N+1 . 1 N+2>
3
ey’ h}snhSG_I_ha 78 — 72
€33 h, m 2

2 e 5l oSiudgend i aled)l gwly gyglewsay sl
:[1619,5:504 oalasiw!

mux
u(x.t) = Z Up  €OS—— sin wt

m=1

= mix
Y(x.t) = Z Y cos —— sin wt
m=1

% rY)
mmx
w(x.t) = Z Wi sinT sin wt
mw=1
mmx
P(x.t) = Z Pm sinT sin wt
m=1
dels Py 5 Wiy P Uy 5 GRab (el @ (YY) gy 5o
ST 8—."9)

5 Gl @lgi Bz g (Y0) w¥slae ;5 (YY) bulg; 6 188sl> b
230l Amlgh Cawd 4y y5 g0 4 Sy w¥sles (pudyb 51 Gile

U (V) Uy, (O
Mlw? {¥m ® =Kl {¥m® = F (YA)
Wi, (©) Wi (©)

5 [M] b 5 02 codyi @ glagusile 5 F ga5w Jlap 8

R up, ()
X=qbm®
Wi (1)
0 Y9
= 0
F=192p, mmnvt
T T

Volume 19, Issue 11, November 2019



hlSan 5 ilusls ol Lo YSAE

o555

(rad/s)

L/h

(rad/s) =5 8

1 i 1

) Y Y t
dga 0 Lo

Ciliiee LalBasSs glacdls 5 sl 350F ;3 (uilSys ey (F lsgad

2hie ey SLI aysly dacajonls 15 S5 mpe miste o
whasl 3 cojorls Glaw 9 cwglio )3 ol 23U o
O Jlagad )3 cajerels SLIl dygly 53 i b ud b (uilS)s
Ll padde o jsbplen .l 485 15 dulic 350
@ b Gl plise o3 Job sliwl) 5 il Giaw (I3
390 yidin Vb sladge 55 pogas

leay 58U Gy Glegly ol > pulel glayially 51 e
Clyd sy (il @l # laged 53wl Syslg i
ol 0ad (uypy SoyiSlg s

b udl)8 b Ca1 jlado oS 398 50 camlive jlaged 4 azgi ly
2 cwlxd 4 Job cund 4zpp puizen g iy padiue dh,
293 wleB yiday GRumb il 1 C11 530 il yieS

odd Gy Vo laged 3 Sl gh (85 iy U
Sade «SSllsin o Hge wurd lize ORIS! L cwl
A salsS yidoy b (il

Yier

——[-4.] r

—o—[ro-va] ’

Sg0 0,lads

Sl gl b uilS)s clasi (@ lagad

HAA LT Y o)ladd 4 0y9d

Sl coe l plinebl 5 rwese Gis 1 o
b il lagiehly whili Ghogh ool 4ol s srddtiss
9 b Sl g ladge JSi Jolis Sloled)l glaguly
Sl 483 18 Gy g0 sSidgant i Saelins Gl
slaytohly sl azgi 390 ol Wl & Gl slayilly
ol SoySlgsa calyd 9 sl g3l olo (s

Jolds Syislgin Y b oSidgans GjsmelS s wlakie
2 o] b o SuyiSlgin alyd 3 dwsin 5 osle wlakie
JUUTS FETVORRCIN VY I S PRCSSOIRY. IRV S| - E e
03 53 T Jlakie aid Sigo slagup 3 slie ol 51 S o
O118le uSoal Su8LS £53 51 un 30 caiapel anl

Sidgeni i osle ol g s wlasie (F Jgiz

Ei(Pa) E:(Pa) Gi2(Pa) vz V21 L(m) h(m)

VAYXY A LEXE YAV XYY YA o[ \Y = oA
01 02 Cu es1 M3 Nplies b (m)
Q. 0 VRaXy o BIY Xy, Y RN

cazyy b laguilyd whaes £ U glaylages )
w00k a5 glalle gl i)l ) 8y Cund @l
il 3 Jsb Glalidl b oS 550 osaliie aylagad ool 5
obels b el ool )3 &8ly 53 aS5e lag pals of Gaub
el 4Ly S LuilS)s g iulsdl alouls diels i (i
ool 53 28bGe ol (5550 bl (slaliue yo )3 ppo wilegdge |l
Lol sl 13S0y wigio 4 (S350 by (3800 s
> bl Sade Wilgise S gixe bualyd b 5> @l Guwyy
2BaSS slacdl sl Jsl 350F 53 (uilS)s wlynsi ¥ lages
g0 sdmlie i wglite

dods @bl P (gix bulyd dze glaged 4 azgi b
g3 wly> e b Gl Gl ojlu law i8]

VP
1¥F.
VY-
y.
;:\A
L =
g
£ .
\ v LS ¥ 2 £
L/H
eyl 4 Job o cunyy b (uilS)s Gadsl @l () jlages
o —
| |l
i b
i
o
)
— T -
w
S~
©
e A
\ L
; i i )
\ Y Y f- o ¥ '

L/h
eyl 4 Jsb s vy b (LSS ey Wil (Y jlages

it SilSe uslge gy —ale asliale



Y90 SuyisUlsiag 1oy b (risjoels sSisdsast 53 rbla 5 oSealis uld

\ T T T T —
s b i ey 4
£ L ey,
I 1 I 1 g
. Y It "F A 3
\ T T ™ T T T
i e e - )
E ~
P - o
-y 1 L i = 1 fl
I ¢ o8 “IA )
\ Lo = T = =
o | s o o]
S SR -
4 1 s o) 1 1
. Iy It i A !
Al P ~ T T T T T
o N /rx\\\
s e b i
< s R it
& i, L o ST
. B JF F Y 3

Y

C-C )Ib)ﬁf)‘usﬁ ‘SLmbLiL‘{SS el (SI)J)—\J Ja' 390F (Ve )'.)963

——= o3
RO, (N
——Y 24
¥
¥ ooge
< ¥
—_— —
—

—
" ‘\AN‘_‘

= - -
L - B a
4 I Y. Yo

plkg/m?)

o sy Bz 4 cnd Jsl dsir 359F GuilSyh ol OV lsges
S-S (eslw) Jabo yw g L;L:bclf:\ﬁ.i.'i

v " 2y
—tr— Y 33a
S dge
Y LT
Q_"'--_
\ To——
—
o
e ——
- -4
——a = -
Yoo Yheo Yo Yo

plkg/m?)
o gl B2 @ cund Jsl dm 350F GuilS)d wilinsi (W jlagad
C-F 3T 5o =385 (s lavolBeuss

o +1 20
ol s
¥ ——T 290
¥ oge
v
~—
¥ T—
——
—e
Y ‘\k\*\.
[ SE—
T —1
3 18 Y. Yo
plkg/m?)

o ghy s @ cund Jsl s 390F (uilS)d wilnsi (W lsged
C-C l3pSmgs (sloolBaSs

Modares Mechanical Engineering

—a—/h=Y" -
W | —e—un=Y- e e
| —e—tpte
- .
G 18 -
[
) el
Fx L
[ g * e
0 \ \0 Y- Yo ¥
¢ sy e
C11 S yuslgi cupd o Slol (uilSys wlyunss (7 jlaged
Y
Ve
Ty
oYY
1
) vy
Y.
Y.
Yoo

o Ay o/f aF oA {4 v
e

b il 1 8y Yige Syl giu oy SU (Y Slages

32U obun SopSlgin calis plo 4 coud (uilS)d Wy

cwl oaid Yot o LQ)T leylagad o) 51 a8 ooy
WG A gloylsged ;3 GaBass el W gly i Jgl 3g0F 5lagas
5 Gire bl oo I plisebl pes U cwl oad ey
s caled 55 9 3555 418 Grne 390 il @i (aBass
2 eajeeelS JBe 4 cand sl 9eF amy puilS)
Uil b lylaged @ilho ol sad o3yg] W g W (slaylagad
0SS olise 9 @Bl bl 4 2 ke cojelS JB2

b GEalS (550 bl elad (sl Ll b

T ppm——— —
k. — - Sy
< T ——
i ~
—e /L 1 L 1
Y ¥ Nt A \
\ T T T
//’/—'fr S
& P —— _~
g 0N e -
= L (i ——
Y ¥ Ris A \
\ _— T T
% = \\ = T
2 3 ~{
R
&Y L / I |
¥ ¢ .5 A )
\ - - —_ —
- J
o | \‘\ e ™ |
b S g \_\ //‘a
) : . ‘ =y . |
4 ¥ v i3 A Al

S-S (oslw) Juaio yuw 93 (slolSaSs el (glp a5 Jgl 390t (A Jlages

\ : ! ; : : : ——
’ }' e i ‘{
3 I, o L . .
. -IY i F A y
\ T T ——1 = T T
_ I L 1 I I —
s -I¥ - ¢ <A \
\ T e T T T T T
_ ' I Siom =
1L o 1 e = : R A
\ —— = T T T b T
,\}> 1 L 1 l-rlr- — _77-7-/' L B {
B i3 i i3 oA \

yim2

CF 35T 5oy — 135555005 (slol8asS5 el (glys 55 sl 330F (4 lgad

Volume 19, Issue 11, November 2019



ohlSen 5 Giliuyls el Lo Y545

with piezoelectric actuators and sensors under a
constant electric charge. Smart Mater Struct.
2007;16(4):1252-1259.

4- Li SR, Su HD, Cheng C]. Free vibration of functionally
graded material beams with  surface-bonded
piezoelectric layers in thermal environment. Appl Math
Mech. 2009;30(8):969-982.

5- Simsek M, Kocatiirk T. Free and forced vibration of
functionally graded beam subjected to a concentrated
moving harmonic load. Compos Struct. 2009;90(4):465-
473.

6- Simsek M. Non-linear vibration analysis of a
functionally graded Timoshenko beam under action of a
moving harmonic load. Compos Struct.
2010;92(10):2532-2546.

7- Khalili SMR, Jafari AA, Eftekhari SA. A mixed Ritz-DQ
method for forced vibration of functionally graded
beams carrying moving loads. Compos Struct.
2010;92(10):2497-2511.

8- Jafari AA, Fathabadi M. Forced vibration of FGM
Timoshenko beam with piezoelectric layers carrying
moving load. Aerospace Mech ]. 2013;9(2):69-77.
[Persian]

9- Shahraeeni M, Shakeri R, Hasheminejad SM. An
analytical solution for free and forced vibration of a
piezoelectric laminated plate coupled with an acoustic
enclosure. Comput Math Appl. 2015;69(11):1329-1341.
10- Hou H, He G. Static and dynamic analysis of two-layer
Timoshenko composite beams by weak-form quadrature
element method. Appl Math Model. 2018;55:466-483.
11- Hosseini SAH, Rahmani O. Bending and vibration
analysis of curved FG nanobeams via nonlocal
Timoshenko model. Smart Construct Res. 2018;2(2):1-
17.

12- Kadoli R, Akhtar K, Ganesan N. Static analysis of
functionally graded beams using higher order shear
deformation theory. Appl Math Model.
2008;32(12):2509-2525.

13- Sina SA, Navazi HM, Haddadpour H. An analytical
method for free vibration analysis of functionally graded
beams. Mater Des. 2009;30(3):741-747.

14- Leissa AW, Qatu MS. Vibrations of continuous
systems. New York: MacGraw Hill; 2011.

15- Tiersten HF. Linear Piezoelectric Plate Vibration.
New York: Plenum press; 1969.

16- Qatu MS. Vibration of laminated shells and plates. 15T
Edition. New York: Academic Press; 2004.

17- Majkut L. Free and forced vibrations of Timoshenko
beams described by single difference equation. ] Theor
Appl Mech. 2009;47(1):193-210.

18- Aydogdu M. Vibration analysis of cross-ply laminated
beams with general boundary conditions by Ritz method.
Int ] Mech Sci. 2005;47(11):1740-1755.

19- Gdoutos EE, Marioli-Riga ZP, editors. Recent
advances in composite materials. In Honor of SA Paipetis.
Dordrecht: Springer Science & Business Media; 2013.

HAA LT Y o)ladd 4 0y9d

(S 5Sus -0

> Sl duly 5o Gusis glaytehly 53U agllhe ool 5
B L8 sy 390 9im oY b GijieselS (s5Kibsesd
b sl s (SL asgly Jud 51 i glaytelly S
SopiSIl g5y alpd S (paizads 9 o84S )5 yusi g ghiie
o slaytehly gle 53 &5 sede glid gl b ey
e H9e ard 4 cuns xS 58U Cin yiehly Sl
Sl gi slaytolly ylu 530 3l GuilSs &uly 55 €3
o0 (3] juzl il Gl 55 bl 93 ol 4w 54
iz g 3l eadiune dhyly e (WilS)E b C1n jlade el
0S8 5 C11 53l by yieS 3 ol @) Job wawd 4z
0 Fee wapd lise Gl b Ser seles iy Gemb
Ol b sl sled lden b (il jlade (SoyiSlgian
wesas 4 mb (il oliae o Jsb bl 53 ol aw
4 bl yiaate (g5xe baalyd dzye sdise b Vb sleage 5
35y 8135 sty Gab (S olie oile (ke LIl Jubo
0l plie jselS slaay B GBI b puises
Abioe Gl b

3y 593 ils,a8 5 St Cailye dlie (Biungd 131008 g St
pdel e Sile dlze ppizme hliwlug 5 obsls Gudpw
5 s )3 Gllgie gun wod dlie ol (AW 4l
o8l 53 (6,505 4y 13 Gl 5 Gy (sl 5 sl et Gl
RO w)i: g0

Coasd g b il ooyl dlie ol s gl o)las
I 3929 (Sgi g Glrd>

Samgly o(Jsl odiung) Gyl jeelle By pgu
(pgd  oduagd)  (Sowye  Gleww  (%Y0) Gl
o> e GBS Sgamme 1(%Y0) ol Sitmghyl pulis s,
oo Wgmme damiw H(%Y0) (SwS Siidgly (pgw oM
(%Y0) (oS Sitidngsy (e o3iug)

lie oBaiugsh busi Gatind ool o gilie olad e gilie
el o3 (paeli

&be
1- Kiang CH, Endo M, Ajayan PM, Dresselhaus G,
Dresslhaus MS. Size effects in carbon nanotubes. Phys
Rev Lett. 1998;81(9):1869-1872.
2- Abbaszadeh Bidokhti A, Sadough Vanini A, Eslami MR.
Active control of piezo-fgm beams [Internet]. Dijon,
France: MATERIAUX. 13-17 November; 2006 [cited 2018
July 06]. Available from: https://bitly/311zrhG
3- Kargarnovin MH, Najafzadeh MM, Viliani NS. Vibration
control of functionally graded material plate patched

it SilSe uslge gy —ale asliale



	1001
	1001-txt



