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1- Introduction

The inverted pendulum on a cart is one of the most traditional and
classical control system problems, widely studied as a model for
testing and validating various dynamic systems, including
hoverboards, Maglev Systems (Magnetic Levitation Systems),
balancing Robots (e.g., two-wheeled robots) [1], and aerospace
systems. Initially, this famous system consists of a pendulum attached
to a cart that can move horizontally, allowing the pendulum to balance
at its unstable equilibrium point by controlling the cart's motion. Due
to its unstable nature and non-linearity, the inverted pendulum on a
cart has become a popular test for evaluating the performance of
advanced control algorithms. An accurate mathematical model for the
mentioned system is crucial, as it provides the foundation of our
designed controller, which is set to stabilize the pendulum and reach
the desired reference. The significance and history of this system lie
beyond academic research, with applications in robotics, aerospace,
and industrial automation, where similar dynamics are encountered.
As stated earlier, numerous studies and articles have explored various
control strategies and algorithms to stabilize the inverted pendulum on
a cart system. In terms of traditional methods, the PID (Proportional-
Integral-Derivative) controller is the first candidate that comes to
mind. Alongside PID, the LQR controller is frequently used due to its
simplicity and effectiveness in linearized systems [2-4]. For instance,
[5] demonstrated the robustness of LQR in stabilizing the system
under small disturbances. Meanwhile, the MPC controller has
consistently proven helpful due to its ability to handle constraints and
optimize control actions, as mentioned in [6-10]. As intelligent
controllers have developed over recent years, the RL has shown
remarkable assistance in controlling many complex nonlinear
systems, making it the center of attention [11-14]. However, many
RL-based studies have primarily focused on the Rotary Inverted
Pendulum system [15-17] or Double Inverted Pendulum on a Cart
[18], leaving a gap in the application of RL to the cart-mounted
inverted pendulum system.

In this paper, we intend to fill this gap by designing controllers and
comparing each output for the inverted pendulum on a cart while
having inclusive linear and rotational dampers on both the cart and the
pendulum itself, which helps make the system more realistic, using
three distinctive control approaches: LQR, MPC, and RL. The
inclusion of translational damping on the cart and torsional damping
at the pivot in the inverted pendulum system is fundamentally
motivated by the necessity to emulate real-world energy dissipation
mechanisms, thereby enhancing model fidelity. Translational
damping accounts for frictional losses between the cart and track,
while torsional damping captures energy dissipation at the pivot joint
due to material deformation and air resistance. From a dynamic’s
perspective, these damping terms stabilize high-frequency
oscillations, improve control realism and enhance disturbance
rejection by providing energy dissipation. Considering that the
dynamic model remains the same, we expect the output for each of
these controllers to be sufficiently similar. To further enhances
robustness in nonlinear operating conditions, we extend our analysis
by introducing SMC and implementing a hybrid switching strategy
between SMC and RL control. This emphasizes transient performance
and disturbance rejection in highly nonlinear conditions. Also, by
incorporating stochastic sampling techniques, Monte Carlo evaluates
a wide range of possible future scenarios, making it particularly
effective in handling data sensitivity and variability. Furthermore, we
provide a comprehensive comparison of the three methods, evaluating
their performance in terms of stability, convergence, and robustness
to disturbances.

The LQR controller has been extensively studied as a robust control
strategy for inverted pendulum systems, offering optimal performance
under well-defined dynamics. Rani and Kamlu [19] demonstrated the
superiority of LQG controllers combined with Unscented Kalman
Filters (UKF) over conventional PID and MPC methods, particularly
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in disturbance rejection. The integration of IoT for real-time LQR
control, as proposed by the Mechatronics Polytechnic of Sanata
Dharma [20], highlights the method’s adaptability to modern
technological frameworks. For hardware-aligned applications, an
unnamed study designed an LQR controller accounting for
mechanical transmission and DC motor dynamics, ensuring feasibility
for physical implementations. Further, Erkol [21] advanced LQR
tuning via the Grey Wolf Optimizer, automating weight matrix
selection to enhance stabilization. Cheng et al. [22] reinforced these
findings by systematizing LQR design principles for pendulum
control. Collectively, these works validate LQR’s versatility in
balancing precision and robustness, while underscoring ongoing
innovations in optimization and real-world deployment.

Recent advances in RL have demonstrated significant potential for
controlling inverted pendulum systems, addressing key challenges
such as model uncertainty, disturbance rejection, and adaptive
stabilization. Yildiran [23] proposed an innovative hybrid approach
that combines RL with LQR to achieve adaptive control without
relying on precise system modeling, thereby showcasing robustness to
parametric variations. Safeea and Neto [24] explored discrete-action
Q-learning for continuous pendulum control, emphasizing the critical
role of accurate simulation-to-reality transfer in RL training. For
complex nonlinear dynamics, Hill [25] employed Deep Deterministic
Policy Gradient (DDPG) to reject stochastic disturbances in a cart-
pole system with uncertain parameters, outperforming classical
methods. Liu et al. [26] extended RL applications to both swing-up
and balance control using DDPG, validating their framework through
simulations and hardware experiments. Complementing these
technical studies, an educational framework illustrated RL-based
pendulum stabilization using simplified state representations and
discrete actions, highlighting pedagogical value. Collectively, these
works highlight RL’s versatility in handling the inverted pendulum’s
nonlinearity and under actuation, while also revealing open challenges
in real-world deployment. Similarly, Bajelani [27] proposed an inner-
outer loop control architecture for unstable systems, implementing it
on both multicopters and inverted pendulums.

Furthermore, RL has recently been applied in flight control tasks to
handle actuator faults and system uncertainties without relying on
precise system models. For instance, the [28] employs a Q-learning-
based RL approach to design a fault-tolerant flight controller for a
passenger aircraft experiencing elevator actuator degradation. By
modeling the system with variable actuator gains and time delays, the
authors demonstrate that the Q-learning algorithm can adaptively
learn optimal control policies through interaction, achieving stable
performance under both nominal and faulty conditions. This model-
free strategy, similar in spirit to the RL-based control we investigate
for the inverted pendulum-cart system, shows strong resilience to
actuator anomalies and highlights the potential of reinforcement
learning in real-world control applications. These developments align
with broader trends in robust and adaptive control for underactuated
systems. For instance, Asrari et al. [29] developed a robust state-
feedback controller for Linear Parameter-Varying (LPV) systems,
validating their method on a cart-pendulum system with parametric
variations. In a more complex application, Soltani and Kamari [30]
investigated a hybrid position and force control strategy for a spherical
inverted pendulum mounted on a quadrotor undergoing constrained
motion, demonstrating advanced stabilization techniques for coupled
aerial-manipulator systems.

The key contributions of this work are threefold. First, this study
introduces a novel dynamic modeling framework for the inverted
pendulum-cart system by incorporating both torsional spring-damper
elements and cart translational damping, representing the first
comprehensive derivation of dynamic equations under these
combined realistic physical constraints. Second, we systematically
design and compare multiple control algorithms (LQR, MPC, and RL)
under small-angle initial conditions, subsequently applying them to

Volume 26, Issue 04, April 2026



244 Ali]Jalali et al.

the full nonlinear dynamics of the system. Third, building on the
performance analysis of these controllers, we develop an innovative
hybrid SMC-RL control architecture that automatically switches
between control strategies, by employing SMC during large angle
deviations and severe nonlinear regimes, while transitioning to RL
control for stabilization under small-angle conditions. This hybrid
approach represents a significant advancement in adaptive control for
underactuated systems. Through extensive simulations, we
demonstrate that the proposed hybrid controller achieves superior
performance compared to individual methods, particularly in handling
uncertainties and strong nonlinearities. This study not only advances
the theoretical understanding of hybrid control strategies but also
provides a practical framework for implementing adaptive control in
real-world applications with varying operational conditions.
Following this introduction, the remainder of this paper is organized
to present a comprehensive study of inverted pendulum control.
Section 2 develops the complete mathematical modeling of the
inverted pendulum system, deriving both nonlinear equations of
motion and their linearized approximations around the unstable
equilibrium point. Section 3 systematically details the design and
implementation of three distinct control approaches: the classic LQR,
MPC, and RL algorithms, discussing their theoretical foundations and
practical considerations. Moreover, a hybrid SMC strategy with RL
switching for enhanced nonlinear robustness is being added. Section
4 presents extensive simulation results comparing the performance of
these controllers in terms of stabilization capability, disturbance
rejection, and robustness to parameter variations. Section 5 presents a
critical discussion of the findings, highlighting the relative advantages
and limitations of each control strategy, as well as their computational
requirements. Finally, the paper concludes by identifying promising
directions for future research, including hardware implementation
challenges and potential hybrid control architectures.

2- Mathematical Modeling

This section establishes the dynamic model of the enhanced inverted
pendulum on cart system using the Euler-Lagrange formulation. The
derived equations of motion form the foundational basis for the
subsequent design and analysis of the proposed control strategies.
2-1- Euler-Lagrange Equations

Consider a cart mass M that moves along a horizontal axis x. A
pendulum of mass m and length [ is pivoted to the cart. Both the cart
and the pendulum have a damper.

Assuming that the cart moves without slipping on the surface, the
pendulum is a rigid rod with its mass concentrated at the center of
mass; A damper with a damping coefficient b, providing a resistive
force proportional to the cart's velocity X and a rotational damper with
a damping coefficient b, providing a resistive torque proportional to

the pendulum's angular velocity §. Using the Euler-Lagrange

equation:

d (0T 6T 6PE

ailom) ot on m M
where T and Py are correspondmg klnetlc and potential energy of the
system. Also x; represents the generalized coordinates (x and 8 in

this case). Equations for both kinetic and potential energies are
derived as follows:

1 7 . 5 .
T =EMJ'c2+m(25c2 +51262 —EXIGCOSH) 2)

1 5
P; = Ek92 + Emgl cos @ (3)

By applying the Euler-Lagrange equation, two coupled nonlinear
differential equations that describe the dynamics of the system can be
obtained:

5 . 5 R
M + 4m)i — Eml@ cosf + Eml@sin@ =u—bx “

7 .5 5 .
Zmlze—Emlxc056+k6—zmglsm9 =—b,0 (%)
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Fig.1) Schematics of Inverted Pendulum on cart

2-2- Linearization and State-Space Representation

As mentioned, Eq. (4), (5) These are nonlinear differential equations
of the model. Since the inverted pendulum is inherently unstable
around the upright position (6 = 0), we linearize the equations of
motion around this equilibrium point. Assuming small angles (6~0),
we approximate sin 8 ~0 and cos 6 ~1. Therefore, the linearized
equations will be the following:

5 .
(M+4m)5c'—zm19 =u—bx (6)

7 . 50 5 .
Zmlze —Emlx + k6 — Emgl@ =-b,0 (7
The linear equations can be expressed in the form of a matrix system
of equations as follows:
X =AX+BU
Y=CX+DU ®
where X =[x x @ @]" is the state vector, U is the control input
vector, also A, B, C and D are matrices derived from the linearized
dynamics. Substituting the values from the table into the equation, the
corresponding matrices could be shown as:

Table 1. Identified parameters of the Inverted Pendulum on Cart System

Parameter Value Unit
M 5 kg
1 kg
l 1 m
k 10 N/m
b, 5 N.s/m
by, 5 N.s/rad
X 0 1 X 0
Xl _ 10 0.192 —04-12 0274 X -0.04
o[=lo o o|T[ o [+ ©
] 0 2.691 1482 0988 0 —-0.54
1 0 0 O]px
o 1 0 of|x
Y=o 0o 1 0 IQ (19
0 0 0 1]t6

Finally in order to enhance the physical realism of our dynamic system
modeling, an accurate electromechanical actuator model is
incorporated. This implementation provides crucial fidelity in
simulating the torque generation and transient behavior of the cart's
actuation system. This approach bridges the gap between idealized
control signals and realistic actuator behavior in our inverted
pendulum simulations.

3- Control Algorithms

After the introductory explanations and system modeling, we proceed
to its control. In this paper, LQR, MPC, and RL algorithms followed
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by hybrid SMC-RL controller for nonlinear conditions are employed
to design a controller for the system.

3-1-LQR

LQR is a commonly used optimal control algorithm for linear systems.
Its primary advantage is to minimize the quadratic cost function that
balances the trade-off between state deviations and control effort.
Note that this cost function consists of two integral terms: the first
term accounts for the system output error, and the other is associated
with the energy of the control signals. The mathematical formulation
of LQR control is expressed as follows:

J= fm((X —X)TQX — X,) + UTRU)dt (1
0

Where Q and R are the weight matrices for state and control errors,
respectively, the LQR control system is optimized by solving the
Riccati equations as follows:

AP + PA — PBRIBTP + Q = 0 (12)

Where P is the symmetric matrix of the optimizer, R~ represents the
inverse matrix of measurements (control weight). The control matrix
K is as follows:

K = R7'BTP (13)

Using K, the optimal control can be calculated as follows:
U=-KX-Xy) (14)
These optimal control inputs can provide appropriate state feedback
for the dynamic system states.
3-2- MPC
Model Predictive Control is one of the advanced methods of process
control that has gained widespread popularity for its ability to handle
complex, multivariable systems with constraints. Despite its
computational complexity, advancements in optimization algorithms
and computing power have made MPC a practical and powerful tool
for modern control challenges. Unlike traditional control methods,
MPC calculates the optimal signal corresponding to each input by
considering the constraints. It predicts the future by making use of the
input and output values of the preceding state over a specified time
span. At each control interval, an optimization problem is solved to
determine the sequence of control actions that minimizes a predefined
cost function while satisfying system constraints. The discrete-time
state-space system is presented below: [31]

X(k+1) = AX(k) + BU(k) (15)
Y(k) = CX(k) + DU (k)

In which X € R™ is our system state vector, U € R™ is the calculated
control input vector, ¥ € RP is the output vector, A € R™™ is the state
matrix, B € R™™ is the input matrix, C € RP*™ is the output matrix,
and k denotes the sampling number.

KXnx1 Uk + 1K) = ApynXnx1 (k1K) + Brsm U1 (k|i)

X(k + 2|k) = A%X(k|k) + ABU(k|k) + BU(k + 1]k)

X(k + N, |k) = AN X (k[k) + AN=1BU (k|k) (16)
+ -« ANp=NeBU (k + N, — 1|k)
Xan><1 = FanXanxl(klk) + d)anmeEUmchl
Where X and U are predicted state and predicted input vectors:

X(k +1]k) U(k + 1lk)
¥ = X(k-lz—2|k) U= U(k-|:—2|k) a7
X(k + Ny|k) U(k + Nylk)
And F and @ are defined as follows:
A
| 2 |
F= ’ (18)

ANp—l

N,
A'p nNpxn
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B 0 . 0
b = A.B B _
: : 0
AprlB AN;,*ZB ANp—NEB anmeC
Prediction input-output is written as:
Y(k +1]k) = CX(k + 1]k)

Y(k + N,|k) = CAN». X (k|k) + CAN"*BU(k|k) (19)
++ CAYNeBU(k + N, — 1]k)
Yonpx1 = Fpran(klk)nxl + 5pr><mNCU
where F and @ are defined as follows:

cA
— 2
F=|CA

CANP Ly
CB 0
CAB B

(20)

l

=

=10

CAM™1B  CAM™2B CAN»™NeBl oy xmn,

The quadratic cost function is defined as:
J2 X=X (k4 Nplk)P(X — X)) (k + Np|k)

+ Z (X = X"k + ill)QX — X)(k + i]k)
i=1 N

+Z UT(k +j — 1IORU(k + j — 1]k)
j=1
Another representation of the above function is:

= B UTHU + (X = X,)" (k|k)MU
+ % X — X )T (kl)N(X (22)

= Xa)(klk)
where H =2(®¢TQ® +R) , M = 2FTQF and N = 2FTQ® . The

cost function is minimized in the control process.
MPC Controller
Control Actuator
Signal i

Reference

States

Fig.2) Schematics of MPC control algorithm

3-3-RL

RL is a cutting-edge approach in control engineering, where an agent
interacts with a dynamic system and periodically receives rewards. In
contrast to most classical control methods, RL does not require a
precise mathematical model of the system. Instead, it relies on trial
and error, where a software agent makes observations and takes
actions within an environment, and in return, it receives rewards. The
main objective in reinforcement learning is to maximize its expected
long-term rewards.

In controlling dynamic systems, RL offers significant advantages,
such as adaptability to changing environments and the ability to

handle high-dimensional state and action spaces.
The dynamics of the system are characterized by a 4-state linear
system articulated as follows: [28]

Xis1 = AXy + BU, (23)
where X € R* is the state vector that includes linear

position/velocities, angular position/velocities. Also U € R is the
control input vector. A € R*** is the system matrix and B € R**! is
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the control input matrix. The optimal control policy in a model-free
reinforcement learning approach is based on observed samples of
outcomes to maximize expected rewards, which are then employed in
Q-learning. The main goal of Q-learning is achieving a policy,
denoted as m(s), which aims to establish a mapping from states s to
optimal actions a with targeting the maximum expected cumulative
reward in the future.
J(@) = E(R  + YRy +Y?Rppp + ) (24)

Here, R, represents the reward at time ¢, and y is the discount factor
accounting for future rewards. The optimal Q function Q* (s,a)
adheres to the Bellman equation:

Q" (s,a) = E[R, +ymax, Q" (s',a") ] 25

where s’ denotes the next state after action a is taken in state s. The
Q-learning algorithm initializes Q(sy, a;)values arbitrarily and refines
these estimates through iterative updates:
Q(spar) « Q(spar) + alR, + ymax,Q(se41, ar)
—Q(sp, a)]
Here, a is the learning rate, and experiences in the form of (s, a, R,
s') are sampled to update Q.

(26)

3-4- SMC

SMC is a robust nonlinear control strategy designed to cope with
system uncertainties and external disturbances. The fundamental
principle relies on the definition of a sliding manifold s(x,t) = 0,
designed such that the system exhibits reduced-order stable dynamics
once the states reach this manifold. For a control-affine system of the
form:

x(0) = f(x,0) + gCx, Ou(®) +d(0) @n
with state x € R*, input u € R, and bounded disturbance d(t), the

sliding variable is typically expressed as a linear combination of the
states, for instance:

s(x,t) =cTx(t); ceR* (28)
The derivative of the sliding variable is:
a a
§= 2 (FEO+gEmOu® +d@)+ 5. (29

To maintain trajectories on the manifold, an equivalent control is
defined as:

-1
ds ds ds
ueq = _<$g(x‘t)> [a f(x:t)+a] (30)
However, in the presence of disturbances, the complete law becomes:
U = g — K sign(s) @31

where K > 0 is selected such that K > A, with A donating the upper
bound on the disturbance term projected along the sliding surface. The
stability of the sliding motion can be verified using the Lyapunov
function candidate:

1 .
V(s) = ESZ' V=ss$ (32)

Substituting the control law yields V < —(K — A)|s| < 0, ensuring
finite-time convergence of s to be zero. Once on the manifold, the
reduced-order dynamics are governed exclusively by the equivalent
control, guaranteeing robustness and trajectory invariance to
uncertainties.

In practice, the discontinuous nature of the sign(s) function induces
high-frequency oscillations, known as chattering, which can excite
unmodeled dynamics and degrade performance. To mitigate this
effect, boundary-layer methods employ a continuous saturation
function, while advanced strategies such as Higher-Order SMC (e.g.,
the super-twisting algorithm) generate continuous control signals that
preserve robustness. These improvements extend the applicability of
SMC to domains such as robotics, power converters, process control,
and aerospace systems, where both precision and robustness are
critical. The Fig.3 shows the control schematics as below:
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Learning
Algorithm

Change of State
Policy

Reference

State Feedback

Fig.3) Schematics of SMC-RL control algorithm

4- Results and Simulations

In this section, we present the results obtained by implementing our
designed control algorithms on the inverted pendulum system
mounted on a cart, as reported through simulations using
MATLAB/Simulink. The effectiveness of the proposed control
strategies, as mentioned in the previous section, will be thoroughly
assessed in terms of stabilizing the system, specifically LQR, MPC,
and RL.

The simulations were carried out under specific initial conditions. For
example, the pendulum was set at small angles close to the vertical
position to evaluate stability in the near-equilibrium point. More to
mention, different sorts of initial conditions, such as the cart's initial
position and velocity, besides the pendulum’s initial angle and angular
velocity. The diversity in initial conditions, aside from assuring the
effectiveness of our designed controllers, helped to analyze the
system's behavior and response in multiple variations of initial
conditions.

Applying the mentioned control algorithm to the plant gave us
fascinating outputs. Despite having three controllers, each having
completely different insights, the results seemed relatively too close
to differ. Although LQR achieved a great deal in terms of stability and
rapid convergence in regulating the output, while providing optimum
control gains, it faced difficulties in terms of external disturbances and
meeting the constraints. On the one hand, MPC demonstrated
excellent performance in constrained environments, proving its
effectiveness in predicting future states and related control actions.
However, on the other hand, its complex mathematical computations
require higher processor memory limits, making it less suitable for
real-time applications. Lastly, it is worth mentioning that RL requires
a considerable amount of time and training to achieve an adequate
performance level.

5 Controller Differences Comparison
Rl

Error
1

—©— klqr - kmpc
-1+ |=@ Kqr-kRL
kmpc - kRL

X x dot theta theta dot

States

Fig.4) Comparison of different algorithms outputs
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As illustrated in Fig.4, the slight difference between the control gain 0 # State Compression
algorithms shows that both MPC and RL are close to optimal control ’ I b : - - I ‘
gains. Also Fig.5 and Fig.6 clearly show that all three control 0.5 \\\
strategies demonstrated satisfactory performance in stabilizing both 0.4 0.2 \~\
linear and nonlinear dynamic equations of the inverted pendulum on 03 0.01 - i
a cart system. Upon closer examination, one can detect the differences .
in the response's behavior. The MPC illustrated a slight overshoot in = 027 q |
its responses, which can be attributed to its defined weight matrices £ o1y H2g 114 116 118 ]
and reliance on the input control signals. While this overshoot does = ol
not significantly affect the plant's performance, it helps to detect the 01l |
system's limitation in achieving stability, especially in the presence of
: - L 0.2 ,
external disturbances or dynamic uncertainties.
In contrast, the RL achieved results that were notably more 03¢ 1
satisfactory. Considering that RL can adapt the system's dynamics 204 ‘ s . ‘ ‘ s s
through learning, rather than relying on fixed models or assumptions, 0 b 10 15 . 20 © % 30 3 10
e (S

its superiority in control and performance becomes readily apparent.
These findings emphasize the advantages of RL in handling the plant's
dynamic systems, while also highlighting the trade-offs associated
with the other control methods mentioned, LQR and MPC.

Fig.7 through Fig.10 demonstrate that all four states are simulated
with a minor difference, which is extremely small. This makes it clear
that the three control algorithms have achieved the same results using
three different methods. To demonstrate how minor the state
differences are, Fig.11 is illustrated, which explains that all states are
close enough to be considered identical. Furthermore, it is notable that
although the differences can be regarded as negligible, at the
extremum points, the error reaches its peak. Control signal output is
shown in Fig.12 as well.

Fig.9) 6 State Compression in sample of time
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Fig.11) State Error in sample of time

Table 2. States comparison under different control strategies

Rise ti Settli
Parameter Strategy 15?5)1me tifnel?sg; Max Min

LQR 7.969 19.427 2.3940 9.2649

Cart MPC 8.096 19.558 2.1076 -9.0489
Position

RL 7.969 19.427 2.3949 -9.2666

LQR 3.951 19.427 3.0895 4.0769

Cart MPC 3.928 19.427 2.9391 -4.0315
Velocity

RL 3.951 19.427 3.0895 -4.0769

LQR 0.733 19.427 0.6000 203882

Pe:d“ll“m MPC 0.716 19.427 0.6000 0.3814

ngle

€ RL 0.733 19.427 0.6000 -0.3882

Pendulum LQR 0.343 19.427 0.1864 20,6414

Angular MPC 0353 19.427 0.1812 0.6571

Velocity RL 0.343 19.427 0.1864 0.6414

Fig.13 depicts the temporal activation of RL and SMC within the
hybrid scheme. A value of 0 corresponds to RL dominance, while 1
indicates SMC operation. After disturbing the system from its
equilibrium point, initially the controller relies entirely on SMC to
rapidly stabilize the system, and after approximately 6 seconds, the
blending factor transits to RL, reflecting a handover to a more robust
mode. Fig.14 and Fig.15 demonstrate states and control signal outputs
under the hybrid controller. Primary transitions induced by SMC
generate bounded oscillations in the states, especially in the pendulum
angle and angular velocity. Following the mode switch to RL, the

Modares Mechanical Engineering

states converge smoothly toward zero with noticeably reduced
overshoot, confirming the effectiveness of the hybrid strategy. The
hybrid controller efforts to stabilize the system under input saturation
constraints ( |u| < 50 N). At first an initial high-amplitude input is
applied to counteract large deviations, followed by a markedly
smoother control signal, indicating successful chattering mitigation
and stable closed-loop behavior.

Control Signal

-30 . . .

0 10 20 30 40
Time (s)

Fig.12) Control Signal output in sample of time

Mode Blending (0=RL, 1=SMC)

Mode

0.4 1

0.2 .

L L L L L L L

Time (s)
Fig.13) Mode blending between RL and SMC in sample of time

Hybrid SMC — RL Control

States

-10 . . .
0 5 10 15 20 25 30 35 40

Time (s)

Fig.14) Hybrid states output in sample of time
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Control Input
50 r T T T T

40 1

230 - ]

-40 - 8

_50 L L L L L L L
0 5 10 15 20 25 30 35 40
Time (s)

Fig.15) Hybrid control signal output in sample of time

Table 3. SMC-RL control strategy performance

Parameter Risc time s.emmg Max Min
(s) time (s)
C?I? 4.184 37.009 2.0875 -5.4244
Position
Can‘ 4.210 10.350 1.7330 -4.3292
Velocity
Pendulum
0.650 12.700 5.6250 -1.1244
Angle
Pendulum
Angular 0.187 14.200 7.0959 -8.9384
Velocity

Using the Monte Carlo method, extensive training and evaluations
were performed by 80 simulations, each with different initial
conditions from one another. These simulations were conducted after
the RL agent had been fully trained and had learned the control policy.
The output data from the simulations were evaluated by their mean
and standard deviation. As it is evident in the Fig.16 and Fig.17 Monte
Carlo simulations demonstrate that the mean performance remained
consistent throughout these 80 simulations, with minimal variation,
illustrating that the system's behavior can be considered a stable and
reliable response under a diverse range of initial conditions.
Additionally, the low standard deviation further confirms that the
control strategy was not sensitive to changes in the system's initial
state. The effectiveness of this method in handling robustness and
uncertainties makes this algorithm a suitable choice for implementing
this controller on the plant, where the initial conditions have no
specific constraints to be controlled.

10° State 2

Mean Value

x10% State 3

Mean Value
Mean Value

Fig.16) State's Mean Value after RL training
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State 1 x10% State 2

Standard Deviation
Standard Deviation

State 3 State 4

Standard Deviation
‘Standard Deviation

Fig.17) State's standard deviation after RL training

Eventually to ensure the validation of the stability properties of the
controlled system, a Lyapunov-based stability analysis was
conducted. The Lyapunov equations used in the stability proof are
provided in Equation (32). The results confirm that the closed-loop
system satisfies the necessary conditions for asymptotic stability
under the proposed control scheme. This theoretical assurance is
strongly supported by the empirical evidence from Monte Carlo
simulations. For data-driven learning algorithms like RL, numerical
verification through extensive simulations is the most practical
approach to demonstrate stability. The conjunction of Lyapunov
theory and statistical Monte Carlo evidence provides a comprehensive
verification of system robustness and reliable performance. The
conjunction of Lyapunov theory and statistical Monte Carlo evidence
provides a comprehensive verification of system robustness and
reliable performance.

Lyapunov stability analysis
30 0

25

20

0 10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)

Fig.18) Lyapunov stability analysis

5- Conclusion

This work investigated LQR, MPC, and RL controllers on an
enhanced inverted pendulum system with torsional spring—damper
and cart damping. Simulations showed that although these controllers
differ in formulation, their performance in the linear region was
similar, with settling times difference of about 0.7%, maximum
overshoot variation 1.6% for cart position and 2.3% pendulum angle,
and steady-state angle errors under 0.5°. However, under nonlinear
conditions and large initial angles, LQR, MPC and RL exhibited an
inability to control and sustain accuracy while maintaining stability
only up to initial angles of about 45-50°.

To overcome these limitations, a hybrid SMC-RL controller was
developed, achieving significantly improved robustness across
nonlinear regimes. The proposed approach successfully stabilized the
pendulum from initial large angles up to 120°. Future work will focus
on hardware-in-the-loop validation and extending the method to more
complex underactuated systems.
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