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This study presents a multiphysics dynamic model based on the Rayleigh-Ritz method for analyzing the free and forced
vibrations of a rotating beam integrated with an Acoustic Black Hole (ABH) and a constrained viscoelastic layer. The
thermally-coupled vibrational behavior is formulated by coupling the dissipation of mechanical energy with the
evaluation of an effective operating temperature. The simultaneous effects of centrifugal stiffening and spin softening
are incorporated into the equations of motion. Validation against finite element analysis (Abaqus) demonstrates high
accuracy, with a maximum relative error of 0.369% for out-of-plane bending modes. Parametric sensitivity analysis
and multi-objective optimization via Genetic Algorithm reveal that an ABH power profile exponent of m =~ 3.24yields
optimal energy concentration and wave focalization. Thermal-vibrational analyses indicate that while the structure
maintains overall thermal and dynamic stability across the evaluated speed range, peak damping performance is
confined to a specific operational-thermal window. Furthermore, by implementing an allowable stress constraint, the
risk of stress concentration at the thin ABH wedge is effectively mitigated within the model boundaries. The findings
offer a computationally efficient preliminary model to predict the coupled thermo-mechanical behavior of rotating
ABH beams, serving as a useful tool for initial screening in the early design stages under the defined theoretical
assumptions.
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Fig. 1 The schematic of the analyzed beam
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Table 1 Main thermomechanical modeling assumptions and their
quantitative validity ranges

Key Mathematical Technical/Physical
Modeling Assumption Geometric/Physical Condition / Justifi ﬁy
Index Validity Limit ustitication

High slenderness

Use of Euler-Bernoulli prevents shear effects;

. . this assumption
beam theory, neglecting Slenderness ratio P

L/hmax > 20  becomes even more

shear deformation and L lm9) accurate in the ABH

rotary mertia. region due to thickness
reduction.
R The Coriolis effect is
Neglecting Coriolis . . < of a lower order of
. Coriolis coupling = (Q .
coupling in transverse . magnitude compared
e . index (R;) /@n) Winax/L) q
quations. <001 to centrifugal

stiffening.
Vibrations are within

A tion of small .
SR ORI Ratio of max. the geometric linear

vibrations and linearity deflection to local Winax/h(x)

of strain-displacement . <0.1
P thickness

range; the viscoelastic
layer prevents large,

relations. ) .
nonlinear deflections.

Flexural wave
propagation is
b/L ~ 0.1 primarily longitudinal,
and torsional modes
are not excited.

One-dimensional beam

modeling, neglecting ~ Width-to-length
higher-order transverse ratio

and torsional modes.
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Table 2 WLF model parameters and phenomenological parameters of the

viscoelastic material relations
References /

Unit Value Concept Parameter
Notes
General WLF Dimensionless 17.44 First WLF empirical o
constants [13] constant
General WLF CorK 516 Se‘c.ond WLF C,
constants [13] empirical constant
tem]s:::ture ) Glass transition /
of the C 40 Reference Ty=Tre
temperature
polymer layer
High
frequency /
Low GPa 5 Glassy modulus Egiassy
temperature
response
Low
frequency /
High GPa 0.05 Rubbery modulus Erubbery
temperature
response
At the center
of tAhAe Dimensionless 09 Peak material loss Npeak
transition factor
region
Outside the .
transition  Dimensionless 0.05 Bassinaictiglics s
. factor ase
region
Effective Center of
transition logyo(Hz) 2.0 phenomenological ay
frequency transition phase
Distribution Width of
slope log,(Hz) IR phenomenological Bo
parameter transition phase
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(a) Convergence of Natural Frequencies

250 e
-~ 200
()
Z
=]
B
9
=
2 150 —+— Mode 1
& Mode 2
£ —— Made 3
B
£
2 100
]
z
50
(b) Relative Error Analysis (vs N=80)
100 P e— _ P S -
)
v
- X
g N
o 5
A
£ \
2 107! X
5 Y
= )
]
o Y
%
k= m—m——— A e Y ieted A= e =y
10 20 30 40 a0 60 70 a0
Number of Basis Functions (N)
(a) Convergence of Natural Frequencies
250 4---mjrzazezzezenes
- 200
)
=
&
g
=
S 150 —+— Mode 1
= Mode 2
E —— Mode 3
=
£
2 100
]
4
50
(b) Relative Error Analysis (vs N=80)
o _
10! [ S S S -
|
v
- \
£ N
= N
E A
o NS
g 107 s
@
4 Y
EY
Bommmm—m A ey T il A —me =y
10 20 30 40 50 60 70 a0

Number of Basis Functions (N)

b (slouilsy wilnas () i) Ghyy S lagel ¥ IS
o glh> (ialS () «(N) iy @ilg dasi s 3 gl 390 4w
oxmdylid codas slaei (ol b Lo jlade 4 cuwd wluwlxeo

(3 g gy YL s s o)l
Fig. 2 Convergence diagram of the Ritz method; (a) variations of the
natural frequencies of the first three modes versus the number of basis
functions (N), (b) reduction of the relative computational error with
respect to the reference value as the number of terms increases,
indicating the high stability and accuracy of the numerical solution
method.
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Fig. 3 Comparison of the dynamic bending stress field (o,,) distribution

along the beam length obtained from the Ritz method and FEM
(ABAQUS) synchronized with the local thickness profile (h(x)).
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Table 3 Comparison of bending natural frequencies obtained from the
present method and Abaqus

X i Present
b yp Freq. (Hz)
. F]apv&{lse 49.64 49.64 0.002%
Bending
Chordwise
2 Bending 14123 -~ -
2 Flapvsflsc 156.98 156.98 0.001%
Bending
a Flapvs{lse 32518 325.19 0.004%
Bending
Chordwise
5 Bending 520.09 — -
. Flap“{lse 568.97 569.05 0.014%
Bending
7 Torsional 878.80 — —
. Flapvs{lse 891.13 891.66 0.059%
Bending
Chordwise
9 Bending 1270.20 — -
" Flapwise 1292.30 1297.07 0.369%
Bending
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Table 4 Bounds of the design variables used in the optimization process

Variable Description Lower Bound Upper Bound
m ABH :geometrlc 15 4.0
profile power
Starting point of
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(m)
Damping layer
h
layer thickness (mm) L @
heip Beam tip thickness 05 3
(mm)
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end displacement amplitude under harmonic loading obtained from the
proposed Rayleigh-Ritz method and the finite element model (ABAQUS).
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Design Space: Damping Performance
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Fig. 5 Optimization design space; the contours represent the system’s
average loss factor, and the red star indicates the location of the selected
optimal parameters.
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Damping, Mass, and Stress Trade-offs in Viscoelastic Coating
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Fig. 8 Multi-objective trade-off curve between the ABH tip thickness and
the maximum centrifugal stresses induced by high-speed rotation.
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Stress Distribution at Maximum RPM (600.0 rad/s)
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Fig. 6 Co-distribution of centrifugal static stress, first-mode dynamic
bending stress (W, =2 mm), and combined total stress along the
optimized beam at a rotational speed of 600 rad/splotted alongside the
physical thickness profile.

Robustness of differential evolution optimization process
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Fig. 7 Robustness and repeatability study of the Differential Evolution
(DE) optimization process: convergence history of 5 independent runs

showing the mean convergence curve and the narrow standard deviation
band toward the theoretical optimal loss factor.
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Table 5 Sensitivity analysis of the optimization response to variations in
objective function weighting factors.

Change AverageOptimal
Weighting w w w Relative Loss Profile
Scenario Z s = to Base Factor Power
(%) @) (m)
Base Case 0.425 3.24 0.60 324 0425 —
20%
e V7 3.21 060 321 0431 +1.4%
Mode 1
weight
20%
Decreasein g 327 0.60 327 0418 -1.6%
Mode 1
weight
L] 0.412 3.28 1.00 328 0412 -3.0%
Weighting
20%
Increase in 0.429 3.22 0.72 322 0429 +0.9%
Mode 3
weight
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Fig.\ Sensitivity analysis of damping performance and structural stability

with respect to the ABH profile exponent (m). The blue curve represents
the normalized loss factor (damping effectiveness), while the red dashed
curve represents the normalized maximum stress indicator (centrifugal
stress). The green dotted line highlights the optimized value of 3.24 as the
knee point of the trade-off.
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Fig. 10 Transient and self-heating response of a rotating ABH beam under
continuous harmonic excitation: temporal evolution of the viscoelastic
layer temperature and convergence to steady-state thermal equilibrium at
different rotational speeds (1000 to 3000 RPM).
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Fig. 12 Thermo-mechanical coupled Frequency Response Function (FRF)
of a rotating ABH beam: illustrating the frequency shift of resonance

frequencies due to thermal softening of the viscoelastic layer compared to
the uncoupled state (ambient temperature 20 °C)
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thermal runaway boundaries and the stabilizing effect of rotational speed
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Fig. 15 Reflection coefficient spectrum (R) of the flexural wave in the
uniform root section of the rotating ABH blade with a viscoelastic damping
layer compared to the reference uniform beam (R = 1).
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Mode Shapes showing Wave Compression in ABH Tail
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Fig. 13 Modal deformation of the ABH beam for the first five modes; the
pronounced reduction in wavelength and the increase in vibration

amplitude in the beam tip region (hatched area) indicate the occurrence of
the wave localization phenomenon.
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Fig. 14 Logarithmic distribution of local and normalized strain energy
density along the beam length for different vibration modes; the sharp

energy density spike within the ABH region highlights wave concentration
and validates the acoustic black hole phenomenon.
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Fig. 16 Comparison of modal loss factors of the uniform beam (gray) and
the optimized ABH beam (blue); the significant increase in damping in

higher modes is attributed to the reduced wavelength and more effective
interaction with the ABH region.
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Table 6 Comparison of natural frequencies and loss factors for the first 5

modes of a uniform beam versus an optimized ABH beam.
Mode  Uniform Beam Uniform Beam Loss ABH Beam ABH Beam Loss

Number Freq. (Hz) Factor (1pqare)™ Freq. (Hz)  Factor (17,p,)
1 67.05 Negligible (= 0) 31.34 0.236
2 420.23 Negligible (= 0) 118.32 0.211
3 1176.65 Negligible (= 0) 245.86 0.215
4 2305.76 Negligible (= 0) 424.18 0.229
5 3811.60 Negligible (= 0) 659.39 0.238
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Fig. 17 Comparison of the frequency response function (FRF) at the beam

tip; the pronounced reduction of resonance peaks (amplitude suppression)
in the ABH beam indicates effective absorption of vibrational energy.
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Modares Mechanical Engineering

Transient Impact Response
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Fig. 18 Transient response of the beam tip to an impulsive excitation; the
ABH-equipped beam (blue line) dissipates the oscillations in a much
shorter time compared to the reference beam (dashed line).
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Fig. 19 Sensitivity analysis of damping efficiency and loss factor with
respect to the weight of the constrained viscoelastic layer to identify the
optimal design knee point.
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Robustness of Damping against Rotation
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Fig. 22 Sensitivity analysis of damping efficiency with respect to
rotational speed; the relative stability of the loss factor indicates the
favorable performance of the ABH mechanism even under high
centrifugal loading conditions.
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Fig. 20 Comparison of Frequency Response Functions (FRFs) for the four

cases under identical boundary conditions to physically validate the wave-
trapping effect against fair equal-mass benchmarks.
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Fig. 21 Convergence behavior of the Ritz numerical solver with respect
to the number of Legendre basis functions (N); (a) convergence of the
first three natural frequencies, (b) logarithmic relative numerical error
rate calculated relative to the reference value (N = 80).
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Fig. 24 Effect of material dynamic stiffening due to increased

excitation frequency at high rotational speeds. As observed, at a speed
of 6000 rpm(@) (red dashed line), the modulus reduction curve

shifts to the right, indicating retention of material stiffness at higher
temperatures compared to the stationary condition.
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Viscoelastic Material Model (Tg = 40.0°C)
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Fig. 23 Temperature-dependent mechanical properties of the
viscoelastic layer; the solid blue curve represents the monotonic
reduction of the storage modulus (E,) in transition from glassy to
rubbery phase, and the red dashed curve shows the bell-shaped
variation of the material loss factor (1),,qeria) around the glass transition
temperature (T, = 40°C).
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ARH Performancs Map: Thermal Centitiigal Inceraction
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Fig. 27 Comprehensive damping signature map of the ABH beam;
(top) a three-dimensional representation of the system loss factor as a
function of temperature and rotational speed; (bottom) a contour plot
showing the ridge of optimal damping (red dashed line). The design
should ensure that the system operating point (T, ) always lies on or
near this ridge to achieve maximum energy dissipation.
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Fig. 25 Thermal sensitivity of natural frequencies; the diagram
illustrates the softening phenomenon, in which the natural frequencies

of the first to third modes decrease as the temperature increases from
the glassy to the rubbery region.

=—=— Stationary (0 RPM)
Medium Speed (3000 RPM)

Dt e High Speed (6000 RPM)

0.04 s

0.03 4

0.02 4

System Loss Factor (i)

0.01 4

0.00 4

T T
20 30 40 50 60 70 80 90 100
Temperature (°C)

seeyw > (Damping Collapse) o (ligyd odasy Y& JS&
(ol L8y hygs ey Lialidl b oS sy e ol by sisde Vb
oded s 4 30 of jlaie a9 Lule il 4 (e 4l8
LU Yee YU Jles slaygd 53 9 Mbse el esle (Suelins

.));UA
Fig. 26 Damping collapse phenomenon at high rotational speeds; the
curves show that as the rotational speed increases (black arrow), the
damping peak not only shifts but also decreases in magnitude due to
dynamic stiffening of the material, and at very high speeds it effectively
disappears.
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Fig. 28 Final performance assessment; comparison of the variation of
the system loss factor (77y) versus temperature for the optimized ABH
beam (solid blue line) and the uniform reference beam (red dashed

line). The hatched region indicates the safe operational temperature
range in which the acoustic black hole effect remains active.
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  R P M


   h  c


   h  c


  R   e Ω = 𝜌 Ω   L 2 / 𝜇


  𝜌


  𝜇


    N u ‾


  N u =    h  c L    k  a i r = 0 . 036 R   e Ω  0 . 8 P   r  1 / 3


    k  a i r


  P r


   h  c ∝  Ω  0 . 8


    E 1


  𝜂


    ∂ T  ∂ t = 0


    q  g e n =   q  l o s s


  1000


  3000  RPM


  t < 50  s


    q  g e n >   q  l o s s


    q  g e n =   q  l o s s


  1000  RPM


  3000  RPM


   53 ∘ C


   44 ∘ C


   h  c ( Ω ) ∝  Ω  m


   h  c


    q  l o s s


    q  gen


    q  loss


    q  gen


    q  loss


    q  g e n


    q  l o s s


  1000  RPM


    q  g e n >   q  l o s s


  3000  RPM


    q  l o s s


  115  Hz


   20 ∘ C


  102  Hz


   20 ∘ C


    c  p


    c  p ∝  h ( x )


  𝜆


    U  d e n s ( x )


   (    ( E I )  e q  ( x ) )


  w ( x )


    U  d e n s ( x ) =  1 2 ( E I  )  e q ( x )    (    ∂ 2 w ( x )  ∂   x 2 ) 2


    x  s


  R


  R = 1


  R


  R = 1


  R


    f  c ≈ 2300  Hz


  R ≈ 1


  f >   f  c


  R ≈ 0 . 40


    𝜂  r


    𝜆  r


    𝜂  r =   Im (   𝜆  r )  Re (   𝜆  r )


    𝜂  b a r e ≈ 0


  m = 3 . 24


  H ( 𝜔 )


  H ( 𝜔 ) =   ∑  r = 1  N      𝜙  r (   x  o u t )   𝜙  r (   x  i n )    𝜔  r 2 −   𝜔 2 + i   𝜂  r   𝜔  r 2


  𝜔


    𝜔  r


    𝜙  r


  w ( t )


    𝜁  r ≈   𝜂  r / 2


    𝜔  d , r


  w ( t ) =   ∑  r = 1  N      𝜙  r 2 ( L )    𝜔  d , r   e  −   𝜁  r   𝜔  r t sin ⁡ (   𝜔  d , r t )


    𝜼  𝒐 𝒑 𝒕


    𝜼  𝒃 𝒂 𝒓 𝒆


  ≈ 0


  ≈ 0


  ≈ 0


  ≈ 0


  ≈ 0


   ( [   K  e ] + [   K  g ( Ω ) ] −  Ω 2 [ M ] ) { c } =   𝜔 2 [ M ] { c }


   [   K  g ]


  N ( x )


    R  h u b


  N ( x ) =   ∫  x  L  𝜌 ( s ) A ( s )  Ω 2 (   R  h u b + s )   d s ( ۳۲ )


  600  rad/s


  N


  N = 80


  N


  N = 80


      𝜂 ˉ  s y s


      𝜂 ˉ  s y s ( Ω ) =  1 3   ∑  r = 1 3    Im (   𝜆  r ( Ω ) )  Re (   𝜆  r ( Ω ) )


    𝑬  𝒗


    𝜼  𝒗


    E  v ( T ) =   E  rubbery +     E  glassy −   E  rubbery  1 + exp ⁡ (   k  trans ( T −   T  g ) )


    𝜂  v ( T ) =   𝜂  base + (   𝜂  peak −   𝜂  base ) ⋅ exp ⁡ (    (   T −   T  g    W  trans ) 2 )


    E  v (   f  e f f )


    𝜂  v (   f  e f f )


    E  v ( T )


    E  v


    𝜂  material


    T  g =  40 ∘ C


    𝜂  peak


    𝜂  base


    W  trans


    f  eff = f ⋅   a  T


  6000   r p m ( 628   r a d / s )


  (   628   r a d  s )


  Ω ↑    →   f  r ↑


    f  eff =   f  r ⋅   a  T ↑


  →


  →


  →


  →


  →


    𝜂  s y s


    𝜂  s y s


  223 . 5  MPa


  227  MPa

