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1- Introduction

Numerical solution of hyperbolic systems of conservation laws due to
the presence of shocks and other discontinuities is a difficult task,
especially when using high-order accurate schemes. Among various
shock-capturing schemes, Weighted Essentially Non-Oscillatory
(WENO) schemes are very popular. They were first introduced in
[1,2] and their success led to their use in other shock-capturing
schemes. For instance, Bozorgpoor et al. [3] utilized WENO schemes
as a nonlinear filter where the flux was discretized using a high-order
compact scheme. Also, WENO schemes are an important part of
discontinuous  Galerkin  schemes [4]. Gradually different
modifications and improvements over the original WENO schemes
[2] were proposed in the literature. Henrik et al. [3] showed that near
the critical points, the original weights are not close enough to their
optimal values and cannot achieve the maximum accuracy. They
introduced mapped WENO schemes (WENO-M), where they used a
mapping function for the weights of [2] to recover the maximum order
in the critical points. This work made a basis for introducing new
mapping functions [6-10] which improved for efficiency in [11-15].
Another improvement was the WENO-Z scheme, which was
introduced by Borges et al. [16] which generalized by Castro et al.
[17] and further improved in [18-22]. In contrast to [5] and its similar
work, they defined new weights, instead of mapping the original
weights of [2]. Recently, Amat et al. in a series of papers [23-27]
introduced a new WENO interpolation capable of raising the order of
accuracy close to discontinuities for some applications such as data
interpolation and signal processing. Their idea was to use the highest-
order stencil as long as the stencil does not contain any discontinuity.
They used their new WENO algorithm for the numerical solution of
conservation laws in [28].

In this manuscript, we introduce a general method for using all the
available stencils of different orders to increase the accuracy of
WENO schemes while preserving the non-oscillatory property of the
scheme. The idea is to first compute the flux using a weighted
combination of all the sub-stencils of the same order of accuracy and
then combine the resulted fluxes to form the final flux. We denote this
scheme as combined WENO scheme (WENO-C).

The manuscript is organized as follows. In Section 2, we give a brief
description of the WENO schemes. The main part of this work will be
presented in Section 3, where we introduce a general formula for
combining different stencils of different orders. In Section 4, the new
scheme is assessed by numerical simulation of the linear advection
equation and Euler equations of gas dynamics. Finally, the concluding
remarks are given in Section 5.

2- WENO schemes
In this section, we describe the WENO schemes for discretizing the
governing equation of a conservation law. Consider the following
equation:

u+f=0 M
where u is the conservative variable and f = f(u) is the flux function.
We consider a uniform grid in the x-direction and define the grid
points as x; = iAx where Ax is the grid size. The flux derivative is
discretized in the conservative form as

f T f -3 5
f') = —2—2+0(x™) @
where f; 1 is the numerical flux at x,,1 and m is the order of the
2 2

truncation error. In a (2k — 1) th-order WENO scheme [1,2], the flux
f41 is approximated such that m = 2k — 1 in smooth regions and
2

m = k near discontinuities. This is done by a convex combination of
k fluxes:
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Fig. 1 All sub-stencils inside S5 (k = 3)
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where fl Eﬁ'r) is a kth-order approximation of the flux. The flux fl (ﬁr)
2 2

satisfies (2) with m = k by using the following stencil points

SF = (Kimrs Ximrars ™ Xior 1} 4)

and it is obtained by a polynomial of degree at most k — 1, p¥(x),

which its average in [x]._%,xj%] equals f; for all x; € Sk:

L k
f,-—ﬂfx REGUARTE. )
Jtz
The coefficients w, are nonlinear weights which determine the

contribution of each fiikir) to f;,1 . For consistency and stability, it is
2 2

required:

k-1
0,20, Y =1 ©)
r=0

In [2] after extensive numerical experiments, the following weights
are proposed

a, d,

©r = v &= B, + ©)? 7

"1
q=09%q

where the coefficients d,. are optimal weights that generate the (2k —
1)th-order central upwind scheme:

k-1
AT =N 4, f %) ®)
L ivg

i+5

and the parameter ¢ is a small number to avoid division by zero. The
coefficients f3, are called the smoothness indicators and defined by

k= s dlpk 2
2 i+ _ Pr (x)
e =1 -[c ax 1( 9x! ) @ ©)

1
=z

It should be mentioned 5, = O(h?) if the function is smooth inside
Sk and B, = 0(1) if S¥ contains a discontinuity.

In the literature, this method is usually represented by WENO-JS in
honor of the authors of [2]. Another method is the WENO-Z scheme
[16, 17] which differs from the WENO-JS scheme in the definition of
a,:

— Tok—1\?
ar—dr<1+<ﬁ—r+£)) (10
_ (1Bo = Bl mod(k,2) =1
o1 = {|.30 —B1— Pr_z + Pr_1| mod(k,2)=0 an
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3- The new scheme

As described in the previous section, in a (2k — 1)th-order WENO
scheme, a linear combination of kth-order sub-stencils (S¥) form the
(2k — 1)th-order flux (8). These sub-stencils are inside the stencil
SZkT1. However, there are other sub-stencils inside S2%7*, which can
form the same (2k — 1)th-order flux. For instance, Fig. 1 shows the
sub-stencils inside S5 (k = 3).

More precisely, there are (k —s) sub-stencils of (k + s) th-order

inside S2k71:

{Skts,Skts, .. Sk}, 0<s<k-1 12)

which can form

f(Zk 1k) _ Zd(k+s)f(k£rs,r) (13)
2

Note that for s =0, (13) reduces to (8). Leaving aside the largest
stencil (s = k — 1), we have k — 1 linear combinations to construct

2k—-1,k
fl (+ ). For each s, we use the same procedure of the conventional

WENO schemes in (7) to form a weighted linear combination of (k +
s)th-order fluxes:

k-1
Z(k k k+s,
f-(+1+5) _ Z a)ﬁ +s)ﬁ(+l+sr) (14)
2 pompd 2
(k+s) (k+s)
Wl — a "’ (k+s) _ d; " (15)
T x_1 . (k+s)’ T - 2
Zk 1(1 S (ﬁr(k+5) + g)

where the coefficients dﬁk”) are optimal weights which generate the

(2k — 1)th-order central upwind scheme f?¥~%%)_Table 1 shows the
optimal weights for k = 3 and k = 4 which corresponds to the fifth-
and seventh-order schemes, respectively. Note that the values in rows
s = 0 are the known optimal weights of the WENOS5 and WENO7
schemes. To distinguish between the flux £**+) in (14) and the sub-
stencil fluxes f **7), we call the former the intermediate flux.

It is also possible to use the WENO-Z approach [17] to define a;

2
(k+s) (k+s) Tok-1 )
=d, 1+ | —F— 16)
( <ﬁ£"”’+e ) (

Fﬁm B mod(k,2) = 1

Tok-1 = K K K 3

185 — B — B2 + B mod(k,2) =0

where in the definition of 7,,_,, we use only the smoothness

(k+s)

an

indicators of the kth-order sub-stencils.
Now, we use the intermediate fluxes (14) to construct the final flux:

-2
_ (k+s) Fk+s) 18
Far= 2V IR (8)
5=0
where y**%) are the weights which to be determined. We call these

weights the total weights to distinguish them from the weights w(k+s)

Furthermore, we denote this method by WENO-C where C is the first
letter of “Combined”. Also, if instead of (15), the WENO-Z approach

(kts) , then we denote the

(16) is used for computing the coefficients a;
new scheme by WENO-ZC.

To have proper total weights (y**+9) for each of the intermediate
fluxes in (18), we use the same weighted linear combination as (14)

to define the corresponding smoothness indicators:
k=1

‘g(k+s) — Z (k‘*‘S)‘B(k‘*S) (19)
r=s
This definition (for a fixed s) relates the smoothness indicator ¢+
to the smoothness indicators of its sub-stencils. We call F&+9) the
total smoothness indicator of the (k + s) th-order sub-stencils.
Therefore, the smoothness contribution of each sub-stencil is equal to
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Table 1 Optimal weights fork = 3and k = 4.
k s d((}k+s) d§k+s) d;k+s) dgk+s)
3 0 0 %o Yho
3 1 s 2y
“ 0 Yss s a5 Vs
4 1 2/, 4/ 1/
4 2 4/7 3 /7

the contribution of its corresponding flux to the intermediate flux (14).
This means, when comparing the stencils of two different intermediate
fluxes (different s), the comparison is mostly made between the sub-
stencils which have the greatest influence on that intermediate flux. In
other words, if a sub-stencil flux (f*+S7) is ruled out due to
intersecting a discontinuity, then its smoothness contribution is also
eliminated from §*+),

Now, we define the weights y**+% in a similar approach of the
original WENO schemes as:

alk+s) qlk+s)

(k+s) —
(Bk+9+e)°

y e 7 (k+s) —
2’5;3 ak+a)’

@ (20)

where the coefficients d*+) determine the preference of each f**s)
in smooth regions. Since, in smooth regions, all the intermediate
fluxes in (18) reduce to the (2k — 1) th-order accurate flux f*=1k),
there is no preference between them. However, near discontinuities, it
is desirable for small deviation of the weights from their optimal
values in (14), the intermediate flux with higher-order sub-stencils is
assigned a larger total weight as long as it does not spoil the ENO
property of the method.

To better explain the new scheme, consider a discontinuity in cell of
Xjq. Therefore, except S3, all the stencils in Fig. 1 contain the
discontinuity. Therefore,

2 =0md), BT =00,

f‘”, W =0(1)
and hence

o = 0(1) o, 0 = 0(h?),
which leads to

BV =o0my), BY=01)
and then

V=0, y¥=o0m»

This means, the fourth-order intermediate flux is not considered (its
contribution is very small) in construction of the final flux. This is
desirable, because none of the fourth-order stencils are smooth. Now,
consider a discontinuity in cell of x;,,. In this case, the smooth
stencils are S3, S5 and S;. Therefore,

280 =0md), B =0),

(4) O(hz) (4) =0(1)
and

oy = 0(h),

o = 0(h?)

wf), w£3) 0(1),
w? = o),
which leads to
BP =0, B =00
and then
Y=o, Y¥=0
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Table 2 L, error and convergence of WENO-C schemes

Central Upwind WENOS WENO5-C WENO5-C WENO5-C
p=1 p=2 p=4

Ax Ly Order Ly Order Ly Order Ly Order Ly Order
0.53 6.02E-04 4.17E-03 1.86E-03 1.36E-03 8.20E-04

0.5+ 1.95E-05 4.95 1.34E-04 4.96 5.74E-05 5.02 4.22E-05 5.01 2.62E-05 4.97
0.5 6.18E-07 4.98 4.22E-06 4.98 1.82E-06 4.98 1.34E-06 4.98 8.29E-07 4.98
0.56 1.94E-08 4.99 1.33E-07 4.99 5.72E-08 4.99 4.21E-08 4.99 2.61E-08 4.99
0.57 6.11E-10 4.99 4.16E-09 5.00 1.79E-09 4.99 1.32E-09 4.99 8.19E-10 4.99

This means both the third- and fourth-order intermediate fluxes are
present in the final flux. In this case, it is desirable the fourth-order
flux has a larger total weight. This shows we require a proper choice
for d coefficients.

Through some numerical experiments, we propose

d*+) = (145, 0<s<k-2 1)

where p is a positive number. Therefore, it is an increasing function
of s. Also, larger values of p assign larger values to the total weight
of the intermediate fluxes with higher-order sub-stencils (larger s).

4- Numerical experiments

In this section, we assess the numerical performance of the new
WENO scheme. We set € = 1072 for WENO-JS and WENO-C and
& = 107* for WENO-Z and WENO-ZC. For the time integration, the
following third-order TVD Runge-Kutta scheme [29] is used

u® =y + AtL(u™)

3 1 1
@) =Zn g —,,01) 4 = ®
u® =Zut+ou +4AtL(u ) 22)
1 2 2
n+l — _n —,2 ZAtL (2)
u FU" U +34e (u®)
where At is the time-step.

4-1- Advection equation
The first test case is the linear advection equation:

u+u, =0 x€[-11] (23)

First, we assess the error and convergence of the new schemes for a
smooth solution. A periodic function in [—1,1] is considered:
u(x,0) = sin (7x). Since the time integration method is third-order,

the time step is chosen to be At = 0.5(Ax)§ in order that the error for
the overall scheme is a measure of the spatial convergence only. The
error of the numerical solution is computed by comparing with the
exact solution at t = 2. Table 2 shows the L, norm of the error:

N
2
Ll = ﬁzohll - uexact,i|
i=

For the sake of comparison, the results of the central upwind scheme
(i.e. the optimal scheme) and the WENOS scheme, are given in the
table. The results show WENOS5-C converges at fifth-order for
different values of p. The value of the L, error shows WENOS-C is
more accurate than WENOS. Also, increasing the value of p decreases
the error and causes the error to become closer to the error of the
central upwind scheme.

Table 3 compares the computational time of WENOS5-C with
WENOS. The compiler is the intel C++ 19.2 compiler using the
Release x64 configuration on an intel 12900K CPU. The results show
the computational cost of WENOS5-C is only 10 percent higher than
that of WENOS. This is a negligible increase in comparison to mapped
WENO schemes, where the increase is about 55 precent [30, Fig. 9].
Now, we assess the performance of the scheme for a non-smooth
initial condition. We use a function which contains a Gaussian-, a
triangle-, a square- and a half-ellipse-wave region [2]:
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Table 3 Computational time for a single time-steps in microseconds

N WENOS WENOS-C
201 8.6 9.7
401 17.0 19.0
u(x,0)
(%(Q(x.ﬁ.i =8 +Qp.{+8)+4(x4.0) x€[-08-06]
1 x €[-0.4,-0.2]
= l 1—[10(x —0.1)] x €[0.0,0.2] (24)

lé (R(x,a,a— &)+ R(x,a,a+ 8) +4R(x,a,a)) x € [0.4,0.6]

0 otherwise
where
Q(x,8,8) = exp(=B(x — O,
R(x,a,a) = Jmax(1 — a?(x — a)2,0)

and the constants are

a=05 (¢=-07 6=0.005
2
a =10, ﬁ = lnm

First, we give a description on the weights. Figure 2 shows the
distribution of the weights around the discontinuity of the square wave
for the WENOS-C scheme with p = 1. The points B and C at x =
—0.41 and x = —0.40 are immediately before and after the
discontinuity, respectively. At these points we have y> = 1 and y* =
0. This is because both the fourth-order sub-stencils (corresponding to
these points) intersect the discontinuity. Therefore, the fourth-order
sub-stencils are not used in the flux computation. Furthermore, the
weights of the third-order sub-stencils for the point B are
(wé”, wf'), a)f')) = (0,0,1) which means only S3 is used to compute
the flux (see Fig. 1). Similarly, this is the case, in the reverse order,
for the point C. For the points A and D, respectively at x = —0.42 and
x = —0.39, which are one point away from the discontinuity, we have
y3=d3= é and y* = d* =§ which means the fourth-order sub-
stencils are taken into account for the flux computation. Now, we
observe the weights of the fourth-order sub-stencils corresponding to
the point A are (wi‘”,wé‘”) = (0,1) which means only Sy is used to
compute the flux and S is abandoned due to intersecting the
discontinuity.

Figure 3 shows the overall distribution of the total weights 2 and y*
for the function (24). As it is observed, the total weight of the fourth-
order schemes y* is always lower than d* = 2 Therefore, to increase

the usage of the fourth-order schemes, it is required to increase d*, or
p in (13). As stated previously, in smooth regions, the value of the
total weights are not important, because both the combination of the
third- and fourth-order subs-stencils produce the fifth-order scheme.
However, when the weights w£3) and w£4) deviates from their optimal
values, it is desirable to use the fourth-order sub-stencils as long as it
does not spoil the ENO property of the method. Therefore, in the
numerical test cases, we examine several values for p.

Figure 4 shows the numerical results at t = 8 using N = 201 for the
WENOS schemes along with their combined versions, WENOS5-C,
and different values for the power parameter p. Also, figure 5 shows
the same comparison for the WENOS5-Z and WENOS5-ZC schemes.
Figure 4 shows the overall accuracy of the results increases by
increasing p and the ENO property of the schemes are preserved. This
can be observed especially near the discontinuities of the square wave
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and also at the foot of the Gaussian, triangle and half-ellipse waves.
Furthermore, the improvements are observed at the peak of these
waves. Similarly, in Fig. 5, we observe the improvement of the results
for the WENO5-ZC schemes. However, since the WENOS5-Z scheme
is more accurate than the WENOS-JS scheme, this improvement is
less than that of the WENOS5-C schemes. Also, it is worth mentioning
that at the peak of the half-ellipse wave, we see significant
improvement for the WENOS5-ZC scheme for p = 4.

Note that WENO schemes are nonlinear and even for a linear equation
may have nonlinear behavior in different solution times. Therefore,

Combined WENO schemes for increasing the accuracy of the numerical solution of conservation laws

for a deeper comparison, the error of the schemes as a function of
time are given in Fig. 6 in logarithmic scale. The errors are computed
at each complete time period for four intervals containing each of the
four waves. Specifically, since the width of all the waves are 0.2, we
consider an interval of length 0.4 centered at that wave to compute the
error. We observe, for all the waves, WENOS5-C has more accurate
solution in comparison with WENOS. Also, it is observed using higher
values for p, decreases the error.
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Fig. 2 The distribution of the weights near a discontinuity; top-left) the function (24), bottom-left) total weights of the third- and fourth-order stencils,
top-right) weights of the third-order sub-stencils, bottom-right) weights of the fourth-order sub-stencils.

Fig. 3 The distribution of the total weights y* and y* for the function (24).
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Fig. 4 Numerical solution of the advection equation by the WENOS5-JS and WENOS5-C schemes using N = 201 at t = 8 using different values for the

power parameter p.
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Fig. 5 Numerical solution of the advection equation by the WENOS5-Z and WENOS5-ZC schemes using N = 201 at t = 8 using different values for the

power parameter p.
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Fig. 6 L, error for the four waves as a function time in logarithmic scale for N = 201 using different values for the power parameter p.

4-2- Shock-tube problem

The second test case is the Sod shock-tube problem [31]. The
governing equations are the one-dimensional Euler equations of gas
dynamics:

p pu
U +F =0, U=<pu>, F=<pu2+p>

E (E + p)u (25)

2
where u, p, p and e denote the velocity, density, pressure and internal

uZ
E:p(e+—), p=pe(y—1), y=14

energy per unit mass, respectively. The solution domain is [0, 10] and
the left and right states of the discontinuity at t = 0 are

(ppup,p) =(1,01), x<5
(pr,ug, pr) = (0.125,0,0.1),

where the exact solution possesses a self-similar solution which
consists of a shock, a contact discontinuity and an expansion fan.

Figure 7 shows the density profile at t = 2 for different fifth-order
schemes. The grid spacing is Ax = 0.05 (201 points) and the time
marching is done using a fixed time-step of At = 0.01. The
characteristic-wise Lax-Friedrichs flux splitting [32] is used to handle
both the negative and positive wave speeds. The results show the
combined schemes (WENOS-C and WENOS5-ZC) have more accurate
results especially around the contact discontinuity (x =~ 6.7) and the
left and right ends of the expansion fan. It should be mention that

x>5 (26)

Modares Mechanical Engineering

increasing the accuracy is achieved without appearing any spurious
oscillations.

4-3- Shock-density wave interaction

This test case involves the interaction between a Mach 3 moving
shock and a density wave in shape of a sine function [33]. The
governing equations are the Euler equations (25). The solution domain
is [=5, 5] and the initial states of the gas are as follows

(oo, 1, p,) = (3.857143,2.629369,10.33333),x < —4
(pr, ug, Pr) = (1 + 0.25in(5x),0,1), x> —4

Figure 8 shows the density profile at the initial time and also at
t = 1.8. During the interaction, several shocks and high gradient

@7

regions appear. Specifically, at the time shown in the figure, the
location of the moving shock is x = 2.4 and some shocks and
steepening gradients are formed behind in x € [-2.9,0.8]. Also,
during the interaction, the steepening gradients gradually form shocks.
At the time t = 1.8, two of these steepening gradients at x =~ —2.6
and x = —1.6, already become discontinuous.

In this test case, we consider the seventh-order scheme. Figure 9
shows the density distribution using N = 201 points (4x = 0.05) at
t = 1.8. Also, the time-step is At = 0.002. Comparing the results,
especially in the high-gradient region, shows that WENO7-C and
WENO7-ZC give considerably more accurate results than WENO7-
JS and WENO7-Z, respectively. Furthermore, we observe the results
of WENO7-ZC are more accurate than those of WENO7-C.

Volume 25, Issue 05, May 2025
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Fig. 7 The density profile of the Sod shock-tube problem around the contact discontinuity (top-left), the shock (top-right) and the left and right ends of
the expansion fan (bottom) using N = 201 at t = 2.
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4-4- Interacting blast waves
This is a very difficult test case for shock capturing schemes [34]. It
involves several interactions between strong shocks, rarefaction
waves and contact discontinuities. The solution domain is [0, 1] and
the initial condition consists of three constant states where the pressure
in the middle part is significantly smaller than those in the left and
right parts:
(1,0,1000) 0.0<x<0.1
(p,u,p) =< (1,0,0.01) 01<x<09 (28)
(1,0,100) 09<x<1.0
The low pressure of the middle part, in case of appearing oscillations
around the shocks, can cause negative pressure and therefore the
simulation failure.
Figure 10 compares the results of the fifth-order schemes at
t = 0.038. The results are presented for 401 grid points and 800 time-
steps with At = 4.75 X 1075, The results show that the WENO5-C
schemes are more accurate than the WENOS-JS scheme especially at
the peak and valley (x = 0.74 and x = 0.78 in the zoomed view).
Also, close examination reveals a slightly sharper shock (at x = 0.64)
is obtained using the WENOS-C scheme. Again, it is observed that the
accuracy of the results increases and the ENO property of the method
is preserved.

4-5- Shock-vortex interaction

This is a two-dimensional test case where a vortex passes through a
stationary normal shock [2]. The governing equations are the two-
dimensional Euler equations:

U +F+G, =0,

p pu pv
2
y=[Pu), p=[PEFP ) =[P
pv puv pve+p 29)
E (E+p)u (E+pw
u? + v?
E=plet——), p=pely—-1, y=14

The problem domain is [0,2] X [0,1] and the vertical shock is
stationary and located at x = 0.5. The shock Mach numberis 1.1. The
left state of the shock is

(b us, v p) = (1,1.1/y,0,1)

and the right state is obtained using the normal-shock relations. A
small isentropic vortex is superposed to the shock left state. The vortex
center is at (x,,y,) = (0.25,0.5) and its properties (denoted by &) is
added to the velocity (u, v), temperature (T = %), and entropy (s =

ln(%)) of the shock left state:

(8,,6,) = Kne“(l"lz)(sin 0,—cosh),
(}/ _ 1)K2e2a(1—n2)

6T =
4ay

, 6s=0

where k = 0.3 is the vortex strength and n = ri, where r and 6 are the
c

polar coordinates with respect to the vortex center. Also, 7, = 0.05 is
the vortex critical radius and @ = 0.204 is the vortex decay rate.
Figures 11 displays the pressure distribution along the y = 0.5 section
at t = 0.6 where the vortex has passed the shock. The results obtained
by WENOS5-JS and WENOS5-C are compared after the shock and also
at the vortex core. In both regions, we observe more accurate results
are obtained by the WENOS5-C scheme.

5- Conclusions

We introduced a new method to improve the accuracy of the WENO
schemes, which we called WENO-C. The “C” stands for combined.
The goal was to use all the available sub-stencils of different orders,
from kth- to (2k — 2)th-order, to construct the flux. First, (k — 1)
intermediate fluxes were constructed using a weighted combination of
the sub-stencils of the same order of accuracy, similar to the

Modares Mechanical Engineering

conventional WENO schemes. Then, the intermediate fluxes were
combined to form the final flux. The key idea was to define suitable
weights (called total weights) for the linear combination of these
intermediate fluxes. This was done by defining the total weights as a
function of their corresponding total smoothness indicator and a
coefficient to control the contribution of each intermediate flux to the
final flux. The total smoothness indicator of each intermediate flux
was defined as a weighted combination of the smoothness indicators
of its sub-stencils where each weight was the same as its
corresponding flux weight in the construction of that intermediate
flux. The numerical results showed that this way of defining the total
smoothness indicators properly allows to use all the sub-stencils
which does not intersect the discontinuity.

Furthermore, by using a simple power function, suitable coefficients
for the total weights were obtained. With the power parameter p in the
range from 2 to 4, we were able to increase the effect of higher-order
sub-stencils and therefore increase the results accuracy. Numerical
experiments showed that the new method while increased the overall
accuracy of the results, was resistant against spurious oscillations near
discontinuities and therefore suitably preserved the ENO property.
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