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This study is investigated vibration analysis of FG rectangular plate partially contacting with
bounded fluid. Wet dynamic transverse displacement of the plates is approximated by set of
admissible trial functions which is required to satisfy the clamped (CL) and simply supported
moveable (SSM) and simply supported immoveable (SSI) geometric boundary conditions. The
oscillatory behavior of fluid is obtained by solving the Laplace equation and satisfies the boundary
conditions. The natural frequencies and mode shapes of the plate coupled with sloshing fluid
modes are calculated by using the Rayleigh– Ritz method based on minimizing the Rayleigh
quotient. The proposed method is validated with available data in the literature. In the numerical
results, the effects of volume fraction coefficient, thickness ratios and aspect ratios of the FG
plates and depth of the fluid, width of the tank, and boundary conditions on the wet natural
frequencies are examined and discussed in detail.

Keywords:
Natural Frequency
Rectangular Plate
Functionally Graded Material
Sloshing Fluid
Rayleigh–Ritz Approach

  

1 -   

 
 .

 
  .

 . ]1[
   

   -

 . ]2[
  . 

-  . ]3[
1 

   .
   .]4[

 -   .
  .]5[

1- Modal Added Mass



    

        

  

166  139314 8  

 
 1 

 .]6[ 
  . -

  .]7[

 .  
 

 .]8[ 
 .

]9[ 
  

 -   
 

  .   .
 

 

 . 
    

 

 . ]10[
 

  . 
6 

 .
 .] 11[

   

 .]12[
 

 
 . 

 .
 ]13[  

  .  .
]14[

 

1- Empirical Added Mass

   
]15[    

  .

  

 .
   

          -
 .

 - 
 .

 
  . 

    .  -
  2 

 . 
 

.  

2 -    
  a b  h 

   
 1) z=0 ( 

 ) z=-h (   
   .

 
   

  

  
 1   

2- MathematicaV7



    

       

139314 8  167  

) 1)  (3 (  

)1(( )m
zV

h

)2(( ) ( )( )m c c
zE z E E E

h

)3(( ) ( )( )m c c
zz

h

)  1 -3(m  c 
mE cE  

mV    .  

1
.  

) 4 -6 ( 15.[

)4(
3

1 2

4( /2) ( /2)
3x x

wu u z h z h
h x

)5(
3

2 2
4( /2) ( /2)

3y y
wu v z h z h

h y
)6(3u w

) 4 -6 (u v 
x yw z 1u2u 

3u   xy 

zx  y  
x y  .) 4-6 (

    ) 7-11(  ]15[.  

)7(  
(0) 2 (2)

,0 ( ) ( )
2 2x x x x
h hz k z k

)8(  
(0) 2 (2)

,0 ( ) ( )
2 2y y y y
h hz k z k

)9(  
(0) 2 (2)

,0 ( ) ( )
2 2xy xy xy xy
h hz k z k

)10(  
(1)

,0 ( ) ( )
2 2xz xz xz
h hz z k

)11(  
(1)

,0 ( ) ( )
2 2yz yz yz
h hz z k

) 7 -11 (,0x,0y,0xy,0xz,0yz
(0)
xk(0 )

yk(2)
xk

(2)
yk(0 )

xyk(2)
xyk(1)

xzk (1)
yzk ) 12-24 (   

)12(  ,0x
u
x

)13(  ,0y
v
x

)14(  ,0xy
u v
y x

)15(  ,0xz x
w
x

)16(  ,0yz y
w
y

)17(  
(0) x
xk

x

)18(  
(0) y
yk

y

)19(  
(0) yx
xyk

y x

)20(  

2
(2)

2 2
4

3
x

x
wk

xh x

)21(  

2
(2)

2 2
4

3
y

y
wk

yh y

)22(  

2
(2)

2
4 2

3
yx

xy
wk

y x x yh

)23(  
(1)

,02

4
xz xzk

h

)24(  
(1)

,02

4
yz yzk

h
    

) 25 (.  

) 25 (2
11 ( )/(1 )Q E z12 11Q Q 33 ( )/(2(1 ))Q E z 

 9   

)26( 
  

)26(  

0

0 0

1 ( )
2

a b

P x x y y xy xy xz xz yz yz
h

U dzdydx

 
 ) 27 (  

)27(  

0
2 2 2

1 2 3
0 0

1 ( )
2

a b

P
h

T z u u u dzdydx

3 -  1  
) 28 29( 

 .  
)28(  w y x xN M 0,  x 0, a

)29(w x y yN M 0, y 0, b

) 28 29 (xN yN xM 

yM ) 30-33 (
  

)30(  

0

x x
h

N dz

)31(  

0

y y
h

N dz

)32(  

0

x x
h

M zdz

)33(  

0

y y
h

M zdz

1- Admissible Trial Functions

)25(  

11 12

12 11

33

33

33

0 0 0
0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

x x

y y

xy xy

xz xz

yz yz

Q Q
Q Q

Q
Q

Q



    

        

  

168  139314 8  

 ) 34 35(  .  
)34(  w y 0xM   x 0, a

)35(  w x yM 0,   y 0, b

) 36(  .  
)36(  u=v=w= x= y=0 x=0 a  y=0 b.

 ) 37-
41(    

 (   

)37(  
,

1 1

( , , ) ( ) cos( )sin ( )
M N

m n
m n

m x n yu x y t u t
a b

 

)38(  
,

1 1

( , , ) ( ) sin( ) cos( )
M N

m n
m n

m x n yv x y t v t
a b

 

)39(  

ˆ ˆ

,
1 1

( , , ) ( ) sin ( ) sin( )
M N

m n
m n

m x n yw x y t w t
a b

 

)40(  ,

ˆ ˆ

1
1 1

( , , ) ( ) cos( ) sin( )
m n

M N

x
m n

m x n yx y t t
a b

 

)41(  ,

ˆ ˆ

2
1 1

( , , ) ( ) sin ( ) cos( ),
m n

M N

y
m n

m x n yx y t t
a b

m n x y t 
um,n(t)vm,n(t)wm,n(t)

,1 ( )
m n

t 
,2 ( )

m n
t 

   
  .M M̂N  N̂  

  
 (   

)42(  
,

1 1

2( , , ) ( ) sin( )sin ( )
M N

m n
m n

m x n yu x y t u t
a b

 

)43(  
,

1 1

2( , , ) ( ) sin( )sin ( )
M N

m n
m n

m x n yv x y t v t
a b

)44(  

ˆ ˆ

,
1 1

( , , ) ( ) sin ( ) sin( )
M N

m n
m n

m x n yw x y t w t
a b

)45(  ,

ˆ ˆ

1
1 1

( , , ) ( ) cos( ) sin( )
m n

M N

x
m n

m x n yx y t t
a b

 

)46(  ,

ˆ ˆ

2
1 1

( , , ) ( ) sin( ) cos( )
m n

M N

y
m n

m x n yx y t t
a b

 (   

)47(  
,

1 1

2( , , ) ( ) sin( )sin ( )
M N

m n
m n

m x n yu x y t u t
a b

 

)48(  
,

1 1

2( , , ) ( ) sin( )sin ( )
M N

m n
m n

m x n yv x y t v t
a b

)49(  

ˆ ˆ

,
1 1

( , , ) ( ) sin ( ) sin( )
M N

m n
m n

m x n yw x y t w t
a b

 

)50(  ,

ˆ ˆ

1
1 1

( , , ) ( )sin ( ) sin( )
m n

M N

x
m n

m x n yx y t t
a b

 

)51(  ,

ˆ ˆ

2
1 1

( , , ) ( ) sin( ) sin( )
m n

M N

y
m n

m x n yx y t t
a b

 

   
 

   .RU ) 52( 
 15[.  

)52(  

2 2

00

2 2

0 0

1 dy+
2

1 dx
2

b

R
x x a

a

y y b

w wU
x x

w w
y y

810 
  

4 -   
  

F1b 1c )
1 ( .)

0 0( , , , ) ( , , ) i tx y z t x y z e

  ) 53 (  

)53(  O B S

) 53 (B  S 
 .

     ) 54 (

)54(  2 2 2
0 0B S  

1 
) 55-62 (   

)55(  0

0B

xx

)56(  
0B

x ax

)57(  0

0B

yy

)58(  
1

0B

z cz

)59(  0

0S

xx

)60(  
0S

x ax

)61(  0

0S

yy

)62(  
10,

0S

z cz



    

       

139314 8  169  

)63( 

)63(  1
0B y b

  ) 64 (  

)64(  0

( , , )B

z

w x y t
z t

)54)  (65 66 ( ]15[.  

)65(  
1 1 (2 )

,
0 0 1

( , , , )
(2 1)( )cos( )cos( )( )

2

B

S z S c z
l k

l k

x y z t
l x k yA t e e

a b

)66(  

, 2
0 0

1 1

( , , , )

( )cos( )cosh( )cos( )

(0 ), (0 ), (0 )

S

i j
i j

x y z t
i x j zB t S y

a c
x a y b z c

) 65 66(  

1 1
22( / ) (2 1)/(2 )S l a k b1 1

22( / ) /S i a j c, ( )i jB t   

, ( )l kA t 
) 67 (

) 58 ( .  

)67(  

1

1

1
,

1 0 0

2
1

1

, , cos

2 1
cos dydx /( 1 )

2

ba

l k

cS

coff l xA t W x y t
ab a

k y
S e

b

)68(  
1

1 0
2 0 0
4 0, 0

l k
coff l k

l k

  
) 69 70 ( ]15[.  

)69(  

1

0
0 0

1 ( )
2B

ba

f f B z
wT dx dy
t

)70(  

1

0
0 0

1 ( )
2S

ba

f f S z
wT dx dy
t

 

) 71 (  

)71(  1 1

2
0

0
y b y b

y g

) 71(  g 
 .) 53(  )71 (

) 63 () 72 (   

)72(  1 1 1

2
SB

S
y b y b y b

y y g

 ) 72 (sF  ) 73 (
   

)73(  2
B S S

U U T  

) 73)  (74 -76 (  

)74(  1
0 0

( )
B

a c
B

S y bU F dz dx
y

)75(  1
0 0

( )
S

a c
S

S y bU F dz dx
y

)76(  1

2

0 0

( )
S

a c

S y b
FT dz dx

g

5 -  -  
 -  

 ( ) 
  

 .
 

)77(  .  

m a x m a x
TU )77(  

 ) 77( .  

,
0

m nq )78(  
 )78( q  .  

, ,

T

, , , 1 2 ,, , , , ,
m n m nm n m n m n i jq u v w B   

 ) 78 ( ) 79)  (  (
.  

)79(  2
, , , 0p R m n P fB m n fS i jK K C M M C M B  

) 79 (
, ,

T

, , , , 1 2, , , ,
m n m nm n m n m n m nC u v w ) 80-84:(  

)80(  

2
p

p
i j

U
K

q q

)81(  

2
R

R
i j

U
K

q q

)82(  

2
p

p
i j

T
M

q q

)83(  
2

fB
fB

i j

TM
q q

)84(  

2
fS

fS
i j

T
M

q q

)79( ,i jB 
),m nC ,i jB)  (79 (

           
 .    )73( )79 ( 

 ( )N N (( ) ( ))N N N N  

 .N T
,m nw  N  T

,i jB 
.  )79( ) 85(    

)85(  

, 2

,

,

,

0

0

0

B S S

p R P fB fSm n

i j

m n

i j

K K M M MC
BK K M

C
B



    

        

  

170  139314 8  

) 85)  (86-88 (  

)86(  

2
B

B
i j

U
K

q q

)87(  

2
S

S
i j

U
K

q q

)88(  

2
S

S
i j

T
M

q q

6 -   

)2010() 2009) (1979)  (2008 (
 1 

  
 2 3  
/Ti-6Al-4V) (   

) (  )0( 
) 2009)  (1979 ( 

 4/0   05/0
 . 

) 2009)  (1979 (  
4  /c ch E  

2 3Al/Al O  
/ 0.05h a / 1a b 
( ) 

) 2010)  (2009 (.  

1    

Al2702  70  3/0  

2 3Al o  3800  3933/0  
Ti-6Al-4V44297/105  298/0  

37502/320  26/0  

2      

]12[  ]16[

958/144  67/143  04/145  1
087/362  64/360  61/362  2
087/362  64/360  61/362  3
848/578  87/575  18/580  4
152/723  53/725  22/725  5
152/723  53/725  22/725  6
304/939  18/938  79/942  7
304/939  18/938  79/942  8
940/1226  76/1238  0/1233  9
940/1226  76/1238  0/1233  10

3      
]12[  ]16[

061/271  60/268  23/271  1
099/677  38/674  06/678  2
099/677  38/674  06/678  3
48/1082  8/1076  9/1084  4
36/1352  9/1356  1/1356  5
36/1352  9/1356  1/1356  6
65/1756  4/1754  0/1763  7
65/1756  4/1754  0/1763  8
68/2294  9/2316  4/2305  9
68/2294  9/2316  4/2305  10

4    

  ]12[  ]10[  
0  01480/001464/001480/0
5/0  01254/001241/001281/0

1  01131/001118/001150/0
4  00980/000970/001013/0
10  00941/000931/000963/0

5  

/ 0.1h a  

    ]12[   ]10[

0  7694/5  6763/5  7693/5  
5/0  9015/4  8209/4  9207/4  

1  4192/4  3474/4  4545/4  
20090/4  9474/3  0063/4  
57682/3  7218/3  7837/3  
86846/3  6410/3  6830/3  
106368/3  5928/3  6277/3  

6    

1 /b b   ]17[  
0  139/3  169/3  

2/0  020/3  064/3  

4/0  191/2  196/2  

6/0  414/1  496/1  

8/0  031/1  173/1  

1  860/0  036/1  
  

 
   

5  2 / /c cL E h  
 2 3(AL/Al O )  

/ 0.1h a / 1a b 
)( ) 2010 (

) 2009 ( .4 
5 

) 2010 ()2009 (  
6   2

fa h D
3 2/(1 )D Eh  



    

       

139314 8  171  

1( )c 1 /b b )
)   (2008 .  (

25 GPaE
32400 kg / m 0.15 10ma

10mb0.15mh 1 100mc 
 . 

   

7 -    

  .2 3(AL/Al O )

  AL 2 3Al O 
 .  

  
 .

     
  

  
 2   

  
 3      

  
 4     

   

  
 5 

  

 2 3  
 

2 3(AL/Al O ) 1 
 . / 0.1h a  

 .3 1 0.3 mb  

1 0.4mc  .
 

 .  
 

  .
  

   
 4 

/ 0.1h a 
 

  .
 4   

 

  



    

        

  

172  139314 8  

  
  

   
4   

 5 
  

  .
/ 0.1h a 

31000 kg/mF1 0.5 mb 1 0.4mc 
 .  

 
.  5  

    
 6   
  

 / 0.1h a31000 /F kg m

1 0.5b m 1 0.4c m 
  

  

   
  

  
6     

    

  
 7 

   

  
8 

   

  
 9   

   

 7 8 
   

.  
/ 1a b  . 7 8 

 
.  

 9 10 
   

 / 1a b 
/ 0.1h a  .

   
  

 
  

.  
11 12 

 .
 / 1a b  

/ 0.1h a   
  

  
     

.  



    

       

139314 8  173  

  
 10    

   

  
11   

  

  
 12   

   

8 -   

  
  .

  .
    

-  
  

-   
-    
-   
-      
-   

 .  
  

.  
-     

 

9- 
[1] Robinson N.J., Palmer S.C., modal analysis of rectangular plate floating

on an incompressible liquid, Journal of Sound and Vibration Vol. 142, No.
3, pp. 435-460, 1990.

[2] Kwak M.K., Hydroelastic vibration of rectangular plates, Transaction of
the American Society of Mechanical Engineers Journal of Applied
Mechanics Vol. 63, No. 1, pp. 110–115, 1996.

[3] Haddara M.R., Cao S., study of the dynamic response of submerged
rectangular flat plates, Marine Structures, Vol. 9, No. 10, pp. 913–933,
1996.

[4] Zhou D., Cheung Y.K., Vibration of vertical rectangular plate in contact
with water on one side, Earthquake Engineering and Structural Dynamics
Vol. 29, No. 5, pp. 693–710, 2000.

[5] Liang C.C., Liao C.C., Tai Y.S., Lai W.H., The free vibration analysis of
submerged cantilever plates, Ocean Engineering Vol. 28, No. 9, pp. 1225–
1245, 2001.

[6] Yadykin Y., Tenetov V., Levin D., The added mass of flexible plate
oscillating in fluid, Journal of Fluids and Structures Vol. 17, No. 1, pp.
115–123, 2003.

[7] Jeong K.H., Yoo G.H., Lee S.C., Hydroelastic vibration of two identical
rectangular plates, Journal of Sound and Vibration Vol. 272, No. 3-5, pp.
539–555, 2003.

[8] Ergin A., urlu B., Linear vibration analysis of cantilever plates partially
submerged in fluid, Journal of Fluids and Structures Vol. 17, No. 7, pp.
927–939, 2003.

[9] Zhou D., Liu W., Hydroelastic vibrations of flexible rectangular tanks
partially filled with liquid, International Journal for Numerical Methods in
Engineering Vol. 71, No. 2, pp.149–174, 2007.

[10] Hosseini-Hashemi Sh., Rokni-Damavandi-Taher H., Akhavan H., Omidi M.,
Free vibration of Functionally graded rectangular plates use first-order
shear deformation plate theory, Applied Mathematical Modelling Vol. 34,
No. 5, pp. 1276-1291, 2010.

[11] Talha M., Singh B.N., Static response and free vibration analysis of FGM
plates using higher order shear deformation theory, Applied
Mathematical Modeling Vol. 34, No. 12, pp. 3991-4011, 2009.

[12] Zhao X., Lee Y.Y., Liew K.M., Free vibration analysis of functionally
graded plates using the element-free kp- Ritz method, Journal of sound
and Vibration Vol. 319, No. 3-5, pp. 918-939, 2009.

[13] Hosseini-Hashemi Sh., Rokni-Damavandi-Taher H., Akhavan H., Omidi M.,
study on the free vibration of thick functionally graded rectangular
plates according to the new exact closed-form procedure, Composite
Structure Vol. 93, No. 2, pp. 722-735, 2011.

[14] Khorshidi K., Effect of Hydrostatic Pressure on vibrating rectangular
plates coupled with fluid, SCIENTIA IRANICA Transaction A Journal of
Civil Engineering Vol. 17, No. 6, pp 415-429, 2010.

[15] Khorshidi K., Farhadi S., Free vibration analysis of laminated
composite rectangular plate in contact with bounded fluid, Composite
structures Vol. 104, 2013, pp. 176–186.

[16] Bishop R.E.D., The Mechanics of Vibration Cambridge University Press,
New York,1979.

[17] urlu B, Kutlu A, Ergin A, Omurtag M.H., Dynamics of rectangular
plate resting on an elastic foundation and partially in contact with
quiescent fluid, Journal of Sound and Vibration Vol. 317, No. 1-2, pp.
308-328, 2008. 

  


