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Accurate state estimation in INS/GNSS integrated navigation is critical, and its most common implementation, the
Extended Kalman Filter (EKF), is highly dependent on the tuning of its process noise covariance matrix (Q).
Conventional tuning methods, such as those based on stationary Allan-variance (AV) analysis, often fail to capture
sensor behavior under real-world dynamic conditions, leading to filter inconsistency, sub-optimal accuracy, and poor
dynamic response, such as overshoot upon GNSS re-acquisition. This paper proposes a novel, data-driven offline
framework to optimize Q. Our approach parameterizes the continuous-time covariance (Qc) using four physically
meaningful scalars and tunes them using a hybrid Particle Swarm Optimization and Genetic Algorithm (PSO-GA). The
optimization minimizes a performance-based objective function: the mean trajectory-wide Root Mean Square Error
(RMSE) evaluated over a comprehensive set of sliding, pure-INS windows. Experimental validation on a real-world
dataset demonstrates that the proposed tuning framework significantly outperforms conventional Allan-variance based
tuning. Specifically, it reduces the mean terminal position and attitude errors by 52% and 84%, respectively, while
simultaneously tightening the estimated error bounds by 59% and 82%, indicating superior filter consistency and
robustness. Critically, in a simulated GNSS outage-and-recovery scenario, the proposed filter exhibited rapid, stable
convergence without any overshoot, a significant improvement over the AV -tuned filter which suffered from severe
overshoots. By directly linking the Q matrix parameters to observed navigation performance, this work provides a
practical and robust methodology for EKF tuning.
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1- Introduction

Tri-axial accelerometers and gyroscopes, integrated as an Inertial
Measurement Unit (IMU), provide self-contained, high-rate
measurements of specific force and angular rate and constitute the
core sensing modality of strapdown inertial navigation across
platforms. Yet their measurements carry stochastic errors (time-
varying biases, random walks, colored noise) that are integrated
during dead-reckoning, causing position, velocity, and attitude to drift
with time. To arrest this growth, IMU data are routinely fused with
absolute observations from GNSS in an Extended Kalman Filter
(EKF), leveraging complementary strengths: short-term, high-
bandwidth stabilization from the Inertial Navigation System (INS)
and long-term, bounded accuracy from GNSS.

The effectiveness and even stability of this fusion hinges on how the
filter models uncertainty. In practice, the process-noise covariance Q
must be carefully tuned so that the INS prediction reflects realistic
sensor noise and bias driving terms. Tuning Q is difficult for three
reasons. First, IMU datasheet parameters are obtained under
laboratory conditions and often deviate from in-field behavior.
Second, once deployed, the apparent noise characteristics vary with
operating  conditions;  vehicle vibration, temperature, and
environmental factors such as road quality can alter the sensor’s
observed noise statistics. Third, manual trial-and-error offers no
guarantee of appropriate Q tuning.; a mis-tuned Q yields
inconsistency, slow convergence, or outright divergence.

This review surveys recent work along four complementary strands:
(i) model-based, offline tuning for EKF-based INS/GNSS integration;
(i) adaptive/online estimation of process and measurement
covariances; (iii) data-driven and metaheuristic strategies for tuning;
and (iv) alternatives to EKF, notably factor-graph formulations.
Within this structure, we position our contribution—a trajectory-level
RMSE-driven tuning of Q using a hybrid PSO-GA search—as a
bridge between static noise characterization and performance-linked
tuning, complementing model-grounded approaches while addressing
practical gaps in consistency and convergence under real operating
conditions.

Model-based EKF tuning for INS/GNSS has shifted from ad-hoc hand
setting toward data-linked procedures. For instance, structured
frameworks have been proposed for tuning EKF parameters in both
direct and indirect INS/GNSS integration, emphasizing the centrality
of matching Q/R to sensor statistics and operating conditions [1].
Complementary work incorporates pseudo-measurement design or
scenario-informed rules to stabilize tuning when GNSS is degraded;
e.g., a multi-step pseudo-measurement adaptive KF improves
robustness to environmental variability [2]. These studies collectively
argue that principled tuning of Q materially affects consistency,
convergence, and accuracy in integrated navigation.

A second strand adapts covariances online. Innovation-driven
covariance matching and related adaptive methods continue to be
extended to tightly coupled INS/GNSS and tracking sub-systems,
showing tangible gains over fixed covariances in dynamic or weak-
signal regimes [3,4]. Beyond conventional EKF structure, adaptive
EnKF formulations and invariant EKFs with EM-style noise
estimation have been explored to improve stability under
nonlinearities and model mismatch [5,6]. Together, these works
motivate tuning Q to data—either continuously online or via
repeatable, data-driven offline procedures—rather than relying on
static, a priori settings.

Noise characterization remains the bedrock for credible Q models.
Recent Allan-variance (AV) analyses compare multiple MEMS
grades and highlight how real-world noise departs from laboratory
datasheets, underscoring the gap between nominal specs and field
behavior [7]. Some studies revisit stochastic IMU modeling and
reiterate that tuning should be anchored to statistics that reproduce the
observed Allan signatures and operational conditions, not just static
bench tests [8]. Our approach leverages this insight by parameterizing
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Q with a small set of physically meaningful scalars
(accelerometer/gyro white noise and bias-drive terms) and judging
each candidate by trajectory-wide RMSE under realistic motion.

A third line uses data-driven search and metaheuristics to tune Q (and
sometimes R). Although many applications lie outside navigation,
recent results consistently show that evolutionary search can reconcile
accuracy and consistency without brittle heuristics: PSO/gradient
hybrids for EKF noise estimation on vehicle data [9]; multi-objective
GA tuning of EKF covariances for consistent state estimation [10];
PSO-assisted adaptive EKF and other metaheuristic variants for real-
time parameter adjustment [11-13]. This evidence supports our choice
of a hybrid PSO-GA: PSO concentrates the search rapidly [14]; GA
injects diversity to avoid local minima [ 15]—an effective combination
for a four-parameter, nonconvex Q-tuning landscape scored by RMSE
and consistency metrics.

Finally, several works compare EKF-based INS/GNSS with factor-
graph optimization (FGO). A widely cited study shows that FGO can
outperform EKF in challenging settings by exploiting historical
correlations and iterative re-linearization [16], with subsequent
comparisons and extensions reporting accuracy/robustness gains in
automotive and maritime contexts [17-19]. Efficient FGO variants
continue to mature the tooling, though they often carry higher
computational and implementation overhead than EKF [20,21]. In
practice, EKF remains attractive for embedded real-time fusion—
provided Q is well tuned—a perspective echoed in recent best-practice
guidance for navigation filters [22]. Our contribution targets this
practical gap: we keep the real-time EKF architecture but tune Q from
data via an RMSE-based objective measured on sliding pure-INS
windows initialized from an INS—GNSS reference, thereby linking the
process-noise model directly to observed navigation performance and
filter self-consistency.

Unlike prior metaheuristic tuning approaches that typically minimize
innovation-based metrics or global estimation error (often masked by
frequent measurement updates), our contribution introduces a pure-
INS sliding-window objective function. This formulation explicitly
evaluates the accuracy of the instantaneous state estimation,
particularly the sensor biases, at every time step. Since inertial sensor
biases are relatively stable over short intervals due to thermal inertia,
any significant drift within a window is directly attributable to errors
in the initial bias estimate. Therefore, minimizing the trajectory-wide
windowed RMSE explicitly targets prediction drift and forces the
filter to maintain precise state estimates continuously, ensuring
reliable performance during GNSS outages rather than merely fitting
the measurement updates.

2- System Model and Problem Statement

This section formalizes the navigation model and the estimation
problem used in the rest of the paper. We first fix notation and
coordinate frames, then summarize the strapdown INS mechanization
for position, velocity, attitude, and sensor-bias dynamics. Next, we
introduce the measurement models for GNSS and a lateral body-
velocity constraint used as aiding. A centralized, error-state Kalman
filter is then stated in continuous and discrete time. Finally, we define
a compact, four-parameter block-diagonal parameterization of the
continuous-time process-noise covariance Q., along with its mapping
to the discrete-time Qq4; these parameters constitute the decision
variables later optimized by the hybrid PSO-Genetic scheme.

2-1- Frames and Notation

We adopt four reference frames: inertial frame (i-frame), Earth-
centered-Earth-fixed frame (e-frame), navigation frame (n-frame) —
the local North—East-Down (NED) coordinate frame— and body (b-
frame). A superscript denotes the frame in which a vector is resolved
(e.g., v"* is velocity in n-frame). The direction-cosine matrix from
body to navigation frame is C}}, parameterized by the unit quaternion
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qj- Angular rates use the compact form wg, (rate of x with respect to

y), resolved in the z-frame indicated by the superscript. These
conventions are used consistently in what follows.

2-2- INS Mechanization

The strapdown INS mechanization propagates position, velocity, and
attitude from IMU measurements. The INS state vector x is defined
as:

x = [ v", qp]” M

where 1™ = [@ A h]" denotes the geodetic position (latitude,
longitude, altitude), v* = [Vn Ve Vp]Tis the velocity in NED
frame, and qj is the unit quaternion representing the body to
navigation rotation. The nonlinear strapdown mechanization then
reads:

D~ ty™
M Cr(f? = by) — el + wl) X v + g"
1:771 — b a ie en (2)
qn

1, 0
| qu®[wfz—bg—wf’n] ]

where Cj is the direction—cosine matrix obtained from the unit
quaternion q}, f® and wY are the IMU specific force and body
angular rate, D maps the velocity in NED, v, to the geodetic rates, g"
is gravity in the n-frame, and b, and b, are the accelerometer and
gyro biases, respectively. The inverse map D™ converts geodetic
rates back to velocity and, for a local ellipsoidal Earth model, is as
follows:

[1 1

|M+h 0 0 I
= 1 3)

l 0 (N + h)cosgp 0 J

0 0 -1

Here M denotes the meridian radius of curvature and N denotes the
prime-vertical radius of curvature of the reference ellipsoid. For
further details, see [23,24].

2-2- Extended Kalman Filter Formulation

We employ an Extended Kalman filter (EKF) as the estimator that
fuses strapdown INS propagation with absolute measurements from
GNSS. The filter is formulated in the error state, which collects
navigation errors and inertial-sensor bias errors as:

5x = [&1", 6", 50,8, b, ] “)

where 6r™ and 6v™ are the position and velocity errors in the n-frame,
60 is the small attitude error, representing the roll (6¢), pitch (6§6) and
yaw (8y) errors, and 8b,, 6bg are the accelerometer and gyroscope
bias errors. The attitude of the nominal solution is kept in the unit
quaternion qf, while 86 represents a small-angle correction to that
quaternion. The continuous-time linearized error dynamics in general
form are written as:

8% =F8x+Gw, w~N(0,Q,) ®)

where F(t) is the error-dynamics matrix obtained by linearizing the
INS mechanization, G(t) is the noise input matrix, and w(t) collects
the white driving processes associated with inertial sensor noise and
bias drift. The driving processes are zero-mean and mutually
independent, with continuous-time covariance Q.. Over the sampling
interval At, the model is discretized to obtain the state-transition
matrix @, =~ 1+ FAt and the discrete process covariance Qg
consistent with Q. and At. For real-time deployment of the Kalman
filter, the continuous-time model is discretized over a constant
sampling interval At; the resulting discrete-time state, measurement
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equations and the discrete-time process covariance from continues-
time process covariance obtained from below relations. This
formulation assumes the resulting discrete process noise wy, and the
measurement noise v, are mutually uncorrelated.

Oxpy1 = DOy + Gewy,  w~N'(0,Qq) (6)
6z, = Hidxp + v, vp~N(0,Ry) (@)
Qq = GQ.GAt (3)

In the Kalman filtering process [25], at each filter step, time
propagation advances the error state and its covariance from time k —
1 to k using the linear transition computed from the current nominal
state and the sampling interval. This yields the prior (predicted) error
estimate and covariance that represent the uncertainty accumulated
during propagation:

Oxyp—1 = 0% = PpeOxpe_yqj—1 )
Pec1 = Po = FPeqjeoa Fy + GQi Gy, (10

When a GNSS measurement is available, it is incorporated through a
linear measurement model of the following form.

Z0NSS = H, 6x + vgNSS (11)

where Hy, selects the observed components (typically position in the
n-frame), and vgNSS
innovation r;, compares the actual measurement against its prediction
under the prior error estimate, computed from Eq. (12) and the
innovation covariance is calculated from Eq. (13). The Kalman gain
maps the innovation into a correction on the error states as formulated
in Eq. (14). Finally, the error states and covariance matrix are updated

through Eq. (15-16).

is zero-mean with covariance R$NSS . The

Iy = Zx — Hp 6%y, (12)
Sk = H, P HY + RENSS (13)
Ky = P HgSi! (14)
8y = O%F = 8y + Kie(2z — He8xpppe—1) (15)
Pej = B! = (I - K H)Pr (1 — KeH )T + K RKE (16)

In Eq. (9-16), X € R"™ denotes the state estimate and P is the
estimated error covariance matrix. The superscripts “—” and “+”
indicate a priori (predicted) and a posteriori (corrected) quantities,
respectively. The covariance update in Eq. (16) employs the Joseph
stabilized form, which helps ensure that P} remains positive
definite.

2-3- Problem statement for Q tuning

This subsection formulates the identification of the process-noise
covariance used by the INS/GNSS filter. The measurement covariance
R$NSS is read from the receiver; the goal is to determine a discrete-
time process covariance Qq that captures inertial sensor noise and bias
driving terms while yielding consistent fusion performance.

We adopt a structure in which each 3%3 block is an identity scaled by
anonnegative scalar. This reflects the statistical independence of noise
processes across the orthogonal axes of the tri-axial accelerometer and
gyroscope sensors [26,27]. The decision vector is defined in Eq. (17),
where the entries are constant (time-invariant) parameters for
accelerometer noise, gyro noise, accelerometer-bias driving, and
gyro-bias driving, respectively:

S = [Sa Sg Sbg Sba]T (17)

Q= diag(SaI3J Sglz, Swglas Sbal3) (18)
Although the framework permits optimizing a full matrix to account
for potential cross-correlations, a diagonal structure is adopted here
assuming independent noise across orthogonal axes.
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2-4- Monte Carlo Evaluation Protocol

The randomized evaluation used to score each candidate process
covariance proceeds as follows. For a given Q4 from Eq. (8,18) we (i)
build a reference trajectory by running the INS—-GNSS EKF with Qg,
(ii) perform multiple pure-INS over sliding windows initialized from
that reference, and (iii) aggregate window errors across trials.
Throughout, we use sampling frequency f; = 100 Hz, window length
twin = 300 s and sliding time size hy,, = 1's. With these definitions,
the schedule uses strongly overlapping windows. The window
selection and sliding-window are illustrated in Fig. 1.

Let T = {1, ..., Nz} index Monte Carlo trials and W the set of sliding
windows. Convert timing to number of samples via below relation.

nhop = lhhopfsJ (19)
If k,, is the starting sample of window w, then its index set is
Ky =tk kw+ 1, ., Ky + 1y — 1} with kg = kyy + 1y,
At the start of each window, the pure-INS state is initialized from the
INS-GNSS reference at k,, ; the winAllan variancedow is then
propagated using only IMU data with Eq. (2).

[ Fiew | [ Tk ]

Nwin = I.twinfsJ:

| Vi, | | Vi, |

| O, :l O, I (20)
by k,, by K,

|‘ba'kW INS |‘ba'l‘{WJ'refe'rence

In Eq. (20), the pure-INS window inherits the instantaneous bias
estimates (Bg, b,) from the reference trajectory at time k,,. During
the short window duration (t,,;, = 300s), these biases are held
constant. This assumption is justified by the thermal inertia of the
sensors, which prevents rapid bias shifts over short intervals.

We adopt Root Mean Square Error (RMSE) as the scoring metric
because minimizing this error indicates that, in the reference
trajectory computed with the candidate Q., the INS/GNSS fusion is
consistent and the filter converges rapidly. Each window inherits its
initial condition from the reference; therefore, lower RMSE implies
that the reference states (position, velocity, attitude and biases) have
been well estimated under that Q.. Position RMSE for trial t and
window w is computes as follows:

1 f 2
RMSEV(Vt) — |j<- | Z ||r;1.INS _ rLL,re erene”2 (21)
W keXyy

The scalar objective function used for tuning Qg is the mean RMSE
over all windows and trials:

_ 1 ®
J(s) = ITIIWIZ > RMSE; 22)

teT wew

where | - | denotes the cardinality, or the total number of elements.
We chose RMSE because it is trajectory-wide and largely maneuver-
agnostic. A single final terminal-error metric can fluctuate with path
geometry, trial duration, and random noise realizations, making it an
unstable indicator. By aggregating pointwise discrepancies over the
entire trajectory (and across sliding windows), RMSE provides a
more statistically robust measure of navigation accuracy for the
pure-INS solution initialized from the INS—-GNSS reference.

It is worth noting that while the objective function J(s) is explicitly
defined based on position RMSE, it implicitly constrains the velocity
and attitude errors as well. Due to the integrative nature of INS
mechanization, any persistent error in velocity, attitude, or sensor
biases inevitably propagates into a growing position drift over the
window duration. Therefore, minimizing the position RMSE
effectively enforces the accuracy of all coupled upstream states
without requiring a multi-objective formulation with arbitrary
weighting factors.

We also assess filter consistency using its internally estimated
uncertainty. At each time step, we take the one-sigma envelope from
the diagonal of the predict-stage error covariance P (i.e., propagate
P with pure-INS according to Eq. (10)). This self-reported envelope
indicates how well the filter represents its own estimation error. The
tuned continuous-time process covariance Q. directly governs the
growth of the prior covariance and therefore this metric. If the filter’s
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Fig. 1 Sliding-window selection and indexing for the Monte Carlo
evaluation

Start Updeiebce Sort Particles End
Particle

Crossover & Yes
[emmero | [ et |
Update Particle Compute J(s) for Treration endsd
New Particles
Nor

Velocity & Position
Fig. 2 Hybrid PSO-GA optimization workflow. The process initiates with
200 particles within the defined bounds. In each iteration, particles update
positions via PSO dynamics to minimize the trajectory-wide RMSE
objective function, /(s). To prevent stagnation in local minima, a Genetic

Initialize Particles

Algorithm operator is applied to the worst-performing subset of particles,
utilizing crossover and mutation. This hybrid cycle repeats for 70 iterations
to ensure convergence to the optimal Q. parameters.

Table 1 hyperparameters of PSO-GA optimizer
Group Name Value Note
Minimum Value  [107%, 1072, 107%¢, 10715] Lower bounds for s

B Maximum Value [1072,107%,107%, 107°] Upper bounds for s
Max Iterations 70 Iterations
Population Size 200 Number of particles
b1, P2 2.05,2.05 Pre-constriction gains
PSO X 0.72984 Constriction Coeff.
C1,Cy XP1, XP2 Cognitive/Social
W, Waamp X, 0.99 Inertia, Damping Ratio
a 0.02 Max Velocity
De 0.2 Crossover rate
GA B 0.2 Blend range
T 0.2 Mutation rate

predicted uncertainty is commensurate with the actual error (ideally
slightly conservative, with only rare exceedances), that agreement
serves as an additional, practical criterion indicating that Q. is well
tuned; A marked discrepancy between the estimated uncertainty and
the actual error indicates a mis-tuned Q., resulting in either over-
estimation (Q. is too large) or under-estimation (Q. is too small).

2-5- Hybrid PSO-GA Optimization

We use a hybrid PSO-GA search to tune the four process-noise
scalars defined in Eq. (17), because PSO rapidly concentrates the
swarm around good regions, while periodic GA operators (blend
crossover + mutation with elitism) inject diversity and reduce
premature convergence. We adopt this hybrid because the problem
requires estimating four continuous variables; in this setting it is
more resilient to local minima, as PSO’s rapid convergence and
GA’s exploratory search work in tandem to more effectively
optimize J(s). For a candidate s, we build Q4 from Q, run the INS—
GNSS EKEF to form the reference, evaluate pure-INS windows, and
return /(s). PSO updates positions and velocities of each particle
with constriction, clamping, and reflection at bounds; then GA
replaces a small worst subset using blend crossover (BLX-f) and
random one-gene mutation. The selected hyperparameters for this
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hybrid optimizer are reported in Table 1. Also the workflow of the
hybrid PSO-GA algorithm is shown in Fig. 2.
3- Test and Experimental

To assess the proposed algorithm, we use a low-cost, consumer-
grade IMU. The sensor was rigidly mounted on the test vehicle and
driven along the trajectory shown in Figure 3. Prior to the dynamic
tests, the IMU underwent a standard laboratory calibration to
compensate for deterministic errors, including scale factors,
misalignment, and turn-on biases. Consequently, the filter states
dbgand b, estimate only the stochastic in-run bias instabilities. Its
noise characteristics were quantified via stationary (laboratory)
Allan variance analysis [28]; results are summarized in Table 2. Data
were logged, and the navigation solution was computed, at 100 Hz.
The test vehicle’s trajectory is shown in Figure 3. Data from the low-
cost IMU were recorded at 100 Hz over a 30-minute session, during
which the route in Figure 3 was traversed multiple times. The
trajectory was intentionally motion-rich—featuring left/right turns
(yaw excitation), altitude changes, and speed variations—providing
sufficient excitation for state observability and rapid convergence of
inertial-sensor biases and navigation states in the Kalman filter.

3- Results

This section presents quantitative and qualitative results for the
proposed Q tuning method. We first outline the evaluation protocol
and baselines, then report trajectory-wide RMSE improvements
(accuracy), filter-consistency diagnostics (predicted covariance
versus realized error), and the convergence behavior of Q tuned with
the hybrid PSO-GA optimization.

3-1- Optimization Convergence

The Q tuning optimization operates on real sensor data. First, the
required dataset is collected and logged as in Fig. 3; these recordings
then serve as input to the offline search. Using the objective function
in Eq. (22), the hybrid PSO-GA minimizes the trajectory-wide error
metric over the four-dimensional Q parameterization. To verify the
robustness and repeatability of the proposed scheme, the
optimization process was executed multiple times with different
random seeds. The results exhibited negligible variance in the final
converged parameters, confirming that the chosen population size
and hybrid mechanism effectively prevent entrapment in local
minima.

Figure 4 plots the per-iteration objective—mean, windowed RMSE
J(s) from Eq. (22)—for this sensor. In each run, RMSE decreases
rapidly over the initial iterations and then exhibits diminishing
improvements before settling to a stable plateau, indicating
convergence of RMSE under the hybrid PSO-GA search. The best-
so-far and population-mean curves show consistent descent without
oscillatory behavior or premature stagnation, confirming that the
optimizer reliably reduces RMSE and stabilizes within the allotted
iteration budget for both datasets. The final optimized parameters
obtained from this search are reported in Table 3.

3-2- Evaluation of the Tuned Q

We now analyze the Q obtained by the optimization to validate that
it yields credible state estimates. A well-tuned Q should (i) minimize
navigation error and (ii) produce an internally consistent uncertainty
forecast. The first aspect is enforced inside the optimizer itself by
minimizing the trajectory-wide RMSE objective in Eq. (22). Because
each pure-INS window is initialized from the INS—-GNSS reference
built with the same candidate Q. (see Eq. (20)), a lower RMSE
indicates that the reference states—and hence the window initial
conditions—are well estimated under that Q.

The second aspect concerns the filter’s own error prediction. With
the tuned Q, the EKF’s prior covariance P should propagate to
realistic one-sigma bounds for position, velocity, and attitude at the
end of each 5-minute window. We summarize those “final estimated
errors” from the diagonal of P by taking the Euclidean norm of the
relevant one-sigma components:

Py7

Gpos = [\/Pz] 1 Oyer = [\/Psl 1 Gate = ||| Pss (23)
VPaolll,

Here P;;

;j s the diagonal element of EKF prior estimated error
covariance matrix, P, at the terminal time of the window; the first
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three diagonal entries correspond to position, the next three to
velocity, and the next three to attitude states.

Table 2 Allan variance analysis of IMU

Accelerometer Gyroscope

B~ 2 = £ 2~ 2
5 - & R
MU 28 485 25 % 8 23
£ o S8 g 5 g £~ g3 5>
S~ ms & RS [CEESY 2 Y
TE 2 5 RS 58

£E g RS &S 8

~ & /m

Low-Cost 0.029 0.08 1.31 0.26 5.5 0.137

Table 3 Optimized process-noise parameters (s) for the low-cost IMU.

Parameter S, Sg Sbg Sha

Optimized Value 3.475x107% 2.061 x 107® 3.664 x 1072 7.758 x 1078

Low-cost IMU

236

36

-164

Y (m)

-364

564

=764 1

405 305 205 o105 595
X (m)
Fig. 3 Test vehicle trajectory used for evaluation. A low-cost IMU was
rigidly mounted and logged at 100 Hz during a 30-minute session; the route

was driven multiple times.

Additionally, we formed a conventional baseline by tuning Q from
the stationary Allan-variance characterization reported in Table 2.
Using those parameters, we constructed Q4 from Q. and ran the
identical Monte Carlo evaluation (same windows, hop, and scoring).
Figures 5-6 visualize the distributions of final true errors for
position, velocity, and attitude across all Monte Carlo windows
alongside the filter’s predicted one-sigma bounds 8pys, Gyel, Gatt »
enabling a direct comparison between realized performance and
propagated uncertainty. With the PSO-GA tuned Q, the predicted
bounds are slightly conservative and closely follow the empirical
distributions, and indicating a good match between uncertainty error
propagation and actual error; with the AV—tuned Q, the bounds are
substantially larger than the realized errors (systematic over-
estimation of uncertainty), indicating a mis-tuned covariance under
in-motion conditions.
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Fig. 4 Convergence of the hybrid PSO-GA tuning: per-iteration mean
windowed RMSE J(s) for the low-cost IMU.
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Fig. 5 Final error versus estimated final error the PSO-GA tuned Q:
histograms over all sliding windows for (a) position, (b) velocity, and (c)
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Fig. 6 Final error versus estimated final error under the AV tuned Q:
histograms over all sliding windows for (a) position, (b) velocity, and (c)
attitude.

Table 4 Terminal errors and estimated error for different tuning cases.

PSO-GA tuning Allan-variance tuning

Kt Mean STD Mean STD
Position Error (m) 432.35 226.50 901.17 534.94
Gpos (M) 1249.94 61.10 3022.58 464.21
Velocity Error (m/s) 327 1.65 6.46 3.7
Byel (m/s) 9.06 035 24.87 2.81
Attitude Error (deg) 0.26 0.15 1.69 0.45
Gaee (deg) 0.84 0.002 475 0.036
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Fig. 7 2D trajectory scenario for evaluating the performance of tuning
cases. This trajectory is obtained by PSO-GA tuned Q.
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Table 4 summarizes, for each window endpoint, both the realized
errors and the EKF’s predicted one-sigma values under the proposed
tuned Q and under the AV—derived baseline. This table reports lower
final true errors for position, velocity, and attitude when using the
proposed PSO-GA tuned Q than with the Allan-based baseline,
implying more accurate estimation of the navigation states and
biases by the EKF.

3-3- Filter Convergence Speed and Error Estimation

To evaluate generalization on data unseen during optimization, we
selected a held-out interval from the low-cost IMU dataset and ran
two configurations: (i) the proposed EKF with the PSO-GA tuned Q,
and (ii) an EKF using Q obtained from Allan-variance analysis. Both
configurations were given an identical initial convergence period
period of 3 minutes with GNSS available to allow convergence from
biased initial conditions. Immediately thereafter, GNSS was
withheld for a 5-minute window to emulate a GNSS-denied segment.
For visual context, the corresponding 2D trajectory for this scenario
is shown in Fig. 7; this solution was generated using the PSO-GA
tuned Q.

During the outage, the navigation solution devolves to pure INS; we
therefore track the instantaneous errors in position, velocity, and
attitude relative to the INS—GNSS reference, and the EKF’s
predicted one-sigma bounds propagated from the prior covariance P.
This protocol allows a paired assessment of two properties:
convergence speed before the outage (how quickly biases and states
settle) and credibility during the outage (how well the predicted
uncertainty matches the realized drift).

Figures 8—10 plot the component-wise navigation-state errors under
the proposed PSO-GA tuned Q. GNSS is available during 0-3 min
(initial convergence period), withheld from 3-8 min to emulate a
GNSS-denied interval, and re-enabled for 8-9 min so that post-
outage re-convergence is visible. For comparison, Fig. 11-13 show
the corresponding state-error when the EKF uses the AV tuned Q.
Both configurations use the same initial conditions and the same
timing schedule to ensure a fair comparison.

Although a specific interval is visualized here for detailed analysis,
this outage-and-recovery scenario was evaluated at multiple distinct
segments along the trajectory, consistently yielding similar
convergence behavior and overshoot suppression.

As seen in Fig. 8-10, the EKF achieves rapid convergence during the
initial GNSS-aided phase. Throughout the 3-8 min GNSS outage,
the realized errors remain within the predicted 16 bounds, indicating
credible uncertainty propagation under the PSO-GA tuned Q. When
GNSS is restored att = 480 s, all state errors (position, velocity,
attitude) return to near zero without overshoot. Together, these
observations indicate that the tuned Q provides both fast convergence
and a reliable estimate of filter uncertainty, thereby supporting
accurate and stable state estimation. In contrast, with the AV tuned
Q, deficiencies are evident in Fig. 11-13. In Fig. 11, the altitude error
exits the one-sigma band during the GNSS outage. In Fig. 12, all
three velocity estimation error components ( dvy,dvg and 6vp)
exhibit overshoot when GNSS is restored at t = 480 s; moreover,
vy fails to settle during the initial convergence period, and its
predicted uncertainty under-covers the realized error. Figure 13
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likewise shows overshoot in the attitude estimation errors upon re-
acquisition, consistent with mis-tuned process noise covariance.

4- Discussion

The results presented in this study highlight a significant discrepancy
between standard laboratory-based tuning methods and the
performance requirements of in-field, dynamic navigation. The AV
derived Q, a conventional benchmark, was shown to be
systematically over-conservative. This leads to a filter that reports far
more uncertainty than it actually encounters and, more critically,
exhibits poor dynamic response—specifically, significant overshoot
upon GNSS re-acquisition—due to its over-reliance on GNSS
measurements and distrust of its own IMU-driven propagation.

In contrast, the proposed PSO-GA tuning method, which optimizes
Q directly against a trajectory-wide RMSE metric, yields a filter that
is both accurate and consistent. The resulting Q produces error
bounds that credibly bound the realized errors and facilitates rapid,
stable convergence without the overshoots seen in the AV tuned
filter. This demonstrates the superiority of a performance-linked
tuning approach that captures the sensor's behavior under real
operating conditions.

It is acknowledged that the proposed offline optimization, leveraging
a hybrid PSO-GA search, carries a substantial computational burden.
Specifically, the optimization process for the reported dataset
required approximately 6 hours of wall-clock time utilizing parallel
processing on an Intel Core 19-14900K processor (24 cores). While
this duration is acceptable for a one-time offline characterization, it
primarily reflects the overhead of the research-grade MATLAB
(interpreted) environment. For routine industrial deployment,
significant acceleration is achievable. Benchmarks on similar
iterative estimation algorithms demonstrate that porting to C++
typically yields a 10-fold speedup [29], while leveraging GPU
acceleration for parallel filter banks can improve throughput by
several orders of magnitude [30]. Such enhancements would reduce
the tuning time to minutes, rendering the framework highly efficient
for industrial navigation.

However, this cost is justified in several practical scenarios where
traditional methods fall short. This approach is invaluable for sensors
lacking comprehensive datasheets or where AV test results are
unavailable. Moreover, as our results imply, even when AV data is
available, it may be inadequate. Real-world vehicle dynamics,
encompassing significant vibrations and thermal fluctuations,
deviate markedly from the static laboratory conditions of an AV test.
In these cases, our method provides a data-driven path to a Q matrix
that reflects the sensor's true operational noise characteristics.

This fine-tuning becomes particularly critical in advanced multi-
sensor fusion architectures. When integrating INS with other sensors
(e.g., odometers, magnetometers) or with pseudo-measurements
(e.g., non-holonomic constraints), the corresponding measurement
noise covariance (R) is often uncertain or difficult to model
accurately. The Kalman filter's ability to optimally weigh these
auxiliary measurements depends entirely on a correctly propagated
state covariance P, which is directly governed by Q. If Q is mis-tuned
(as with the AV baseline), the filter's state estimation will be
suboptimal, failing to correctly fuse all available information. The
proposed method, by grounding Q in observed navigation
performance, provides the robust and reliable foundation necessary
for these complex integration scenarios to achieve their full potential.
Future work will extend this validation to standard commercial-grade
sensors to confirm broader generalizability.

4- Conclusion

This paper addressed the critical challenge of process-noise
covariance Q tuning for INS/GNSS integration, highlighting the
pronounced limitations of conventional static methods, such as Allan
variance, when applied to dynamic, real-world operating conditions.
We proposed and validated a novel, data-driven offline optimization
framework utilizing a hybrid PSO-GA optimization framework. This
methodology optimizes the four key parameters of the continuous-
time process noise covariance Q. not against static sensor
specifications, but by minimizing a performance-based objective
function: the mean trajectory-wide RMSE evaluated over a
comprehensive set of sliding, pure-INS windows. Experimental
results using a low-cost IMU confirmed the efficacy of this approach.
By forcing the filter to minimize drift over hundreds of short
windows, the optimizer effectively tuned the system to maintain
highly accurate instantaneous state estimates.

Modares Mechanical Engineering

Consequently, numerical results indicate a substantial improvement
in navigation performance. The optimized filter reduces terminal
position and attitude errors by 52% and 84%, respectively, compared
to standard AV-based tuning. Furthermore, the estimated error
covariance bounds were reduced by 59% (position) and 82%
(attitude), confirming that the proposed framework yields a more
robust and consistent estimation. Furthermore, it successfully
resolved the systematic over-conservatism inherent in the Allan-
variance method; the proposed filter was shown to be highly
consistent, with its predicted one-sigma uncertainty bounds credibly
and tightly bounding the realized navigation errors. Most critically,
the new tuning method yielded a filter with a robust and stable
dynamic response. In a simulated GNSS outage-and-recovery
scenario, the PSO-GA tuned filter exhibited rapid, stable
convergence without any overshoot upon GNSS re-acquisition, in
sharp contrast to the AV tuned filter which suffered from significant
overshoots in velocity and attitude. By directly linking the Q matrix
parameters to observed navigation performance, this work provides
a practical and robust methodology for tuning the EKF, yielding a
filter that is not only more accurate but also demonstrably more
consistent and stable for real-world navigation tasks.
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Fig. 8 Position-state errors (8¢, A, dh) with PSO-GA tuned Q.
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Fig. 9 Velocity-state errors (6vy, 6 Vg, §vp) with PSO-GA tuned Q.
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Fig. 10 Attitude-state errors (8¢, 66, 61p) with PSO-GA tuned Q.
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