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ARTICLE INFO ABSTRACT

In contemporary robotics, enhancing performance accuracy remains a critical and ongoing challenge. As robotic

systems are increasingly utilized in precision-demanding applications such as surgical procedures and industrial

welding, the demand for higher accuracy in end-effector positioning continues to grow. Numerous techniques have
Article Type been proposed to address this issue. This study introduces a novel methodology that integrates the pseudo-inverse
Original Research approach for error estimation—based on Taylor series expansion—with forward kinematics to extract uncertainty
parameters. The refined inverse kinematics solutions, obtained through the Newton-Raphson method, are implemented
on a SCARA robot for validation. The proposed approach yields substantial accuracy improvements, achieving a
99.8% enhancement in the x-direction and a 99.8% error reduction in the y-direction, thereby underscoring its potential
for high-precision robotic applications.
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1- Introduction

1-1- State of the Art

The integration of robotic systems into a wide range of applications—
from industrial automation to medical fields such as surgery and
rehabilitation—has become increasingly essential [1-5]. However,
during operation, robots are susceptible to various sources of error
arising from both internal kinematic inaccuracies and external
environmental disturbances, including noise, temperature variations,
and load-induced effects [6]. In high-precision industrial tasks, robot
accuracy is a critical performance metric, yet it may deteriorate under
heavy payloads due to structural deformations [7]. Similarly, in
medical robotics—particularly in surgical applications—the precise
positioning and orientation of the end-effector are vital for ensuring
safe and effective outcomes [8]. Enhancing robotic accuracy can be
achieved by identifying and updating the physical parameters of the
robot model embedded within its control system [9, 10]. While
robotic manipulators are increasingly utilized in advanced
applications such as robotic machining, laser welding, laser cutting,
and coordinated multi-robot operations, they are often characterized
by high repeatability but limited absolute accuracy. Therefore, to
improve positioning precision, robotic systems typically require a
thorough calibration process prior to deployment. Identifying
kinematic errors during robot calibration typically necessitates
experimental measurements of the end-effector’s pose, encompassing
both its three-dimensional position and orientation components [11].
Although robotic manipulators generally exhibit high repeatability,
their absolute accuracy remains relatively low and has been
extensively reported in the literature [12].

Studies have shown that the primary sources of inaccuracy stem from
both geometric and non-geometric errors [13], [14]. Geometric errors
originate from manufacturing tolerances, assembly misalignments,
and structural inaccuracies. In contrast, non-geometric errors are
attributed to factors such as elastic deformations, thermal effects, gear
backlash, and interaction forces with the environment [I5].
Fortunately, these errors can be mitigated through an effective
calibration process. A successful calibration strategy relies on two
fundamental components: constructing a precise kinematic model of
the robot and utilizing a reliable method for accurately measuring the
end-effector’s pose during the calibration procedure [16, 17]

While several researchers, such as Marco Schiavon [18] have
employed the conventional Denavit-Hartenberg (DH) model for robot
calibration, this approach proves inadequate for robots featuring
parallel arm configurations. To address this limitation, Hayati [19]
introduced the Modified Denavit-Hartenberg (MDH) model, which
offers greater flexibility for such kinematic structures. In addition to
geometric  modeling  improvements, advanced calibration
techniques—often referred to as third-level calibration—have also
been explored. For example, Albert Nubiola [20], [21] incorporated
the influence of temperature variations into the calibration process,
enhancing the model's robustness under varying thermal conditions.
Wang Zhenhua [22] proposed a novel calibration method that
eliminates the need for constructing a base frame by utilizing distance
error measurements from mobile robots. Furthermore, Zhu Jian [23]
developed a gesture selection algorithm capable of identifying
optimal configurations from a large set of pre-measured poses,
thereby mitigating the risk of local convergence during calibration.
Another source of uncertainty commonly observed in robotic joints is
clearance joints. These represent inherent nonlinearities in space
mechanisms that significantly impact the system’s dynamic behavior
and increase its sensitivity to parameter variations. The interaction
between joint clearances and parameter uncertainties poses a major
challenge, as it degrades both the kinematic accuracy and dynamic
performance of space robotic manipulators. In this context, Wuweikai
Xiang [24] investigated the dynamic behavior of space manipulators
by simultaneously accounting for joint clearance and parameter
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uncertainty, modeling the joints as contact-collision elements. To
further elucidate the relationship between system parameters and
dynamic response, the Chebyshev polynomial method was employed
[25]. This approach enables the evaluation of the dynamic response
of uncertain mechanisms through interval-based algorithms.
Additionally, a sensitivity analysis method was incorporated to
reduce the influence of parameter fluctuations and enhance the
robustness of the system’s performance.

Further investigations into the dynamics of space robotic
manipulators under joint clearance and parameter uncertainty have
explored the effects of clearance size and friction coefficients, both
as individual and combined uncertain parameters. These studies
quantitatively evaluated how such uncertainties influence the
dynamic response of the manipulator, providing deeper insight into
the system’s sensitivity. The findings offer valuable contributions to
the design, analysis, and validation of space robotic manipulators by
highlighting the critical importance of accounting for both clearance
effects and parametric uncertainties to ensure reliable performance in
space environments.

Based on the literature reviewed in this study, numerous research
efforts have been dedicated to enhancing the accuracy and
performance of robotic systems. Qingxing Meng [26] presents a
comprehensive control strategy for a two-link rigid—flexible
manipulator, emphasizing precise position control while managing
vibration constraints. This integrated solution includes motion
planning and adaptive tracking, utilizing advanced techniques such as
virtual damping, online trajectory correction, radial basis function
neural networks, and sliding mode control. The methodology shows
significant improvements in handling the inherent uncertainties of
robotic systems, as demonstrated by robust simulation results. Ryan
L. Truby [27] offers a pioneering framework for proprioceptive
perception in soft robotics, utilizing a kirigami-inspired sensorization
technique combined with deep learning algorithms. This research
advances the understanding of soft robot geometry and kinematics,
using recurrent neural networks to address the challenges posed by
non-linear sensor feedback. The successful implementation on a soft
robotic arm equipped with a complex array of actuators and sensors
highlights the approach's viability, paving the way for sophisticated
closed-loop control systems in soft robotics. Jiechao Li [28], in
exploring parallel mechanisms for wheel-legged robots, introduces a
neural fuzzy-based model predictive tracking scheme (NFMPC) to
tackle the challenges of accurate trajectory tracking and stable heavy-
load operation in complex environments. The study showcases the
BIT-NAZA robot, demonstrating the hybrid control strategy’s
effectiveness in maintaining stability and tracking precision despite
unpredictable disturbances and nonlinearities. These findings provide
substantial theoretical and practical insights, potentially guiding the
future development of intelligent robotic systems with enhanced
lateral stability [29, 30]

The literature reviewed here mentions only a limited number of
studies on the accuracy and behavior of robot end-effectors.
Therefore, a more comprehensive analysis can be conducted by
examining additional sources [31-35].

1-2- Contribution

Despite the extensive body of research on robotic calibration and
accuracy enhancement, current methodologies often exhibit
limitations in adaptability, analytical efficiency, or generalizability
across different robot architectures. In particular, few studies provide
a unified analytical framework that addresses both error estimation
and inverse kinematics refinement, especially under uncertainty
conditions.

This study addresses these limitations by introducing a novel
mathematical approach that combines pseudo-inverse analysis with
Taylor series expansion and Newton-Raphson-based inverse
kinematics refinement. The key contributions are summarized as
follows:
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e Identification of a methodological gap in addressing
configuration uncertainties within inverse kinematics,
particularly for SCARA-type robotic systems.

e  Development of an integrated approach using the pseudo-
inverse method for analytical estimation of kinematic
erTors.

e Application of Taylor series expansion to linearize
nonlinear kinematic relationships for improved tractability
and error propagation analysis.

. Refinement of inverse kinematics solutions through
iterative Newton-Raphson methods, enhancing
convergence stability and model robustness.

e  Formulation of a computationally efficient framework that
supports implementation in high-precision applications
without reliance on data-intensive learning models.

This contribution offers a structured and adaptable solution to
improving robotic accuracy in systems where analytical transparency
and real-time performance are essential.

1-3- Outline

The remainder of this paper is organized as follows: Section 2
presents the kinematic and dynamic modeling of the SCARA robot in
an ideal environment. Section 3 introduces the modeling of joint
uncertainties and their effects on robot performance. Section 4 details
the estimation of uncertainty parameters. Section 5 addresses joint
space estimation and precise end-effector control. Section 6 presents
and discusses the results. Finally, Section 7 concludes the study and
outlines future directions.

2- Modeling SCARA Robot Kinematics in an Idealized
Environment

The SCARA robot is a robot with three degrees of freedom. As shown
in Figure 1a, the movement of this robot consists of two consecutive
rotations followed by one prismatic. Generally, errors are generated
for the rotational joints. Considering that the movement of the robot’s
last link is prismatic, the robot’s movement will be examined up to
this translation. Figure 1b shows the top view of the three-
dimensional model, which includes two rotations around the z-axis.

r — — — Topview

a) SCARA Robot 3D Model

Fig.1 SCARA Robot Model
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In ideal mode, link (1) rotates around z, in the zero coordinate system
with the angle 6, and link (2) rotates around z; with the angle 0,.
The ideal model of the robot includes rotation in the direction of z,
by the angle of the first link (6, ) and rotation in the direction of z; by
the angle of the second link (6,). Therefore, considering the
importance of examining the end-effector’s position in the ideal state,
we need to analyze the workspace of the robot presented in Figure 1.
For this task, we can use transformation matrix that transforms one
vector into another vector by the process of matrix multiplication. The
transformation matrix alters the cartesian system and maps the
coordinates of the vector to the new coordinates. The transformation
matrix of transfer in the direction of the x, y and z axes is calculated
from equations (1), (2) and (3) respectively.

100 P
010 0
ey =0 o9 0 M
000 1
100 0
010 P
HE)=10 0 1 ¢ @)
000 1
1000
010 0
e =0 o o, )
z
000 1

The transformation matrix of rotation in the direction of the x, y and

z axes is calculated from equations (4), (5) and (6) respectively.
1 0 0 0

x _ 10 cos(a) —sin(a) O
(@) = 0 sin(a) cos(a) O @)
0 0 0 1
cos(f) 0 sin(f) O
_ 0 1 0 0
L6 = —sin(B) 0 cos(B) O )
0 0 0 1
cos(y) =sin(y) 0 0
20y _ |Sin(y) cos(y) 0 O
T2 = " O 0‘ ©
0 0 01

- /1

Joint (1)

Fixed Link (Link Zero)

b) Top view (Ideal Model)
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Therefore, the transformation matrix that shows the location of the
end-effector relative to the primary inertia frame coordinate system
(the zero-coordinate system) can be calculated as follows.
Tigear = Trz(‘91)7‘;([1)7‘1»2(92)71;(12) =
C6,+6,) —SO6,+6,) 0 LC(O,)+1,C6,+86,)
SO, +6,) CO;+6,) 0 LSO)+1LS6,+6,) D
0 0 1 0
0 0 0 1
According to equation (7), the displacement values in the x and y
directions for the end-effector in the ideal state can be extracted from
end column, which are calculated from equations (8) and (9).
Xigear = 11C05(07) + 1;Cos(6, + 6;) ®
Yidear = 11Sin(01) + [,Sin(6; + 6,) ©)
Based on the above equation, the workspace of the robot in an ideal
state, considering the range of motion from — %rad to grad for joint

31 3 .. .
number one and from —Trad to Trad for joint number tow, is

illustrated in Figure 3.

Ideal Work Space for End-Effector
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X Direction of End-Effector (m)
Fig. 2 Robot Worlspace in Ideal State

3- Modeling the Robot’s Performance by Taking into
Account the Uncertainty in the Joints
To model the robot by taking into account the uncertainty, error
parameters are introduced. In general and regardless of the factors
causing the errors, the error can be considered as three translations
and three rotations in the direction of x, y and z. The rotations are
considered as Euler angles. The sum of these six DOFs expresses a
complete model of the types of errors, which we call the error model.
To express all the robot’s errors, the error model must be placed
between the ground and the first link (on the first joint) and between
the first link and the second link (on the second joint). Considering
that the two-link robot moves in the plane, one can ignore the rotation
errors in the direction of x and y and the translation in the direction
of z. Because these errors have no effect on the displacement (in the
two directions of x and y) of the end-effector. Therefore, the
transformation matrix of the error model is calculated from equation
(10).

Terr = TK(Sx)T;,(Sy)TrZ(Se) (10)
The transformation matrix of the non-ideal model is also calculated
from equation (11).
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Thon—ideat = TerrlTrz(gl)Tpx(ll)TerrzTrZ(gz)T;(lz)
Tll TlZ 0 T14

_|Tox Ty 0 Ty (1)
0 0 1 0
0 0 0 1

Where:
Tyy = Cos(gg, + 6, + 6, + &5,)
Ty, = —Sin(gg, + 01 + 6, + &5,)
Tyy = &, + L C(eg, +01) + &,,C(g9, +60,) —
&y,5(e0, +61) + 1,C(e0, + 61+ 6, + &)
Ty, = Sin(eg, + 61+ 65 + £5,)
Ty = Cos(eg1 +6,+0,+ egz)
Toy = g, + llS(eg1 + 91) + ssz(egl + 91) +
&y,Ce0, +61) + 12S(e0, + 61+ 6, + ¢5,)
According to equation (11), the displacement values in the x and y

directions for the end-effector in the non-ideal state can be extracted
from end column, which are calculated from equations (12) and (13).

Xnon-ideal = 114 (13)

Ynon-ideat = T2a (14)
The displacement error values in the x and y directions are also
calculated from equations (14) and (15).

Ey = Xigeal — Xnon-ideat = Syzs(fel + 91) -

&r,C(g9, +01) —11C (g, + 01) — &0, + 1,C (e, + (15)

6,) +1,C(0,) — 1,C(gg, + 61+ 6, + £4,)

Ey = Yideal — Ynon-ideal = 125(91 + 92) -

syzC(sgl +6,) - SxZS(Sel +6,) = 1,S(6, +6;) — (16)

gy, +1,5(6,) - 1L,S(eg, + 6, + 05+ &5,)
According to Figure 4, the non-ideal model of the robot includes the

error model between the ground and the first link, rotation in the
direction of z, by the angle of the first link (6,), the error model

(12)

between the first and the second link, and rotation in the direction of
Z¢ by the angle of the second link (6,).

Joint (4)

Joint (1)
Fig. 3 Non-ideal Model

4- Calculation of Uncertainty Parameters

To calculate the error parameters, using the Taylor expansion up to
the first order, they can be approximated to an acceptable value. For
this purpose, based on the non-ideal robot model that has 6 error
components, the displacement errors in the x and y directions of the
robot’s end-effector are calculated. Then, considering the smallness
of the error components and using the first-order Taylor expansion, a
first-order approximation of these errors is calculated. As stated, the
displacement error values in the x and y directions are also calculated
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from equations (14) and (15). According to the Taylor expansion for
each of the errors, one can write:
E =~ Co+ Ci&, + Crey, + C3eg, + Cuy, + Csgy, (17)
+ Co€g,
The unknown coefficients of equation (16) are functions of 6, and 6,
and calculate as follows:

Co = E|5X1'53'1'591'5’52'53'1592:0 (18)
OE
“ =5 (19)
M1 lex; 8y1,80, 82y 87,80, =0
OE
=5, (20)
Y1 sxl,ayl,agl,EXZ,ayz,agz=0
OE
=5, @1
b Ex1/8y1/801€x2/Ey2£6,=0
0E
=5 22)
X2 £X1'SY1'591'5X2'5)’2'592=0
OE
=5, 23)
Y1 Ex1.Ey1/€0,Ex5.Ey;€0,=0
0E
“ = 9, @4)
dgg,

Ex1/€y1/€01:€x2:€y7/€0,=0
The above coefficients for the displacement error in the x direction
are as follows:

Co=0 (25)

c, =-1 (26)

C,=0 27
2sin(6, + 6,)  9sin(6,)

= 28

G 5 20 @8)

c,=-1 (29)

C;=0 (30)

2sin(6, + 6
L= (51 2) 31

The coefficients for the displacement error in the y direction are
similarly as follows:

Co=0 (32)
€, =0 (33)
c,=-1 (34)
2cos(6, +6,) 9cos(6,)

=_ - 35
G 5 20 33)
€, =0 (36)
C=-1 (37)
€= 2 cos(B51 +6,) (38)

5- Estimation of Joint Space and Precise Control of Robot
End-Effector Position

To find the robot’s workspace in the ideal state, one must know the
rotation range and the length of the links. These parameters are used
according to Table 1.

Table 1 The range of rotation and length of links

Number of links Range of rotation (rad)  Range of length (m)
T T
1 [- e 0.45
3w 3
2 - 0.40
4’4

To find the robot’s workspace in the non-ideal state, one needs to first
calculate the uncertainty parameters. According to the relation, one
can write the uncertainty for the two directions of x and y for some
points as follows:

Modares Mechanical Engineering

E2| _
LEY
1 2sin(01+63) | 9sin(6}) 1 zsin(s}mz‘)] (39)
5 20 5 Ex,
1 2sin(02+62) + 9sin(6%) _1 2sin(02+62) £,
5 20 5 B
. . . X2
-1 2s5in(67+63) i 9sin(6]) 1 2sin(0}+63) €6,
L 5 20 5
rpl
Ey]l
2
Ey =
nJ
LES
1 - 2 cos(01+63) _ 9cos(61) 1 - 2005(911+921)‘| (40)
5 20 5 Eyl
1 2cos(0%+6%)  9cos(6%) 1 2c0s(0%+6%) £
— _ zcosbp+by)  2costr) _ 2cos(01+0;) N
5 20 5 g
H H H H 2
1 - 2c0s(67+6%) _ 9cos(67) 1 - 2005(9{‘+9£‘)J| €6,

L 5 20 5
In equations (38) and (39), the uncertainty parameters are on the right

side. In each of these relations, there are n equations and 4 unknowns.
For a simpler expression, one can rewrite the above equations as
follows:

E

Xnx1 = anx4 £X4><1 (41)
Eyn><1 = Cynx4 gy4x1 (42)
Considering that the number of equations is more than the number of
unknowns, one can use the pseudo-inverse method [36] to obtain the
unknowns.

E’;LXI = Crz<4€;><1 43)

CaxnEnx1 = CaxnCnxa€axi
Where Cl,, is transpose on C. In above equation, CJy,Cpxs i @
square matrix so can calculate inverse of it.

(ChHanCrxa) "' ClunEnx1 = €axa

Pinv(Coxa) = (ChxnCnxa) ™ Cixn (44)

Eax1 = PInv(Coxa) Enxs
To calculate the uncertainty parameters, one needs experimental data.
Due to the unavailability of the robot, one can assume some values
for the uncertainty and then obtain hypothetical experimental data.
The calculation of the assumed uncertainty parameters in this research
is shown in Table 2.

Table 2 Assumed uncertainty parameters

Uncertainty parameter Amount
Ex, 0.001m
&y, 0.002m
€0, 0.1rad
& 0.005m
&, 0.003m
) 0.07 rad

2

Now one can solve equations (40) and (41) and calculate the
uncertainty parameters. The spatial position of the robot end-effector
in the non-ideal state can be calculated from equations (44) and (45)
according to the inverse kinematics.
Xnon—ideal = exl + ll COS(91 + 891) + ng
+ 1, cos(8, + g, + 0, + &5,)

Vnon—igeal = Ey, + 11 sin(6; + &5,) + &,
+1, sin(G1 +éep, +60,+ 892)
To precisely control the position of the robot end-effector by taking
into account the uncertainty parameters, one must equate equations
(42) and (43) with the position of the robot end-effector in the non-
ideal state. As a result, for each point in the robot’s workspace, a
system of equations with two nonlinear equations and two unknowns

(45)

(46)

that include 6, and 6, is formed. To solve this system of equations,
one can use the Newton-Raphson method. By solving this system of
equations, the values of 8, and 6, required for placing the robot end-
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effector by taking into account the uncertainty parameters in the
desired position will be obtained. As a result, one can precisely
control the position of the robot end-effector.

6-Results and Discussion

According to Figure 4, it can be seen that the spatial position of the
robot end-effector in the non-ideal state has a significant difference
with the ideal state. The points that are shown with stars indicate the
position of the end-effector in the ideal state and the points that are
shown with circles indicate the position of the end-effector in the non-
ideal state. For example, it can be seen that the spatial position of a
point in the ideal state in the direction of the x-axis is 0.62 meters,
while the position of the same point in the non-ideal state in the
direction of the x-axis is 0.66 meters.

Figure 5 shows the displacement error in the x direction before and
after compensation. The displacement error is also plotted as a
function of the different joint angles and as a diagram for 36 points.
At the top left, error of x direction befor compensation shown thas is
in order of 10~%m (centemeter). After compensation this error comes
to order of 1073m (milimeter) that shown at top right. For showing
more detaitls, there are tow figures that showes error of x direction
fore a point in the same and different scales at the bottom according
to this figure, the displacement error in the x direction has been
significantly reduced after compensation. The results show that the
accuracy in the x direction improved by 99.8%.

The comparison of the displacement error in the y direction, before
and after compensation, is shown in Figure 6. The displacement error
is also plotted as a function of the different joint angles and as a
diagram for 36 points. At the top left, error of y direction befor
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Fig.5 Displacement error in x direction before and after compensation

Engineering Modares Mechanical

290

compensation shown thas is in order of 107%m (centemeter). After
compensation this error comes to order of 10~3m (milimeter) that
shown at top right. For showing more detaitls, there are tow figures
that showes error of y direction fore a point in the same and different
scales at the bottom according to this figure, the compensator has
improved the accuracy in the y direction by 99.8%.
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Fig. 4 Comparison of the position of the robot worker in ideal and non-
ideal state
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Fig.6 Displacement error in y direction before and after compensation

7-Conclusion

This research addresses the critical challenge of error compensation
in robotic systems, which is essential for precision-demanding tasks
such as welding and surgical operations. A novel approach was
developed to reduce positional inaccuracies of the SCARA robot’s
end-effector by integrating joint uncertainties into the modeling
framework. The method relies on a robust mathematical model, using
forward kinematics to determine the ideal end-effector position and
systematically quantifying deviations through first-order Taylor
expansion and the Pseudo-inverse technique. Error correction was
effectively achieved by applying the Newton-Raphson method
combined with inverse kinematics. Although the analysis was
conducted without physical robot experiments—relying on kinematic
simulations and assumed errors—the proposed framework offers a
practical foundation that can be experimentally validated when
hardware becomes available. To enhance accuracy further, future
studies could extend the error estimation using higher-order Taylor
expansions and implement the method in real-world robotic systems.
Opverall, this study advances the understanding of error compensation
in SCARA robots and provides a scalable methodology applicable to
a broad range of robotic platforms requiring enhanced precision.
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