Modares Mechanical Engineering

Tarbiat Modares
University

ISSN: 2476-6909; Modares. Mech. Eng. 2027;27(03):207-219.

DOIL: 10.48311/mme.2026.120260.83009

journal homepage: mme.modares.ac.ir

Stability Conditions and Applicability of Linear and Discrete Approximations of
Quaternion Kinematic

Ghasem Kahe"

Aecrospace Research Institute, Tehran, Iran

ARTICLE INFO

ABSTRACT

Article Type
Original Research

Article History

Received: June 01, 2026
Revised: August 22, 2026
Accepted: September 22, 2026
ePublished: October 29, 2026

Quaternion kinematics provides a singularity-free and computationally efficient model for modeling rotational motion
in aerospace, robotics, navigation, and computer vision systems. The continuous-time quaternion kinematics model
provides an accurate representation of the state changes of a rigid body under angular velocity inputs. However,
practical implementations in digital control systems, estimation algorithms, and embedded platforms and systems
require linear or discrete approximations of the original nonlinear continuous-time model. These approximations
inevitably introduce modeling errors, numerical drift, and stability concerns that may degrade system performance. In
this paper, various linear and discrete models of quaternion kinematics are evaluated. In this regard, first, the
relationships between the exact continuous-time quaternion differential equation and its linear and discrete
representations, which have been introduced and used in various references, are derived. Then, the approximation
errors, stability properties, and normalization limits are analyzed under varying angular velocity values and different
sampling intervals. This analysis highlights the relationship between computational efficiency and accuracy, especially
in highly dynamic rotational regimes. Finally, the limitations of simplified linear and discrete models are discussed in
the context of their application in state estimation filters, controller design, and real-time embedded systems. As a
result, quantitative and structural insights are provided on when linear and discrete quaternion models remain valid and
when higher-order or more precise integration schemes are necessary.
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Fig. 3 Comparison of accurate, 1th and 2th model to estimate the attitude
of an spin-stabilized craft with a constant rate — x axis.
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Fig. 4 Comparison of accurate, 1th and 2th model to estimate the attitude
of an spin-stabilized craft with a constant rate — y axis.

RMSE , ,:1.4719e-05, RMSE  ,:1.4719e-05
3r A
yZ —o—oct
4 —4—d1
2+ y ‘ d2
J
\
1 ,//“/
y 4
s \
£ of y
S5

z
\\

’ (e
S
3k . ‘ ‘ M ‘ . ‘
251 2511 2512 2513 25.14 2515 25.16 25.17 25.18 25.19
t (sec)

SO cundy (e 53 93 423 5 S dzyd (G135 Jae duglio O S

Zjse — b 5 b gzl abiws
Fig. 5 Comparison of accurate, 1th and 2th model to estimate the attitude
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che e Ly oyt el gl By g wlpuss
JUis 3 Gha sladse lacasgame g oud sy Seiletpw

b3 Ll 390 b S wiS e il ) Ghi yue lis) (3)S

Modares Mechanical Engineering

s @sisileS Satolipw dtuu g hi (sloca i (53,15 s soldaly bl

Q

Sy
> Q>

Sodgesw 53 (1) 385 e (55w o3l ¥ IS

Fig. 1 Simulink implementation of accurate model.

X 20

— ; ;
Y 1.41615 / .
15 . X 40 )
Y 1.65364 X 50
<" X 10 Y 0.716338 ]
Y 0.459698 -\\
|

O 'y
0 \ . . . .
0 10 20 30 40 50 60
time (sec)

63935 0hed pelel y @8> Jao il oaly o jluel ¥ JS&

(Wx) (swgaiw
Fig. 2 Accurate model validation using sinusoidal input.

ol glaggly oy -Y-F

2 385 Jae b dunlio )3 93 5 SO dzpd la e ceond (ol 5o
Nigdpe duglie wall Giligs 53 b (il dud golin S
L olgale Jio ladlse sladilole )3 Ygemo wali yhgs
35 0Bzlnl o 3980 eslitl byl sl nySigls
Az 93> U lnaliwg ol 53 0h9d &3 Ygese - 3igdi50 oaxeli
I Sy ol oS Il @dle s x jeme Jo= 4l dz)o
ohed &5 pSen wadie Zols JpUS 1S Hlall kalyd 5
00 JL53 53 93 423 9 S azyd Jio dulior ge e 9 yiden
Oz Ao oldd |y 385 Jae b dunlie 5y dluwg cusisy
obsly /) Laysxo dudy Jo> g 4l 5 595 Ve 394> x jao Jo>
95 5 sl Laduiico S ol 5 45 43S plass ol 4ls s
Gl ) dilwgay Jio 295 sl w85 b g3 9 o4z Jue
&S Ryl s orluly S Jlis dhuy casdy pued
FB 93 5 S a2y Jio 93 58wl woli Loydi glgs &
2wl S5 oY aSe eal3 1y 05V @8 g 039y eslaiwl
G2e3 (6 Aiged 03l 3 plyes E55 sy wall byds e
a0 o3l

Vb Saobias ygilo -¥-F
o le ool Slemw (il amd (galw ol o
35550 318 byl 3390 (e &5 st Wiy b dluwg

Volume 27, Issue 03, March 2027



RMSE ; ,:1.71, RMSE , ,:7.8272e-05

—6S—ct
—+—d1
d2
Q@
= D
@
=
Q.
<= SaTS) O
S
1r !
/ (o}
/ Q
/ S
2F /
/
3t . . . . . . . . .

5 10 15 20 25 30 35 40 45
t (sec)

Ay SO by e ;0 93 9 S Az (353 Jie duglie 4 JSB

X g0 = g &5 b gz
Fig. 9 Comparison of accurate, 1th and 2th model to estimate the attitude
of an spined craft with a sinusoidal rate — x axis.

RMSEc1—d1:1‘71’ RMSEC17d2:7.8272e-05

51 —e—oct-d1
ol ——o1-d2

X

Err 6 (rad)

5 10 15 20 25 30 35 40 45 50
t (sec)

2 G85 Jae 4 o 95 5 S 423 Jao slad auylio e S8
X g0 = g &5 b gloyz dhuy So cady e
Fig. 10 Comparison the error of 1th and 2th model with respect to

accurate one to estimate the attitude of an spined craft with a sinusoidal
rate—x axis.

S sy ladlen dluwg )3 el (See cdl> ol 38
Ol 4 e (Saelisgnl slagyw b sedy o Jlas
/) il b o5 g s il 39 dbug (wgisw
920 dudy 3948 (50 Jlasl x jao (59, +/) diels g 48U 5 Lo,
3 Gl diged ol g ayls 4l bl ) eald glgs &5
93 9 S a3 Jao (slas jlade dualio V Jgum cwol duill o/ee)
&5 b olsz dhws So camdy praii )3 385 Juo 4 o
o3ls (yLES sude 9o g 43 oS digS led w350 Hlid |y wgiuw
Jialy @85 Jae (o> el bl 15 G azpd Jao ccanl 0ads
ailisliphes &5 whinsd Ghs pue jlisy 4y azgi b Gy WiSe
£33 423 Jio Iy 3550 alold 583 Jae 1 s950 4 a2y 44 YO
Standl 8o Jlis |y G283 Jae plized (295 by B

9 PR wginw iyl

1840 Sidwl oV o)lad YV o590

wls ‘o.u:@ Y\¥

RMSE ; ,:0.50713, RMSE , ,:3.2059¢-06

4
—5—ol
sl o 1
o d2
f@‘ﬁ, [I—C1
e,
2t o
=)
£
«
=
s
2+
3 F
a4 . . , . . . , . . ,
0 5 10 15 20 25 30 35 40 45 50

t (sec)
SO Canidy (e )0 93 420 9 S0 423 (383 Jae duglie F JS&
X y950 = g £33 b ooy dliws

Fig. 6 Comparison of accurate, 1th and 2th model to estimate the attitude
of an spined craft — x axis.
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Fig. 7 Comparison of accurate, 1th and 2th model to estimate the attitude
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Table 1 Comparison of the error magnitude of 1th and 2th models versus
the accurate model in estimating the state of a rotating device with a
sinusoidal rate

RMSE c1-d1 RMSE c1-d2
X 3.2059¢-06 0.50713
3.6117e-06 0.2438
z 3.4276e-06 0.18123
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Table 2 Comparison of the error magnitudes of 1th and 2th models against
the accurate model in estimating the state of a rotating device undergoing
rapid axis reorientation.

RMSE c1-d1 RMSE c1-d2
X 4.5087e-05 1.7419

5.3783e-06 0.044308
z 4.6253e-05 2.47
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Table 3 Specifications of the attitude determination system for the various
phases of the prototype satellite

Sat. phase  Characteristic Status Fs (Hz) Model

Changi te and
Attitude Maneuver anging rate an

Deployment axis of rotaton 100 2nd order
Max. rotation rate 360 deg/sec
Attitude Maneuver ~ No maneuver
In orbit 50 1nd order
Max. rotation rate 15 deg/sec
: Attitude Maneuver Noisy variations
Orbital
rolta 100 2worder

Maneuver

Max. rotation rate 15 deg/sec
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Table 4 Comparison of different quaternion kinematic models
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Model Equation Stability Condition Applicability Condition Typical Limit
1
Acuurate q(t) = 5 2(w®)q(®) Stable Exact Model No restriction
Exact (At ﬂ ) 3 —_—
72wy Stabl Exact fe tant w d T. Ni tricti
Discretization a0 = e 27 g0 able xact for constant w during Ts o restriction
At Unstable without
nd = —_
1nd Order re1 = G+ 2Wak IN———— llwllTy « 1 llwllTs < 0.1 (6 deg/sample)
llwel?Ae?\ = At .
2nd Order Qs = |( 1 -5 1 +7.()(wk) X g Nearly norm preserving lwllTy < 1 llwllTy «< 0.3 (17 deg/sample)
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