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1- Introduction 
In recent years, flexible robotic manipulators have garnered 

significant attention in various industries, including manufacturing, 

aerospace [1], biomedical engineering [2], and micro robotics, due to 

their advantages, such as low weight, reduced energy consumption, 

high response speed, and the ability to interact with delicate objects. 

Using a lightweight and flexible structure, these manipulators enhance 

operational efficiency. For instance, in applications that require 

precise physical interaction with fragile objects, structural flexibility 

prevents excessive forces that could damage the object. However, 

these advantages present significant control challenges. Structural 

flexibility results in phenomena such as deflection and vibration in the 

robot links, complicating accurate position control. These vibrations 

directly affect tracking accuracy and increase system error. Therefore, 

designing a robust controller capable of accurately and rapidly 

tracking a reference trajectory is paramount. Various control 

strategies, including classical PID, sliding mode control (SMC), 

adaptive SMC, fuzzy logic-based controllers, and fractional-order 

control methods, have been investigated to address these challenges. 

Previous studies have applied classical PID control to single flexible-

link manipulators [3], demonstrating satisfactory trajectory control in 

simulation. However, these works were limited to simulated 

environments and did not address the challenges of real-time 

implementation, vibration uncertainties, or chattering reduction. In 

contrast, the present study develops a fractional-order fuzzy sliding 

mode controller (FO-FSMC), experimentally implemented on a real 

flexible-link manipulator. The proposed approach leverages the 

robustness of sliding mode control, while the fuzzy logic component 

smooths the control signal, significantly reducing chattering. 

Additionally, the fractional-order sliding surface improves transient 

response and adaptability, enabling precise trajectory tracking under 

practical operating conditions. These enhancements collectively 

demonstrate a clear advantage over conventional PID approaches, 

both in terms of robustness and real-time applicability. 

Unlike previous works [4] that used conventional or adaptive SMC 

under ideal modeling assumptions, this study presents an experimental 

FO-FSMC that combines the robustness of SMC, the smooth control 

of fuzzy logic, and the flexibility of fractional calculus to reduce 

chattering and enhance tracking performance. Experimental results on 

a real setup confirm its superior effectiveness compared to traditional 

SMC and PD controllers. 

Previous works such as the Fuzzy–FOPID control of a rigid two-link 

manipulator optimized via metaheuristic algorithms [5] and GA-based 

adaptive PID controllers [6] were validated only through simulation, 

whereas the present FO-FSMC approach is experimentally 

implemented on a flexible-link manipulator, demonstrating enhanced 

robustness, reduced chattering, and superior trajectory tracking 

performance. 

Although some studies have experimentally implemented fractional-

order or fuzzy PID controllers on flexible-link manipulators [7], these 

approaches remain limited in addressing strong nonlinearities and 

ensuring robustness theoretically. In the present work, FO-FSMC 

integrates fractional calculus, fuzzy logic, and sliding mode control to 

suppress vibrations, reduce chattering, and theoretically guarantee 

robustness through Lyapunov-based stability analysis, while being 

experimentally validated on a real flexible-link manipulator. 

Other studies that combined ADRC and sliding mode techniques [8], 

fractional-order sliding mode controllers optimized via PSO [9], and 

fractional-order sliding mode control (FOSMC) [10] have primarily 

relied on numerical simulations. The proposed FO-FSMC extends 

these concepts by providing experimental validation on a real flexible-

link setup and integrating fuzzy inference within the fractional-order 

sliding surface to enable smoother control action and reduced 

chattering, which were not addressed in earlier works. 

Similar approaches employing fractional-order controllers combined 

with sliding mode and intelligent PID strategies [11,12,13,14,15] have 

been reported, but these works either focused on rigid manipulators or 

lacked experimental verification. The present FO-FSMC method 

further integrates fuzzy logic inference into the fractional-order 

sliding surface, experimentally validating its effectiveness in vibration 

suppression, chattering reduction, and robust trajectory tracking. 

Additional studies that applied fuzzy sliding mode controllers 

(FSMC) [16,17] to single-link manipulators showed improved 

robustness and reduced control effort in simulations. However, these 

works did not experimentally validate the proposed methods. In 

contrast, FO-FSMC is implemented on a real flexible-link 

manipulator, combining fractional-order dynamics with fuzzy sliding 

surfaces to achieve smoother control, further reduction of chattering, 

and robust trajectory tracking under real-time conditions. 
Article [18] demonstrates that flexible-link manipulators exhibit 

nonlinear dynamics and may show instability and chaotic behavior. 

Using Hamilton’s principle with nonlinear strain assumptions, the 

dynamic equations are derived and analyzed through bifurcation 

diagrams, Poincare maps, and Lyapunov exponents. Experimental 

results indicate that low input amplitudes produce subharmonic or 

quasi-periodic responses, while higher amplitudes lead to quasi-

periodic/chaotic behavior without damaging the joints. in [19] models 

friction in mechanical arms as the difference between input and output 

angles, estimating its parameters using direct and recursive least-

squares identification methods. The identified friction model enables 

effective SDRE-based nonlinear optimal control for a two-DOF 

mechanical arm. Experimental validation on a single arm shows that 

compensating friction with the proposed controller significantly 

reduces the end-effector tracking error. 

Collectively, these comparisons highlight that although various 

combinations of fractional calculus, fuzzy logic, and sliding mode 

control have been proposed, existing studies are often limited to 

simulations, or rigid manipulator setups. The novelty of the present 

work lies in the experimental implementation of a hybrid FO-FSMC 

on a real flexible-link manipulator, which simultaneously addresses 

chattering reduction, vibration suppression, precise trajectory 

tracking, and robustness against model uncertainties, with theoretical 

guarantees provided through Lyapunov-based stability analysis. 

In summary, the main advantages and contributions of this work are 

as follows: 

• Reduction of chattering and improvement of tracking 

accuracy by introducing fuzzy logic and fractional calculus 

in the controller design. 

• Maintaining high performance and optimal behavior 

despite the use of estimated system dynamic parameters, 

ensuring robustness against model uncertainties. 

• Robust stability analysis is theoretically proved, providing 

theoretical guarantees for its effectiveness under various 

operating conditions. 

• Experimental implementation of the proposed method 

under real conditions verified the proposed technique 

performance 

These contributions and advantages collectively demonstrate 

that the proposed approach not only mitigates the drawbacks of 

conventional methods but also achieves superior tracking 

performance with proven stability. 

2- Robot dynamic model 
A schematic of a single-link flexible mechanical arm is shown in 

Figure 1. This mechanical arm consists of a flexible arm of length 𝑙 

and an endpoint mass 𝑚. The variable 𝜃 is the angular position of the 

hub (rigid body), and δ is the displacement observed at the tip of the 

flexible structure. 

Delavari2-A-10-11797-3-ef1fbf0.docx
Delavari2-A-10-11797-3-ef1fbf0.docx
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Figure1. schematic of a single-link flexible arm 

 

In this section, the dynamic model of a robot with n flexible arms is 

introduced. An easy way to estimate the dynamics of a flexible robot 

is to use the Mode-shape method. Assuming the Euler-Bernoulli beam 

model, the elastic beam deflection 𝑤𝑖(𝜂, 𝑡) of the 𝑖th link is expressed 

as a sum of infinite terms: 

𝑤𝑖(𝜂, 𝑡) = ∑ 𝑞𝑖𝑗(𝑡)𝜑𝑖𝑗(𝜂)

∞

𝑗=1

                                                                                      (1) 

where 𝑞𝑖𝑗(𝑡) is the time-varying amplitude of the mode 𝑗 of the 𝑖th 

link and 𝜑𝑖𝑗(𝜂)  is the mode-shift function that describes the 

displacement of the mode 𝑗 of the 𝑖th link deflection. 𝜂 also represents 

the displacement of the 𝑖th link in each axis direction. 
Considering the flexibility of the link, a solution for the motion of the 

𝑖th link is obtained using the short-constrained approximation. The 

solution obtained for the 𝑖 th link is in the form of the following 

equation: 

𝑤𝑖(𝜂, 𝑡) = ∑ 𝑞𝑖𝑗(𝑡)𝜑𝑖𝑗(𝜂)

𝑚𝑖

𝑗=1

                                                                                      (2) 

where 𝑚𝑖 is the number of modes used to describe the deviation of the 

𝑖th link. 

Using the Euler-Bernoulli method, the following model is obtained 

[7,9]. 
𝑀(𝜃, 𝛿) [𝜃̈

𝛿̈
] + [

𝐶1(𝜃̇, 𝛿̇)

𝐶2(𝜃̇, 𝛿̇)
] + [

𝐺1(𝜃, 𝛿)
𝐺2(𝜃, 𝛿)

] + [
0 0
0 𝐾

] [
𝜃
𝛿

] = (
𝑢
0

)            (3) 
Where: 

δ  denotes the displacement observed at the tip of the flexible 

structure,  u  is the applied torque,  C1(θ̇, δ̇) , C2(θ̇, δ̇) include the 

Coriolis and  centrifugal forces, 𝐺1(𝜃, 𝛿) , 𝐺2(𝜃, 𝛿) represent the 

influence of gravity on the structure,  θ refers to the ball unit’s angular 

position, M(θ,δ) is the inertia matrix obtained from the mass and 

geometric parameters of the links, and K is the stiffness matrix related 

to the material properties and flexibility of the links. 
Matrix multiplication in equation 1 yields two equations: 
The dynamic of a flexible link may be considered as an n-degree-of-

freedom system and partitioned as vectors 𝛿 ∈  𝑅𝑙, 𝜃 ∈  𝑅𝑚, and 𝑢 ∈

 𝑅𝑚 . Accordingly, by definition of 𝐺1(𝜃, 𝜃̇, 𝛿, 𝛿̇) = 𝐶1(𝜃̇, 𝛿̇) +

𝐺1(𝜃, 𝛿) and 𝐺2(𝜃, 𝜃̇, 𝛿, 𝛿̇) = 𝐶2(𝜃̇, 𝛿̇) + 𝐺2(𝜃, 𝛿), the dynamic of an 

n-degree-of-freedom system can be written as: 

𝑀11𝜃̈ + 𝑀12𝛿̈ + 𝐺1 = 𝑢                                                                                      
(4) 

𝑀21𝜃̈ + 𝑀22𝛿̈ + 𝐺2 + 𝐾𝛿 = 0                                                                 
(5) 
From equation 5, we have: 
𝛿̈ = −𝑀22

−1(𝑀21𝜃̈ + 𝐺2 + 𝐾𝛿)                                                                          (6) 
Then, by substituting 6 into 4, we have: 
𝑀̅𝜃̈ + 𝐾 + 𝐺̅ = 𝑢                                                                                                   
(7) 
𝑀̅ = 𝑀11 − 𝑀12𝑀22

−1𝑀21                                                                                  
(8) 

𝐺̅ = 𝐺1 − 𝑀12𝑀22
−1𝐺2                                                                                            

(9) 

𝐾 = −𝑀12𝑀22
−1𝐾𝛿                                                                                         

(10) 

The final form of the system’s dynamic model, derived from equation 

5, is presented as follows: 

𝜃̈ = −𝑀̅−1(𝐾 + 𝐺̅) + 𝑀̅−1𝑢                                                                           
(11) 
From Equation 11, we can obtain estimates of f̂ and b̂ given  𝜃̈ = 𝑓 +

𝑏𝑢: 

𝑓  = −𝑀̅−1(𝐾 + 𝐺̅)                                                                                              
(12) 

𝑏̂ = 𝑀̅−1                                                                                                                       
(13) 

In this article, the matrix M is assumed to have dimensions 3×3 [12]. 

(Note that the dimensions of other matrices and vectors will also 

change relative to the matrix M.) 

 

𝑀 = [
3.6892 × 10−4 −9.9976 × 10−5 −9.9976 × 10−5

−9.9976 × 10−5 0.0216 0
−9.9976 × 10−5 0 0.0216

]  , 

𝐾 = [
0 0 0
0 83 0
0 0 879

],  𝐺 = [
0
0
0

] 

 

In this study, the Euler-Bernoulli beam theory is adopted to model the 

flexible link for the following reasons. First, the link under 

consideration is slender and lightweight (length 30 cm, thickness 2 

mm, weight 100–200 g), giving a high length-to-thickness ratio (L/h 

= 150). Its material (Plexiglas) and light structure make shear 

deformation and rotary inertia negligible compared to bending 

deformations. Under these conditions, the Euler-Bernoulli model 

accurately captures the dominant vibration modes without 

unnecessary complexity. 

Second, this formulation provides a clear representation of the link’s 

vibrational behavior, which is the main focus of this work. Using this 

model, the primary vibration modes can be efficiently analyzed, while 

the resulting dynamic equations remain simple and computationally 

tractable. These characteristics justify the adoption of the Euler-

Bernoulli beam theory in modeling the flexible link [20]. 

3- experimental setup 

In the practical implementation of the flexible-link robot, the essential 

components include a motor and a motor-to-computer interface. The 

flexible link is a Plexiglas beam with a thickness of 2 mm, a length of 

30 cm, and a weight of approximately 100–200 g. Its high flexibility 

allows the vibrations and oscillations to be clearly observable. The 

motor used is a Dynamixel AX-18A, providing the minimum torque 

required to actuate the link. 
The motor includes embedded sensors such as speed, position, torque, 

load, and temperature, which can be used for real-time feedback. The 

motor specifications and setup instructions are provided in [21–23]. 

For real-time communication, a USB2Dynamixel interface with a 

baud rate of 100,000 was employed, enabling fast and reliable 

transmission of tip position or angular position data.  The motor is 

powered by a 12 V, 2.5 A DC supply, and its drivers can be installed 

via RoboPlus, allowing straightforward interfacing with the computer. 
This experimental setup provides a practical basis for implementing 

the control strategies described in the following sections. It allows the 

measured data to be captured in real time and fed into 

MATLAB/Simulink for control signal computation. The setup 

ensures that the system behavior can be accurately monitored and 

controlled before presenting the results of the proposed FO-FSMC 

controller. 
The various components of the experimental setup can be seen in 

Figure 2. 
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Figure 2. Single-link flexible robot manipulator 

4- Controller design 
4-1 Fractional calculus 

Fractional calculus is a generalization of integer-order ordinary 

differential equations that can provide more accurate models of 

dynamical systems that have properties such as self-similarity and 

memory of system states. This unique capability offers improved 

accuracy in describing real-world dynamical systems, particularly 

those with complex or nonlinear behaviors. Fractional calculus 

operators enable controllers to precisely tune the system dynamics 

over a wider frequency range, which is not comparable to that of 

conventional integer-order controllers. In control systems, the use of 

fractional calculus has gained popularity due to the improvement of 

system performance, such as increased robustness, reduced overshoot, 

and smoother responses. 
The application of the gamma function marks an initial step in 

fractional-order calculus. This function, which is a generalization of 

the factorial concept for real and complex numbers, is one of the 

special and important functions in fractional-order mathematics.  This 

function is represented as follows: 
𝛤(𝑧) = ∫ 𝑒−𝑡𝑡𝑧−1𝑑𝑡

∞

0
                                                                                           (14) 

The Caputo fractional derivative, often used in fractional-order 

dynamic equations, can be formulated using the gamma function, as 

given in Equation 15. 

𝐷𝑡
𝑝

𝑓(𝑡) =
1

𝛤(𝑛−𝑝)
∫ (𝑡 − 𝜏)𝑛−𝑝−1𝑓(𝑛)(𝜏)𝑑𝜏

𝑡

𝑎𝑎
𝐶 ,    𝑛 − 1 < 𝑝 < 𝑛      (15) 

It is important to note that various definitions of the fractional-order 

derivative have been proposed. However, since the initial conditions 

for the derivatives of Caputo-type fractional differential equations are 

similar to those of integer-order differential equations, this definition 

is more applicable than other definitions. Therefore, in fractional-

order differential equations, the Caputo derivative is commonly 

employed. 
 

4-2 Sliding mode control 

Sliding Mode Control (SMC) is a nonlinear control technique known 

for its robustness, accuracy, and ease of implementation. It operates 

by driving the system states toward a predefined manifold in the state 

space, referred to as the sliding surface, and then maintaining them on 

it. This control method involves two key steps: first, designing a 

sliding surface that satisfies the design specifications for the desired 

sliding motion; and second, formulating a control law to ensure the 

system trajectories reach and remain on this surface. One of the key 

advantages of SMC is that a properly selected sliding surface allows 

engineers to enforce specific system behaviors.  Additionally, once the 

system is in sliding mode, its response becomes largely insensitive to 

model uncertainties, external disturbances, and nonlinearities. This 

makes SMC particularly effective for controlling complex nonlinear 

systems under uncertain conditions. 

In general, the sliding surface is defined according to Equation 16. 

𝑆 = (
𝑑

𝑑𝑡
+ 𝜆)

𝑛−1

𝑒                                                                                                   (16) 

Where, λ  is a positive coefficient and 𝑛  indicates the order of the 

system. 

We define the sliding surface in this article as follows: 

𝑆 =  𝑘1𝑒 + 𝑘2𝑒̇ + 𝑘3𝐷𝛼𝑒                                                                                    (17) 

Tracking error is expressed as: 
𝑒 = 𝑥 − 𝑥𝑑                                                                                                                  (18) 
By differentiating Equation 17 and setting it equal to −𝑘. 𝑠𝑖𝑔𝑛(𝑆), the 

total control law is obtained as follows: 

𝑆̇ =  𝑘1𝑒̇ + 𝑘2𝑒̈ + 𝑘3𝐷𝛼+1𝑒 = −𝑘 𝑠𝑖𝑔𝑛(𝑆)                                              (19) 
𝑢 =

1

𝑘2𝑏̂
(−𝑘 𝑠𝑖𝑔𝑛(𝑆) − 𝑘1 𝑒̇ − 𝑘2𝑓 + 𝑘2𝑥̈𝑑 − 𝑘3𝐷𝛼+1𝑒)                  (20) 

 

4-3 Fuzzy control 

The signum function used in equations 19 and 20 is known to cause 

chattering in the control signal. To reduce this effect, a fuzzy 

controller replaces the signum function in the control law of Equation 

20. This integration of fuzzy logic with sliding mode control (SMC) 

combines the strengths of both methods, resulting in a controller with 

both robustness and adaptability. The fuzzy sliding mode controller 

operates based on the following table of IF-THEN rules: 
 

Table 1. Rule base for KF 
S / 𝐒̇ P Z N 

P NH NS PM 

Z NB ZE PB 

N NM PS PH 

 

A sample rule can be interpreted from the table as follows: 
If   𝑆 = 𝑃 and 𝑆̇ = 𝑃 then 𝐾𝐹 = 𝑁𝐻 

In this fuzzy rule base, the symbols NH, NB, NM, NS, ZE, PS, PM, 

PB, and PH refer to the linguistic values: negative huge, negative big, 

negative medium, negative small, zero, positive small, positive 

medium, positive big, and positive huge, respectively. The fuzzy 

membership functions corresponding to these linguistic terms are 

triangular and must be carefully designed to ensure effective control 

performance. Their structure is shown in Figure 3 [24,25]. 

 

 
Figure 3. Triangle membership functions, fuzzification, and 

defuzzification 

5- Stability analysis 

Here, the stability of the closed-loop system under the control signal 

obtained in the controller design section is analyzed [26]. First, the 

following Lyapunov function candidate is constructed: 

𝑉 =
1

2
𝑆2                                                                                                                       (21) 

The estimation error can be defined as follows: 
|𝑓 − 𝑓| ≤ 𝐹 ,  𝐺𝑚𝑖𝑛 < |𝑏̂𝑏−1| ≤ 𝐺𝑚𝑎𝑥                                                        (22) 
By taking the derivative with respect to t, we have: 

𝑉̇ = 𝑆𝑆̇ = 𝑆(𝑘1𝑒̇ + 𝑘2𝑒̈ + 𝑘3𝐷𝛼+1𝑒) = 𝑆(𝑘1𝑒̇ + 𝑘2(𝑥̈ − 𝑥̈𝑑) +

𝑘3𝐷𝛼+1𝑒) = 𝑆(𝑘1𝑒̇ + 𝑘2(𝑓 + 𝑏𝑢 − 𝑥̈𝑑) + 𝑘3𝐷𝛼+1𝑒) ≤ 𝜂|𝑆|         (23) 

By substituting equation 20 into equation 23, we have: 
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𝑉̇ = 𝑆 (𝑘1 𝑒̇ + 𝑘2 (𝑓 + 𝑏 (
1

𝑘2𝑏̂
(−𝑘 𝑠𝑖𝑔𝑛(𝑆) − 𝑘1𝑒̇ − 𝑘2𝑓 + 𝑘2𝑥̈𝑑 −

𝑘3𝐷𝛼+1𝑒)) − 𝑥̈𝑑) + 𝑘3𝐷𝛼+1𝑒) = 𝑆(𝑘1𝑒̇ + 𝑘2𝑓 −

𝑏𝑏̂−1𝑘 𝑠𝑖𝑔𝑛(𝑆) − 𝑏𝑏̂−1𝑘1𝑒̇ − 𝑏𝑏̂−1𝑘2𝑓 + 𝑏𝑏̂−1𝑘2𝑥̈𝑑 −

𝑏𝑏̂−1𝑘3𝐷𝛼+1𝑒 − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒) = 𝑆(𝑘2𝑓 − 𝑏𝑏̂−1𝑘 𝑠𝑖𝑔𝑛(𝑆) +

(1 − 𝑏𝑏̂−1)(𝑘1𝑒̇ − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒) − 𝑏𝑏̂−1𝑘2𝑓) ≤ 𝜂|𝑆|             

(24) 

 

By multiplying both sides of equation 24 by the expression 𝑏−1𝑏̂ and 

adding the expression 𝑏−1𝑏̂𝑘2𝑓 and subtracting it on the left side of 

the inequality, we have: 
𝑉̇ = 𝑆(𝑏−1𝑏̂𝑘2𝑓 − 𝑘 𝑠𝑖𝑔𝑛(𝑆) + (𝑏−1𝑏̂ − 1)(𝑘1𝑒̇ − 𝑘2𝑥̈𝑑 +

𝑘3𝐷𝛼+1𝑒) + 𝑏−1𝑏̂𝑘2𝑓 − 𝑏−1𝑏̂𝑘2𝑓 − 𝑘2𝑓) = 𝑆 (𝑏−1𝑏̂𝑘2(𝑓 − 𝑓) −

𝑘 𝑠𝑖𝑔𝑛(𝑆) + (𝑏−1𝑏̂ − 1)(𝑘1𝑒̇ − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒 + 𝑘2𝑓)) ≤

−𝑏−1𝑏̂𝜂|𝑆|                                                                                                                  (25) 
According to inequalities 25 and 22, we can write: 
|𝑆||𝑏−1𝑏̂𝑘2𝐹| − 𝑘|𝑆| + |𝑆||𝑏−1𝑏̂ − 1||𝑘1𝑒̇ − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒| ≤

−𝑏−1𝑏̂𝜂|𝑆|                                                                                                                 

(26) 

Finally, the robust stability condition can be derived as inequality 27: 
𝑘 ≥ 𝑏−1𝑏̂𝑘2𝐹 + 𝑏−1𝑏̂𝜂 + |𝑏−1𝑏̂ − 1||𝑘1 𝑒̇ − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒|    (27) 

As a result, if the gain of the switching control law is as follows, the 

nonlinear system under sliding mode control with the control law 20, 

despite the uncertainty in the functions 𝑓 and 𝑏 will be stable. 
𝑘 ≥ 𝐺𝑚𝑎𝑥(𝑘2𝐹 + 𝜂) + |𝐺𝑚𝑎𝑥 − 1||𝑘1𝑒̇ − 𝑘2𝑥̈𝑑 + 𝑘3𝐷𝛼+1𝑒|          (28) 
 
6- Experimental implementation results 
In this section, the proposed fractional-order fuzzy sliding mode 

controller (FO-FSMC) is practically implemented on a single-link 

flexible robotic manipulator to evaluate its effectiveness in real-time 

operation. To assess its performance against a widely adopted control 

approach, several different types of reference signals are used for 

testing and comparison. The experimental implementation results 

under these scenarios demonstrate that the FO_FSMC significantly 

outperforms other controller  in tracking the reference signals. 

 

6-1 Scenario Ⅰ 
To further validate the effectiveness of the proposed FO-FSMC 

controller, its performance was evaluated under a step reference input 

(at t=1 s, for an angle change from 30° to 150°) and compared with 

both the conventional PID and standard SMC controllers. The step 

input is commonly used to assess the transient behavior and steady-

state accuracy of control systems. As shown in Figures 4-9, all 

controllers were able to track the desired reference trajectory; 

however, the proposed FO-FSMC exhibited faster convergence and 

smoother transient response. The controller achieves effective results 

by combining the robust performance of sliding mode control, the 

adaptable qualities of fuzzy logic, and the unique memory properties 

provided by fractional-order calculus. In this structure, the fuzzy logic 

adaptively generates the discontinuous control term k.sign(s)  in real 

time, based on the current system state, enabling the controller to 

handle nonlinearities and sudden changes intelligently. 

Simultaneously, due to the memory-retaining property and hereditary 

characteristics inherent in fractional calculus, the controller achieves 

improved and smoother performance. As a result, the FO-FSMC 

achieves a fast-settling time, low transient error, and high tracking 

accuracy. In contrast, the classical PID controller, due to its simple 

structure and fixed parameters, fails to adapt to the system’s nonlinear 

and time-varying behavior, leading to slower response and higher 

tracking errors. 

Although the performance of the FO-FSMC and SMC controllers 

appears close in terms of transient characteristics, the quantitative 

comparison in Table 2 highlights the superior accuracy and robustness 

of the proposed method. Specifically, the FO-FSMC achieved lower 

Integral of Absolute Error (IAE) and Root Mean Square Error 

(RMSE) values compared to both PID and SMC controllers. This 

demonstrates the controller’s improved ability to suppress residual 

vibrations and reduce chattering effects while maintaining high 

tracking precision. 

 

Table 2. Comparison of the performance of the methods in scenario Ⅰ 
 FO-FSMC SMC PID 

IAE 3.438 4.257 7.834 

RMSE 10.91 12.42 16.68 

 
 
Figure 4. Step input tracking using the PID controller 
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Figure 5. Step input tracking error using the PID controller 

 

 
Figure 6. Step input tracking using the SMC controller 

 

 
Figure 7. Step input tracking error using the SMC controller 

 

 
  Figure 8. Step input tracking using the FO-FSMC controller 
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Figure 9. Step input tracking error using the FO-FSMC controller 

  
6-2 Scenario Ⅱ 
To further evaluate the dynamic performance of the proposed 

controller, a sinusoidal reference trajectory ( 𝑟(𝑡) = 60 sin(4π𝑡) +

90) was applied to the flexible-link manipulator. This test aims to 

assess the controller’s capability to handle continuous and smooth 

variations in the desired position, which closely represent practical 

operating conditions.  

As illustrated in Figures 10-15, The PID controller, constrained by its 

fixed gains, cannot cope with the time-varying dynamics of the 

sinusoidal reference. Consequently, higher tracking errors occur, 

particularly around t=1 s. while both the conventional SMC and the 

proposed FO-FSMC successfully track the sinusoidal reference with 

minimal steady-state error. The performance of the two methods 

appears quite similar in this case, as the fractional-order and fuzzy 

components primarily enhance smoothness and adaptability during 

transient changes. The tracking responses of both controllers are 

nearly indistinguishable in the sinusoidal test, confirming that the 

proposed fractional-order fuzzy design does not compromise the 

nominal performance of the conventional SMC while maintaining 

stable operation.  

 
Quantitatively, the RMSE and IAE indices in Table 3 for the FO-

FSMC are slightly lower than SMC, indicating comparable overall 

performance with improved somewhat smoothness. These results 

confirm that, even under periodic reference conditions, the proposed 

controller maintains precise trajectory tracking and stable vibration 

suppression without compromising robustness. 

 

Table 3. Comparison of the performance of the methods in scenario Ⅱ 
 FO-FSMC SMC PID 

IAE 1.534 1.585 1.955 

RMSE 2.286 3.086 3.983 

 

 

  

Figure 10. Sinusoidal input tracking using the PID controller 
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Figure 11. Sinusoidal input tracking error using the PID controller 

 

 
Figure 12. Sinusoidal input tracking using the SMC controller 

 

 
Figure 13. Sinusoidal input tracking error using the SMC controller 

 

 
Figure 14. Sinusoidal input tracking using the FO-FSMC controller 

 

 
Figure 15. Sinusoidal input tracking error using the FO-FSMC controller 
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6-3 Scenario Ⅲ 

To further evaluate the robustness and transient response of the 

proposed controller, a pulse reference trajectory was applied to the 

flexible-link manipulator. This test is particularly suitable for 

assessing the controller’s ability to handle abrupt reference changes 

and dynamic uncertainties.  

As shown in Figures 16-21, the PID controller exhibits a relatively 

large tracking error and slow response to the sudden reference change, 

primarily due to its limited robustness against nonlinear dynamics and 

structural flexibility. The conventional SMC improves the response 

significantly by reducing tracking error; however, noticeable 

chattering still appears in the control signal. In contrast, the proposed 

FO-FSMC demonstrates superior performance in this case. It achieves 

a faster convergence to the desired trajectory with smaller steady-state 

error compared to both PID and SMC. The fuzzy inference 

mechanism effectively smooths the control action, while the 

fractional-order sliding surface enhances adaptability to rapid 

transients. Quantitative results based on RMSE and IAE indices in 

Table 4 confirm that the FO-FSMC outperforms both PID and SMC, 

providing higher tracking accuracy and smoother control effort. These 

findings clearly demonstrate the advantage of integrating fractional 

calculus and fuzzy logic within the sliding mode control framework, 

especially under non-smooth reference conditions. 

 
Table 4. Comparison of the performance of the methods in scenario Ⅲ 

 FO-FSMC SMC PID 

IAE 6.58 9.32 18.32 

RMSE 16.05 19.77 27.13 

 

 

 

 
Figure 16. pulse input tracking using the PID controller 

 

 

Figure 17. pulse input tracking error using the PID controller 

 

 

Figure 18. pulse input tracking using the SMC controller 
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Figure 19. pulse input tracking error using the SMC controller 

 

 

Figure 20. pulse input tracking using the FO-FSMC controller 

 

 
Figure 21. pulse input tracking error using the FO-FSMC controller 

 

6-4 Scenario Ⅳ 

To further evaluate the controller’s performance under mixed and 

abrupt reference variations, a hybrid input was applied to the flexible-

link manipulator. The reference trajectory initially follows a 

sinusoidal signal  (𝑟(𝑡) = 60 sin(4π𝑡) + 90), to which a step input 

with a final value of 50° is added at t = 1.5 s. This test effectively 

examines the controller’s capability to handle both periodic and 

sudden changes in the desired trajectory. 
As illustrated in Figures 22-27, the PID controller shows a noticeable 

tracking error and slower adjustment after the step occurs, due to its 

limited robustness against nonlinear dynamics and abrupt reference 

changes. Both the conventional SMC and the proposed FO-FSMC 

achieve significantly better tracking accuracy and faster adaptation. In 

this scenario, the responses of FO-FSMC and SMC are approximately 

similar, both providing fast and accurate trajectory tracking with 

minimal overshoot and small steady-state error. However, the 

proposed FO-FSMC achieves slightly higher tracking precision, 

owing to the fuzzy logic inference and fractional-order sliding surface. 

Quantitative comparisons based on RMSE and IAE indices in Table 5 

confirm that both SMC-based methods outperform the PID controller, 

while the FO-FSMC provides marginal improvement in smoothness 

and overall control efficiency. 

 

Table 5. Comparison of the performance of the methods in scenario Ⅳ 
 FO-FSMC SMC PID 

IAE 1.396 1.436 2.159 

RMSE 2.336 2.455 4.561 
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Figure 22. Hybrid input tracking using the PID controller 

 

 

Figure 23. Hybrid input tracking error using the PID controller 

 

 

Figure 24. Hybrid input tracking using the SMC controller 

 

 

Figure 25. Hybrid input tracking error using the SMC controller 
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Figure 26. Hybrid input tracking using the FO-FSMC controller 

 

 

Figure 27. Hybrid input tracking error using the FO-FSMC controller 

7- Conclusion 

This study proposed a fractional-order fuzzy sliding mode controller 

(FO-FSMC) for a single-link flexible robotic manipulator, integrating 

the adaptive nature of fuzzy logic with the robustness of sliding mode 

control and the memory-enhancing characteristics of fractional 

calculus.  

The controller was evaluated under four types of reference inputs: 

step, sinusoidal, pulse, and combined sinusoidal-step. For the step 

input, the FO-FSMC achieves the lowest IAE (3.438) and RMSE 

(10.91), significantly outperforming PID (IAE = 7.834, RMSE = 

16.68) and conventional SMC (IAE = 4.257, RMSE = 12.42), 

indicating faster convergence and higher tracking accuracy. For the 

sinusoidal reference, FO-FSMC achieves the lowest IAE (1.534) and 

RMSE (2.286), showing slightly better performance than SMC (IAE 

= 1.585, RMSE = 3.086) and significantly outperforming PID (IAE = 

1.955, RMSE = 3.983), demonstrating accurate tracking for smooth 

periodic inputs. For the pulse reference, the proposed FO-FSMC 

demonstrates substantial improvement over both PID and SMC, 

achieving the lowest IAE (6.58) and RMSE (16.05) compared to SMC 

(IAE = 9.32, RMSE = 19.77) and PID (IAE = 18.32, RMSE = 27.13), 

confirming faster convergence, higher tracking accuracy under abrupt 

changes. For the combined sinusoidal-step input, FO-FSMC achieves 

the lowest IAE (1.396) and RMSE (2.336), slightly better than SMC 

(IAE = 1.436, RMSE = 2.455) and clearly outperforming PID (IAE = 

2.159, RMSE = 4.561), indicating precise and stable tracking even 

under hybrid continuous and abrupt reference variations. Thanks to 

the adaptive and intelligent tuning capabilities of fuzzy logic, the 

controller dynamically adjusts its gains in real time. Simultaneously, 

the sliding mode control ensures robustness and stability under 

nonlinear dynamics and time-varying conditions. Beyond that, the 

incorporation of fractional-order derivatives enables the controller to 

exploit the system’s memory effects, leading to improved dynamic 

response, smoother control actions, and enhanced accuracy. This 

combined approach results in fast, accurate, and stable control, 

making FO-FSMC a highly effective choice for complex, nonlinear, 

and time-varying systems. Given that fuzzy logic is a core component 

of intelligent control systems and fractional calculus has shown great 

promise in enhancing dynamic modeling and control accuracy, this 

work highlights how their integration can significantly improve the 

performance of real-world robotic systems. The proposed controller 

demonstrated faster response, higher tracking accuracy, and greater 

robustness, even despite the use of estimates in system dynamics in 

real-time implementation, confirming its effectiveness for controlling 

flexible robotic arms with enhanced accuracy and stability. 
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