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1- Introduction 

The study of vibration control in rotating beams is critical 

because it has numerous applications in many engineering 

fields, including aerospace, mechanical, and civil engineering. 

Complex dynamic loading conditions can cause significant 

vibrations in rotating beams in helicopter blades and wind 

turbines. If not addressed properly, these vibrations can 

cause structural fatigue, decreased performance, and even 

catastrophic failure. As a result, effective vibration control 

strategies are required to ensure the reliability and longevity 

of these systems . 
    The simplicity, reliability, and energy-saving qualities of 

passive vibration control techniques make them particularly 

appealing. The majority of these methods employ dynamic 

vibration absorbers. Traditional linear DVAs may not be 

sufficient for systems with large deflections, material 

nonlinearities, or other nonlinear dynamic effects. Nonlinear 

vibration absorbers have been proposed as a more effective 

alternative to controlling vibrations in nonlinear systems to 

address these challenges . 
    Recent studies indicate that Nonlinear Vibration 

Absorbers (NVAs) can greatly enhance vibration reduction in 

systems exhibiting nonlinear behaviors. For instance, Bab et 

al. investigated the vibration mitigation of a rotating beam 

with a Nonlinear Energy Sink (NES), under external periodic 

forces to demonstrat the NES's ability to mitigate vibration 

across a broad frequency range, thus reducing resonant 

vibrations effectively [1]. Similarly Bera et al. Investigated 

vibration control in a twisted rotating beam with nonlinear bi 

stable attachments highlighting how the absorbers nonlinear 

features enhance vibration suppression  [2]. 

    Abdollahi et al. Delved into designing vibration absorbers 

for submerged beams under forces offering insights on 

optimizing absorber parameters for effective vibration 

control in nonlinear fluid structure interactions [3]. Bukhari 

and Barry conducted a dynamic analysis of a beam with a 

nonlinear vibration absorber under different boundary 

conditions underscoring the influence of boundary 

conditions on the systems vibrational behavior [4]. Chouvion 

examined the vibration analysis of beams with localized 

nonlinearities using a wave based approach revealing the 

impact of localized nonlinearities, on the response of 

structures [5]. Zhao et al. studied how a beam, under load 

behaves when equipped with a Nonlinear Energy Sink (NES) 

and supported by types of boundaries [6]. 

    In the realm of rotating beams Pesheck and colleagues 

devised a method to simplify the analysis of vibrating systems 

by reducing the required number of modes through normal 

modes (NNMs) for nonlinear rotating beams [7]. Baxy and 

Sarkar examined the natural frequencies of rotating twisted 

beams using a perturbation method, providing critical 

insights for predicting and mitigating resonant conditions in 

rotating structures [8]. Huang et al. present an experimental 

study of the flap-wise vibration of three rotating beams with 

different cross-section patterns under different speeds, 

providing valuable experimental data for the analysis of flap-

wise vibrations of non-uniform rotating cantilever beams   [9]. 

    Moreover, Basta et al. Explored vibration suppression, in 

rotating beams showcasing how metamaterials can enhance 

passive damping in nonlinear systems [10]. Wu and Titurus 

studied vibration control in a Timoshenko beam tendon 

system by integrating guiding inerter dampers introducing 

an approach that utilizes inerter devices to improve damping 

performance [11]. 

    Various research studies have looked into incorporating 

Nonlinear Vibration Absorbers (NVAs) into rotating systems. 

Hao and colleagues proposed a control strategy based on 

passivity, for dynamic vibration absorbers shedding light on 

how control methods can be customized to the nonlinear 

characteristics of the system to optimize vibration reduction 
[12]. Zhang et al. investigated the vibration suppression of a 

geometrically nonlinear beam with boundary inertial 

nonlinear energy sinks, emphasizing the importance of 

boundary conditions in enhancing vibration control [13]. 

    Further contributions to the field include Samani et al. who 

studied the performance of dynamic vibration absorbers for 

beams subjected to moving loads, particularly relevant in 

contexts such as bridges or rails where loads are not static [14]. 

Wang et al. Scrutinized in plane vibrations of rotating beams 

with restraints offering insights into how boundary 

conditions and elastic supports impact vibrational patterns 
[15]. Fang et al. Scrutinized in plane vibrations of rotating 

beams with restraints offering insights into how boundary 

conditions and elastic supports impact vibrational patterns   
[16]. 

    Foundational studies have also played a significant role in 

advancing this field. Meirovitch provided a key text on 

vibration theory, both linear and nonlinear, and its 

applications across various engineering domains [17]. 

Manevich and Manevich delved into the mechanics of 

nonlinear systems with internal resonances, a crucial concept 

for understanding the complex interactions within nonlinear 

vibrating systems [18]. 

    The relevance of nonlinearity in passive vibration control 

is further highlighted in Balaji and SelvaKumar, which 

reviewed various nonlinear strategies and their effectiveness 

in different engineering applications, underlining the 

growing importance of nonlinear methods in vibration 

control [19]. Nazari and Rahi focused on optimizing 

parameters for a nonlinear dynamic absorber in a nonlinear 

system, emphasizing the need to tailor absorber properties to 

the specific nonlinear characteristics of the system for 

enhanced performance [20]. 

    Additionally, Haris et al. designed and validated a 

nonlinear vibration absorber to attenuate torsional 

oscillations in propulsion systems, demonstrating the 

practical application of NVAs in critical engineering systems 
[21]. Feudo et al. introduced a nonlinear magnetic vibration 

absorber for passive control of multi-story structures, 

showcasing the versatility of NVAs in different structural 

contexts [22]. Liao provided a comprehensive analysis of non-

linear vibration and bifurcation in Euler-Bernoulli beams 

under parametric excitation, further expanding the 

understanding of nonlinear dynamics in beam structures [23]. 

    Younesian and Esmailzadeh investigated the use of time-

varying internal tensile forces for vibration suppression in 

rotating beams, allowing for dynamic adjustment of the 

tensile forces to mitigate vibrations effectively [24]. Pipes in a 

classic study, provided an early analysis of nonlinear dynamic  
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Fig. 1) The rotating nonlinear beam to which NES is attached. 
 

 

vibration absorbers, laying the groundwork for subsequent 

research in this area [25]. Finally, de Bruin explored the 

application of dynamic vibration absorbers to piecewise 

linear beam systems under pre-tension, offering insights into 

the challenges and opportunities of using DVAs in complex 

nonlinear systems [26]. 

    This article seeks to expand on research by studying how a 

nonlinear rotating beam can be passively controlled for 

vibration using a Nonlinear Energy Sink (NES) attached to the 

tip of the beam. The research delves into how system 

parameters and nonlinear interactions affect the vibrations of 

the beam when subjected to forces around the 1:1 resonance 

of its first natural frequency. By applying Euler Bernoulli 

beam theory and von Karman strain displacement relations 

the study models the dynamics of the rotating beam. Derives 

equations of motion using Hamilton’s principle. Through the 

use of Complexification Averaging method and Runge Kutta 

method, for analysis valuable insights are gained that 

enhance both knowledge of nonlinear dynamics in rotating 

beams and practical applications in developing effective 

vibration control systems. The study also conducts an 

analysis with research like that of Bob et al. [1] focusing on 

rotating beams showcasing the performance of NES in 

nonlinear situations and its broader impact on reducing 

vibrations in important industrial equipment such, as gas 

turbines, helicopter rotors and wind turbine blades. 

2- Equations of Motion 
 

Consider a beam that is radially attached to a rotating disc. An 

angular velocity Ω is imposed on the disc (Ref. to figure 1). 

The rotating beam is modeled using Euler-Bernoulli beam 

theory and the centrifugal stiffening effect is considered. A 

point p on the beam at a radius r, which shifts to position p' 

due to vibration. The displacement of this point within the 

plane of rotation is represented by ν. The coordinates of point 

p' in the rotating and inertial frame are present as:  

 

𝑅 = (
𝑟 𝑐𝑜𝑠(𝑡𝛺) − 𝜈 𝑠𝑖𝑛(𝑡𝛺)

𝑟 𝑠𝑖𝑛(𝑡𝛺) + 𝜈 𝑐𝑜𝑠(𝑡𝛺)
) (1) 

 

If we assume that the speed of rotation is constant and 

differentiate the coordinate expressions with respect to time, 

we can readily calculate the velocity of point p as: 

 

𝑉 = 𝑅̇

= (
−𝑟𝛺 𝑠𝑖𝑛(𝑡𝛺) − 𝜈𝛺 𝑐𝑜𝑠(𝑡𝛺) − 𝜈̇ 𝑠𝑖𝑛(𝑡𝛺)

𝑟𝛺 𝑐𝑜𝑠(𝑡𝛺) − 𝜈𝛺 𝑠𝑖𝑛(𝑡𝛺) + 𝜈̇ 𝑐𝑜𝑠(𝑡𝛺)
) 

(2) 

 

The locations of the NES mass are shown as follows: 

 

𝑅𝑑

= (
𝑟 𝑠𝑖𝑛(𝛺𝑡) − 𝜈 𝑐𝑜𝑠(𝛺𝑡) − 𝑢 𝑐𝑜𝑠(𝛺𝑡)

𝑟 𝑐𝑜𝑠(𝛺𝑡) + 𝜈 𝑠𝑖𝑛(𝛺𝑡) + 𝑢 𝑠𝑖𝑛(𝛺𝑡)
) 𝛿(𝑟

− (𝑟𝑖 + 𝑑)) 

(3) 

 

Based on the velocity, the kinetic energy of the system 

including beam and NES can be represented by the following 

expression: 

 

𝑇 =
1

2
𝜌𝛢𝑉𝑇𝑉 +

1

2
𝑚𝑛𝑒𝑠𝑅̇𝑑

𝑇
𝑅̇𝑑 (4) 

 

According to the principles of nonlinearity as outlined in Von 

Kármán’s seminal theory, the strain and stress fields within a 

beam structure can be comprehensively described by the 

following set of equations: 

 

𝜀𝑥𝑥 =
1

2
𝜈′2 − 𝑦𝜈″ (5) 

𝜎𝑥𝑥 = 𝜀𝑥𝑥𝛦 = 𝛦 (
1

2
𝜈′2 − 𝑦𝜈″) (6) 

 

The strain energy of the beam and nonlinear spring is given 

by the expression below: 

 

𝑈 =
1

2
𝜀𝑥𝑥𝜎𝑥𝑥 + 𝛿(𝑟 − (𝑟𝑖 + 𝑑)) (

1

2
𝑘𝑛𝑒𝑠,1𝑢2

+
1

4
𝑘𝑛𝑒𝑠,2𝑢4) 

= 𝛿(𝑟 − (𝑟𝑖 + 𝑑)) (
1

2
𝑘𝑛𝑒𝑠,1𝑢2 +

1

4
𝑘𝑛𝑒𝑠,2𝑢4) 

+
1

8
𝛦𝜈′4 −

1

2
𝑦𝛦𝜈′2𝜈″ +

1

2
𝑦2𝛦𝜈″2 

(7) 

 

The centrifugal force, an inherent result of rotational motion, 

is axially applied to the beam as follows: 

 

𝑝(𝑟) =
1

2
𝜌𝛢𝛺2(𝑟𝑜

2 − 𝑟2) (8) 

 

The strain energy, which is induced by the centrifugal force, 

can be articulated as follows: 

 

𝑈𝑟 =
1

4
(−𝑟2 + 𝑟0

2)𝛢𝜌𝛺2𝜈′2  (9) 

 

The work influenced by neoconservative forces can be 

achieved in the following manner: 

 

𝛿𝑊𝑛𝑐

= (
−𝑐𝑏𝜈̇ + 𝛿(𝑙 − 𝑟 + 𝑟𝑖)𝐹 𝑐𝑜𝑠(𝜙 + 𝑡𝜔)

−𝑐𝑛𝑒𝑠𝛿(𝑑 − 𝑟 + 𝑟𝑖)(𝑢̇)
)

𝑇

(
𝛿𝜈
𝛿𝑢

) 
(10) 

 

Drawing upon Hamilton's principle, the equations of motion 

for the system can be derived as: 

 

∫ (𝛿𝑇 − 𝛿𝑈 − 𝛿𝑈𝑟 + 𝛿𝑊𝑛𝑐)𝑑𝑡 = 0
𝑡2

𝑡1

 (11) 
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𝛢𝜌𝜈̈ − 𝛢𝜌𝛺2𝜈 +
1

2
𝛢𝜌𝛺2(2𝑟𝜈′ + (𝑟2 − 𝑟𝑜

2)𝜈″)

−
3

2
𝐸𝜈′2𝜈″ + 𝐼𝐸𝜈"" + 𝑐𝑏𝜈̇

− 𝑚𝑛𝑒𝑠(𝛺2𝑢 + 𝛺2𝜈 − 𝑢̈

− 𝜈̈)𝛿(𝑑 − 𝑟 + 𝑟𝑖)

= 𝐹 𝑐𝑜𝑠(𝜙 + 𝑡𝜔) 𝛿(𝑙 − 𝑟

+ 𝑟𝑖) 

(12) 

(𝑚𝑛𝑒𝑠𝑢̈ + 𝑚𝑛𝑒𝑠𝜈̈ − 𝛺2𝑚𝑛𝑒𝑠𝑢 + 𝑘𝑛𝑒𝑠,1𝑢

+ 𝑘𝑛𝑒𝑠,2𝑢3 − 𝛺2𝑚𝑛𝑒𝑠𝜈

+ 𝑐𝑛𝑒𝑠𝑢̇)𝛿(𝑑 − 𝑟 + 𝑟𝑖) = 0 

(13) 

 

It is obvious that the rotating beam is a clamped-free beam. 

Here u(t) and ν (r, t) are displacements of the NES relative to 

beam and displacements of the rotating beam, respectively. 

m, knes,1, knes,2 and c_nes are the mass, linear stiffness, 

nonlinearizable stiffness and damping of the NES, 

respectively. d represents the distance of position of 

connecting of the NES to beam from the base of the beam.  ρ, 

A, l, ri and ro are the mass density, cross sectional area, length, 

inner radius and outer radius of the rotating beam, 

respectively. Ω is an angular velocity of the rotating beam. F 

and ω are amplitude and angular frequency of the external 

force . 
The following dimensionless parameters are defined for 

dimensionalize of equation as: 

 

𝛽1

=
𝜌𝐴𝑙4𝑘𝑛𝑒𝑠,1

𝑚𝑛𝑒𝑠𝐸𝐼
, 

𝛽2

=
𝜌𝐴𝑙2𝑘𝑛𝑒𝑠,2

𝑚𝑛𝑒𝑠𝐸𝐼
, 

𝛼 =
𝑐𝑛𝑒𝑠𝑙2

𝑚√𝜌𝐴
𝐸𝐼

 

𝐹̄ =
𝜌𝐴𝑙5𝐹

𝑚𝐸𝐼
, 

𝛾

= 𝑐𝑏𝑙2√
1

𝐸𝐼𝜌𝐴
, 

𝜂 = (
3𝑚𝑛𝑒𝑠

2𝑙3𝛪𝜌𝐴
) , 

𝑧 = √
𝜌𝐴𝑙4

𝐸𝐼
 

𝜈̄ =
𝜈

𝑙
, 

𝑟̄ =
𝑟

𝑙
, 

𝑡̄ =
𝑡

𝑧
, 

𝛺̄ = 𝛺𝑧, 

𝑟̄𝑜 =
𝑟𝑜

𝑙
, 

𝑟̄𝑖 =
𝑟𝑖

𝑙
, 

𝑢̄ =
𝑢

𝑙
, 

𝑑̄ =
𝑑

𝑙
, 

𝜀 =
𝑚𝑛𝑒𝑠

𝜌𝐴𝑙
, 

𝜔̄ = 𝜔𝑧, 

(14) 

 

Employing these dimensionless parameters, the ensuing 

dimensionless equations of motion can be derived as follows: 

 

𝜈̈̄ − 𝛺̄2𝜈̄ +
1

2
𝛺̄2(2𝑟̄𝜈̄′ + (𝑟̄2 − 𝑟̄𝑜

2)𝜈̄″)

− 𝜀𝜂𝜈̄ ′2𝜈̄″ + 𝜈̄"" + 𝛾𝜈̇̄

− 𝜀(𝛺̄2𝑢̄ + 𝛺̄2𝜈̄ − 𝑢̈̄

− 𝜈̈̄)𝛿(𝑑̄ − 𝑟̄ + 𝑟̄𝑖)

= 𝜀𝐹̄ 𝑐𝑜𝑠(𝜙 + 𝑡̄𝜔̄) 𝛿(𝑙 − 𝑟̄

+ 𝑟̄𝑖) 

(15) 

(𝜀𝑢̈̄ + 𝜀𝜈̈̄ − 𝛺̄2𝜀𝑢̄ + 𝜀𝛽1𝑢̄ + 𝜀𝛽2𝑢̄3 − 𝛺̄2𝜀𝜈̄

+ 𝜀𝛼𝑢̇̄)𝛿(𝑑̄ − 𝑟̄ + 𝑟̄𝑖) = 0 
(16) 

 

Using the Galerkin method, an approximate solution of the 

rotating beam displacement is supposed to be as : 
 

𝜈(𝑟, 𝑡) = ∑ 𝜙𝑗(𝑟)𝑞𝑗(𝑟)

𝑛

𝑗=1

 (17) 

   
where ϕj (r) is the linear mode shape of the undamped 

rotating beam. Since, the rotating beam is clamped-free, the 

linear mode shape of the clamped-free beam is used [17]. Using 

the first mode of the cantilever beam ϕ1 (r) in the Galerkin 

method, the following coupled equations of the NES and first 

mode of the rotating beam are obtained as: 

 

𝑚𝑏𝑞̈ + 𝜀𝜙𝑑
2𝑞̈ + 𝜀𝜙𝑑 𝑢̈̄ + 𝑘𝑏𝑞 − 𝜀𝛺̄2𝜙𝑑

2𝑞

− 𝜂𝜀𝜆𝑞3 + 𝜀𝛺̄2𝜙𝑑𝑢̄

+ 𝛾𝑚𝑏𝑞̇

= 𝐹̄𝜀 𝑐𝑜𝑠(𝜙 + 𝑡̄𝜔̄) 𝜙𝑜 

(18) 

𝜀𝑢̈̄ + 𝜀𝜙𝑑𝑞̈ + 𝛼𝜀𝑢̇̄ + 𝜀𝛽1𝑢̄ − 𝜀𝛺̄2𝑢̄ − 𝜀𝛺̄2𝜙𝑑𝑞

+ 𝜀𝛽2𝑢̄3 = 0 
(19) 

 

Where mb, kb, λ, ϕo and ϕd are presented as: 

 

𝑚𝑏 = ∫ 𝜙1
2(𝑟̄)

𝑟̄𝑖+1

𝑟̄𝑖

𝑑𝑟̄ (20) 

𝑘𝑏 = ∫ (−𝛺̄2𝜙1
2(𝑟̄) + 𝛺̄2𝑟̄𝜙1(𝑟̄)

𝑑𝜙1(𝑟̄)

𝑑𝑟̄

𝑟̄𝑖+1

𝑟̄𝑖

− 𝜙1(𝑟̄)
𝛺̄2

2
(𝑟̄2

𝑜 − 𝑟̄2)

+ 𝜙1(𝑟̄)
𝑑4𝜙1(𝑟̄)

𝑑𝑟̄4
) 𝑑𝑟̄ 

(21) 

𝜆 = ∫ (
𝑑𝜙1(𝑟̄)

𝑑𝑟̄
)

2
𝑑2𝜙1(𝑟̄)

𝑑𝑟̄2

𝑟̄𝑖+1

𝑟̄𝑖

𝑑𝑟̄ (22) 

𝜙1(1 + 𝑟̄𝑖) = 𝜙𝑜  (23) 

𝜙1(𝑑̄ + 𝑟̄𝑖) = 𝜙𝑑 (24) 

3- Analytical solution 
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Analytical examination of the dynamic properties of the 

steady-state reactions between the beam and the NES system 

is conducted using the Complexification-Averaging method 
[14-15]. To study the system's behavior near the 1:1 resonance 

of the first natural frequency of the rotating beam (𝜔1 =

√
𝑘11

𝑚11
) , we adopt the assumption that (𝜔1

2 = 𝜔̄2 + 𝜀𝜎) . 

Consequently, we derive the following motion equations: 

 

𝑚𝑏𝑞̈ + 𝜀𝜙𝑑
2𝑞̈ + 𝜀𝜙𝑑 𝑢̈̄ + (𝜀𝜎 + 𝜔̄2)𝑚𝑏𝑞

− 𝜀𝛺̄2𝜙𝑑
2𝑞 − 𝜂𝜀𝜆𝑞3

+ 𝜀𝛺̄2𝜙𝑑𝑢̄ + 𝛾𝑚𝑏𝑞̇

= 𝐹̄𝜀 𝑐𝑜𝑠(𝜙 + 𝑡̄𝜔̄) 𝜙𝑜 

(25) 

𝜀𝑢̈̄ + 𝜀𝜙𝑑𝑞̈ + 𝛼𝜀𝑢̇̄ + 𝜀𝛽1𝑢̄ − 𝜀𝛺̄2𝑢̄ − 𝜀𝛺̄2𝜙𝑑𝑞

+ 𝜀𝛽2𝑢̄3 = 0 
(26) 

 

According to the Complexification Averaging method, the 

following complex parameters are introduced as: 

 

𝑒𝑖𝑡̄𝜔̄𝜑1 = 𝑖𝜔̄𝑢 + 𝑢̇ (27) 

𝑒𝑖𝑡̄𝜔̄𝜑2 = 𝑖𝜔̄𝑞 + 𝑞̇ (28) 

 

Here (𝑒𝑖𝑡̄𝜔̄) shows the fast-varying part of the dynamic of the 

system (the vibration frequency), and 𝜑𝑘 , 𝑘 = 1,2 indicates 

the slow-varying, complex valued amplitude modulations. 

The ordinary differential equations of the slow motion are 

governed by: 

 

𝜀𝜙𝑑𝜑̇1 + (1 + 𝜀𝜙𝑑
2)𝜑̇2

+
1

8𝜔̄3
𝑖 (3𝜀𝜂𝜆𝜑2

∗𝜑2
2

+ 4𝑖𝜔̄3(𝜀𝐹̄𝜙𝑜 − 𝛾𝜑2)

+ 4𝜀𝜔̄4𝜙𝑑(𝜑1 + 𝜙𝑑𝜑2)

+ 4𝜀𝜔̄2(−𝜎𝜑2

+ 𝛺̄2𝜙𝑑(𝜑1 + 𝜙𝑑𝜑2)))

= 0 

(29) 

𝜀𝜑̇1 + 𝜀𝜙𝑑𝜑̇2 +
1

8𝜔̄3
𝜀 (4𝛼𝜔̄3𝜑1

− 3𝑖𝜑1
∗𝛽2𝜑1

2

+ 4𝑖𝜔̄4(𝜑1 + 𝜙𝑑𝜑2)

+ 4𝑖𝜔̄2(−𝛽1𝜑1

+ 𝛺̄2(𝜑1 + 𝜙𝑑𝜑2))) = 0 

(30) 

 

To find the fixed points; we equate the time derivatives of Eq. 

(29-30) to zero (𝜑̇1 = 0, 𝜑̇2 = 0) thus obtaining the following 

complex algebraic relations for fixed points as: 

 

1

8𝜔̄3 𝑖 (3𝜀𝜂𝜆𝜑2
∗𝜑2

2 + 4𝑖𝜔̄3(𝜀𝐹̄𝜙𝑜 − 𝛾𝜑2)

+ 4𝜀𝜔̄4𝜙𝑑(𝜑1 + 𝜙𝑑𝜑2)

+ 4𝜀𝜔̄2(−𝜎𝜑2

+ 𝛺̄2𝜙𝑑(𝜑1 + 𝜙𝑑𝜑2)))

= 0 

(31) 

1

8𝜔̄3 𝜀 (4𝛼𝜔̄3𝜑1 − 3𝑖𝜑1
∗𝛽2𝜑1

2

+ 4𝑖𝜔̄4(𝜑1 + 𝜙𝑑𝜑2)

+ 4𝑖𝜔̄2(−𝛽1𝜑1

+ 𝛺̄2(𝜑1 + 𝜙𝑑𝜑2))) = 0 

(32) 

 

By simple algebraic manipulations, system Eq. (31-32) may 

be reduced to the following more convenient form: 

 

𝛼0 + 𝑍𝛼1 + 𝑍2𝛼2 + 𝑍3𝛼3 + 𝑍4𝛼4 + 𝑍5𝛼5

+ 𝑍6𝛼6 + 𝑍7𝛼7 + 𝑍8𝛼8

+ 𝑍9𝛼9 = 0 
 

(33) 

|𝜙10|2 = 𝑍 (34) 

 

The coefficients of equation Eq. (33-34) are presented in 

Appendix A . 
Eq. (33-34) may yield one or more responses based on the 

values of its parameters. Furthermore, it shows that the 

system's response is continuous, leading to several 

bifurcation points, such as saddle-node and Hopf 

bifurcations, within the system's response. To identify 

saddle-node bifurcations, the derivatives of Eq. (33) must be 

zero [27]. 

 

𝛼1 + 2𝑍𝛼2 + 3𝑍2𝛼3 + 4𝑍3𝛼4 + 5𝑍4𝛼5

+ 6𝑍5𝛼6 + 7𝑍6𝛼7 + 8𝑍7𝛼8

+ 9𝑍8𝛼9 = 0 

(35) 

 

Additionally, the existence conditions for the Hopf bifurcation 

are determined by introducing small complex perturbation 

terms, 𝛿1(𝑡̄) and 𝛿2(𝑡̄), around the equilibrium points. The 

slow-varying modulation is reintroduced as 

 

𝜑2(𝑡̄) = 𝜑20 + 𝛿2(𝑡̄) (36) 

𝜑1(𝑡̄) = 𝜑10 + 𝛿1(𝑡̄) (37) 

 

By substituting Eq. (36-37) into Eq. (29-30) and neglecting 

the nonlinear perturbation terms, we derive four coupled 

ordinary differential equations near the equilibrium point. 
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𝛿̇1 = 𝜙𝑑 (
3𝑖𝛿1

∗𝛽2(1 + 𝜀𝜙𝑑
2)𝜑10

2

8𝜔̄3𝜙𝑑
+

3𝑖𝜀𝜂𝜆𝛿2
∗𝜑20

2

8𝜔̄3

+ (−
𝑖 (2𝜔̄4 − 2𝑖𝜔̄3(𝛼 + 𝛼𝜀𝜙𝑑

2) + 2𝜔̄2(𝛺̄2 − 𝛽1(1 + 𝜀𝜙𝑑
2)) − 3𝜑10

∗𝛽2(1 + 𝜀𝜙𝑑
2)𝜑10)

4𝜔̄3𝜙𝑑
) 𝛿1

− (
𝑖(2𝑖𝛾𝜔̄3 + 2𝜔̄4 + 2𝜔̄2(𝜀𝜎 + 𝛺̄2) − 3𝜀𝜂𝜆𝜑20

∗𝜑20)

4𝜔̄3
) 𝛿2) 

(38) 

𝛿̇2 = −
1

𝜀𝜙𝑑
(

3𝑖𝜀2𝛿1
∗𝛽2𝜙𝑑

2𝜑10
2

8𝜔̄3
+

3𝑖𝜀2𝜂𝜆𝛿2
∗𝜙𝑑𝜑20

2

8𝜔̄3
+ (

𝜀2𝜙𝑑
2(−2𝛼𝜔̄3 + 2𝑖𝜔̄2𝛽1 + 3𝑖𝜑10

∗𝛽2𝜑10)

4𝜔̄3
) 𝛿1

+ (
𝜀𝜙𝑑(−2𝑖𝜀𝜎𝜔̄2 + 2𝛾𝜔̄3 + 3𝑖𝜀𝜂𝜆𝜑20

∗𝜑20)

4𝜔̄3
) 𝛿2) 

(39) 

𝛿̇1
∗

= 𝜙𝑑 (
1

4𝜔̄3𝜙𝑑
𝑖𝛿1

∗ (2𝜔̄4 + 2𝑖𝜔̄3(𝛼 + 𝛼𝜀𝜙𝑑
2) + 2𝜔̄2(𝛺̄2 − 𝛽1(1 + 𝜀𝜙𝑑

2)) − 3𝜑10
∗𝛽2(1 + 𝜀𝜙𝑑

2)𝜑10)

+
1

4
𝛿2

∗ (2𝛾 + 2𝑖𝜔̄ +
2𝑖(𝜀𝜎 + 𝛺̄2)

𝜔̄
−

3𝑖𝜀𝜂𝜆𝜑20
∗𝜑20

𝜔̄3
) − (

3𝑖𝜑10
∗2𝛽2(1 + 𝜀𝜙𝑑

2)

8𝜔̄3𝜙𝑑
) 𝛿1

− (
3𝑖𝜀𝜂𝜆𝜑20

∗2

8𝜔̄3
) 𝛿2) 

(40) 

𝛿̇2
∗

=
1

𝜀𝜙𝑑
(+

𝜀2𝜙𝑑
2(2𝛼𝜔̄3 + 2𝑖𝜔̄2𝛽1 + 3𝑖𝜑10

∗𝛽2𝜑10)

4𝜔̄3
𝛿1

∗ −
𝜀𝜙𝑑(2𝑖𝜀𝜎𝜔̄2 + 2𝛾𝜔̄3 − 3𝑖𝜀𝜂𝜆𝜑20

∗𝜑20)

4𝜔̄3
𝛿2

∗

+ (
3𝑖𝜀2𝜑10

∗2𝛽2𝜙𝑑
2

8𝜔̄3
) 𝛿1 + (

3𝑖𝜀2𝜂𝜆𝜑20
∗2𝜙𝑑

8𝜔̄3
) 𝛿2) 

(41) 

 

The stars in Eq. (38-41) denote the complex conjugates of the 

respective parameters. The characteristic polynomial of 

these four coupled equations is 

 

𝜒4 + 𝜒3𝜈4 + 𝜒2𝜈3 + 𝜒(𝜈2 + 𝑖𝜈5) + 𝜈1 = 0 (42) 

 

The coefficients of Eq. (42) are detailed in Appendix B. A Hopf 

bifurcation occurs when the characteristic polynomial yields 

a pair of purely complex conjugate roots as 𝜒 = ±𝑖𝛺′. In fact, 

𝛺′  represents the characteristic frequency of the periodic 

orbits emerging from the bifurcation of the fixed points. 

Inserting this relationship into Eq. (42) and isolating the real 

and imaginary components of the equation results in 

 

𝜈2
4 − 2𝜈2

3𝜈3𝜈4 + 𝜈2
2(2𝜈1 + 𝜈3

2)𝜈4
2 + 𝜈1

2𝜈4
4

− 𝜈2𝜈4
3(2𝜈1𝜈3 + 𝜈5

2) = 0 
(43) 

 

Eq. (26) outlines the essential conditions required for the 

occurrence of a Hopf bifurcation. It provides the 

mathematical prerequisites that must be satisfied for this 

type of bifurcation to take place, highlighting the specific 

criteria that indicate the transition to a new behavior within 

the system dynamics. 

4- Results and Disscution 
 

In this study, the frequency response curves of the system 

under varying parameters are analyzed and presented in 

Figures 2 through 12. The response is evaluated by altering 

the excitation amplitude 𝐹, the linear stiffness coefficient 𝛽1, 

the nonlinear stiffness coefficient 𝛽2 , the NES damping 

coefficient α, the beam nonlinear coefficient η, and the beam 

damping coefficient γ. The dimensionless frequency detuning 

parameter σ is plotted against the amplitude on a logarithmic 

scale, illustrating the system's dynamic behavior across a 

wide range of conditions. 

 

 
Fig. 2) The Frequency response curves of the system for various 
external amplitude  

 
Fig. 3) The Frequency response curves of the system for various 
dimensionless stiffness coefficient with F=1.5 
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Fig. 4) The Frequency response curves of the system for various 
dimensionless stiffness coefficient with F=3 

 
Fig. 5) The Frequency response curves of the system for various 
dimensionless NES damping coefficient with F=1.5 

 
Fig. 6) The Frequency response curves of the system for various 
dimensionless NES damping coefficient with F=3 

 

 

In (Ref. to figure 2), frequency response curves of the system 

are plotted for excitation amplitudes F=1.50, 2.00, 3.00. As F 

increases, the peak amplitude also increases, and the 

resonance curves shift to higher frequencies. This shift is 

accompanied by broader resonance peaks, indicating more 

significant nonlinear behavior at higher excitation levels. And 

it can be seen that in higher excitation amplitude the higher- 

amplitude island-like region in the curves and the lower 

amplitude zone of curves are connected to each other. The 

multivalued regions, representing multiple stable and 

unstable solutions, expand as the excitation amplitude 

increases . 
    (Ref. to figure 3) examines the influence of the nonlinear 

stiffness coefficient 𝛽2 with values 𝛽2 = 3.00, 5.00, 7.00 . 

Increasing 𝛽2  leads to a reduction in amplitude at the 

resonance. A similar trend is observed in (Ref. to figure 4), 

where 𝛽2 values of 1.00, 2.00, and 3.00 are considered. The 

amplitude decreases more noticeably at lower 𝛽2 values, with 

the response curves displaying more significant changes. This 

behavior, indicative of nonlinear dynamics, could potentially 

be explained by bifurcation theory or other aspects of 

nonlinear oscillations  

The effects of varying the NES damping coefficient α are 

shown in (Ref. to figure 5) for α= 0.10, 0.20, 0.30. Higher α 

values result reduction of hand-like parts. This damping 

effect suppresses the system's nonlinear characteristics, 

reducing the size of the multivalued regions. These 

observations are consistent in (Ref. to figure 6), where 

further increases in α lead to additional attenuation of the 

system's response, further smoothing out the resonance 

behavior. 

The influence of the linear stiffness coefficient 𝛽1 is depicted 

in (Ref. to figure 7), where 𝛽1  is varied between 0.80, 1.10, 

and 1.70. Increasing 𝛽1  suppresses the system's nonlinear 

characteristics, reducing the size of the multivalued regions.  

This issue reduces nonlinear effects in the system and the 

system becomes linear. This trend is also observed in (Ref. to 

figure 8), with higher 𝛽1  values resulting reducing the size of 

the multivalued regions. 

 

 
Fig. 7) The Frequency response curves of the system for various 
dimensionless NES linear stiffness coefficient with F=1.5 

 
Fig. 8) The Frequency response curves of the system for various 
dimensionless NES linear stiffness coefficient with F=3 
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Fig. 9) The Frequency response curves of the system for various 
beam nonlinear coefficient with F=1.5 

 
Fig. 10) The Frequency response curves of the system for various 
beam nonlinear coefficient with F=3 

 
Fig. 11) The Frequency response curves of the system for various 
beam damping coefficient 

 
Fig. 12) The Frequency response curves of the system for various 
dimensionless NES linear stiffness coefficient with F=3 

 

The beam nonlinear coefficient η is varied in (Ref. to figure 9) 

with values 𝜂 =  0, 0.25, 1.00 . As η increases, the curves 

exhibit Hardening behavior, especially for higher η values. 

This indicates that the beam's nonlinear characteristics 

significantly influence the system's dynamic behavior. In (Ref. 

to figure 10), these effects are further illustrated, where 

increasing η leads to the emergence of Hardening behavior, 

suggesting complex dynamic interactions within the system. 

The impact of the beam damping coefficient γ is illustrated in 

(Ref. to figure 11). Increasing γ values (0.00, 0.05, 0.30) lead 

to a reduction in the overall amplitude and a narrowing of the 

resonance peaks. 

Finaly, by studying the time response of linear and nonlinear 

systems, difference of system behavior in two cases resulting 

from the nonlinearity of the beam and its effect which reduces 

the vibration amplitude is observable (Ref. to figure 12). 

5- Conclusion 
 

This study has examined the effects of various system 

parameters on the vibration of a nonlinear rotating beam 

subjected to external forces, focusing on vibration reduction 

through a nonlinear energy sink (NES) positioned at the 

beam's center. The beam was modeled using the Euler-

Bernoulli beam theory and von Kármán strain-displacement 

relations, with the equations of motion derived via 

Hamilton's principle. The analysis indicates that increasing 

the force amplitude or spring coefficient shifts the high-

frequency island-like regions in the response curves towards 

lower frequencies, a phenomenon consistent with nonlinear 

dynamic behavior, potentially explained by bifurcation 

theory. The study identifies the presence of saddle-node 

bifurcations, marking abrupt changes in system stability, and 

Hopf bifurcations, leading to oscillatory behaviors. 

Furthermore, an increase in the spring coefficient reduces the 

vibration amplitude, while an increase in the nonlinear 

coefficient results in hardening behavior, effectively reducing 

the overall vibration amplitude. These findings underscore 

the significance of the system's nonlinearity and the NES's 

role in controlling its dynamic response, providing valuable 

insights for the design of effective vibration mitigation 

strategies. 
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Appendix B  

|𝜑10| = 𝑁10 

|𝜑20| = 𝑁20 
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