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Rotating machines are one of the kinds of mechanical systems that widely used in industry. The
way of connecting axis and vibration of system are among the items that are always discussed in
these systems. In the paper, mechanical rotating system is modeled. In the model, system
consisting of two flexible axes (shafts) with different rotation axis which connected through
cardan joint is investigated via two degrees of freedom model. The stability of the model is
analyzed by means of monodromy matrix technique. The model is verified by comparing the
results with the results of the previous researches and different natural frequencies. Then the
effects of different system parameters such as axis rotational velocity, cardan angle, shaft's
properties (stiffness and damping) on the stability of system are investigated. Also manner and
conditions of each parameter on the stability of system are discussed. Finally, the stability charts
constructed on various system parameters is presented. It is observed that decreasing shaft
stiffness and cardan joint angle due to more stability, while decreasing shaft damping has the
opposite effect.
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1- Developed An Infinite Determinant Method
2- Floquet Theory
3- Principal Combination Resonance Zone of The Summation Type
4- Perturbation Method
5- Lyapunov Exponent 
6- Monodromy Matrix Method
7- Hill’s Infinite Method 

  
 . 

  
 . 

) 
 .  ( 

 ( ) 
 .

 
 

   .
  

 
 .

  
 

   .
  

2- 

 

 ] 19 20 .[   

  .
   .

  
 

)1 .(
 .  

  
   

)  .
  ( 

 

  .

   

3- 

 .
   .

   



    

         

139314 12  165  

  
1  (  (  

)    .  (

 . 

  .   
) 12 (   

)1(  1 1 1 1 2 2 1 1 2 2 0J c c k k  
  

)2(  2 2 2 2 2 2[ ] 0J c k  
) 34:(  

)3(  0 0 1t  

 )4(  

0

2

0 0 1 0 12

0 1 1

( ) ( )

( ( )) ( ) ( )

( )

d d d
dt dt dt
d d d dt t
dt dt dt dt

  

) 2 ( )  5 (
  

)5(  2 2 1 0 1 2 2 2 2[ ( )] 0J c k  
 )  6 ( 
]21.[  

)6(  2 2
0

cos
1 sin sin

  

 . 
 

) 1)  (5 ( ] 19.[  
 

 .  
) 7:(  

) 8-11 (
  

)8(  

1 1

1

1
1 01 1 01 1

1 1 10 0

01 1
1 0

( )

  

)9(  

1 1

1

1 1 0 1
1 1

1 0 1
1 1 10 0

2

01 1 0 12
0 1 0

( ) ( )

( ( ) )( )

1( )( )

t

  

)10(  1 01 01 1
0

1( )  

)11(  1 01 01 1 01 1
0 0

1 1( )  

) 10)  (11)   (1)   (5(
) 1213 (  

)12(  

1 1 1 1 2 01 01 1 2
0

1 1 1 01 01 1 2
0

1( )

1( ) 0

J c c

k k
  

  

)13(  

1 1 1 2
2 2 01 01 1 01 01 2

0 1 0 1

1 1 2
1 01 01 2

1 0 1

01 1 01 1
01 0 1 2 2 2 2

0 0

[ ( )( ( )

( ) )

( )( )] 0

c cJ
J J

k k
J J

c k

  

)  14 ( 
 

 
 -) 15 (   

)14(  0 1
0

1 1 1 1

, , ct
k J k J  

)15(  1 1 1

012 2 2

0

11 2E

12 012E

21 01 012E
2

22 012( ) 1E
2

11 1P
2

12 01P
2

21 01P
2 2

22 01( ) 1P

E P  2×2   
  

)7(  1 010  

)  

)  

 

 
 

c1 k1

c2 k2
J2

J1  



    

         

  

166  139314 12  

) 15(
 ) 16.(  

)16(  01 01 2 2

cos( ) ( )
1 sin sin

  

4-   
) 15 (

 )-1 .  (
 .

 
 ] 22 .[ 

 
 

  

  .
 

 . 
 .  

) 17 (  
)17(  ( , , , , )u u  

H 4×4   ) 18 :  (  
  

)18(  ( , , , , )  

I 2×2 O 2×2   

)19(  1 2 1 2u  
) 20 (   

)20(  1 2( ) { ( )},{ ( )},...,{ ( )}ny y y  
1 2{ ( )},{ ( )},...,{ ( )}ny y yn 

. n ) 17 (0  n ) 21(
) 22 (  

)22(  ( ) ( )e  
K  M 

Z  ( )  
1 log

  .
(0) ( )   
; 1,2,3,4k k 

 .k

mod( ) 1k Re( ) 0k]22.[  

1- set of Mathieu–Hill equations

)17 ( . 2 
)45RK (3 

] 17) [9-(^10   

5-   
 

 .
] ) 17([  

0.001, 1, 1, 100.  

  2- 

   
  

 .
2-   

    

  2   
 

.   
  2 

) 
 (

  
  

 
 .  
  

 . 
 ) 

 ( 

   
4 5

 -6    
H-S 

   )23 ( 
]17[  

H S, ; 1, 2; 1,2,3,...
2 2 1

i i
ik ik i k

k k
)23(  

 C+ C-  

2- Runge Kutta method 
3- The value of error control tolerance 
4- Harmonic
5- Combination 
6- Sub-harmonic

)21(  

1 0 ... 0
0 1 ... 0

(0)

0 0 ... 1  



    

         

139314 12  167  

  

2  ( ]17 ( [

   )
24:(  

C± 2 1
12 ; 1,2,3,...

2k k
k

)24(  

0 ) 0 )  (1 
)  15( ) 25 (

:  

2
1,2

1 1 1 1((1 ( 1)) 1 ( 1)) 4 ( ))
2

)25(  

1, 100
)26 (   

1 20.072, 1.422 rad/sec )26(  
-

 )  1,2k)  (2324 (
) 26 (1 

2   
  1 2   2 

   
1 -  

  H  S  

11  035/0  072/0  

12  018/0  024/0  

21  712/0  422/1  

22  356/0  474/0  
  

2   

  C+  C-  

121  747/0  675/0  

122  373/0  338/0  

6 -    

 
  4 

  
  

  
  0.0011 1 

 )
 (  .

01/0 
  

  
 

)  - (
 .  
  )    (

) 3 .(
)   

 .  (  
   3    ( )

  
  

 .  
   

 )   
  ( )   

  
   

    

 (r
ad

)
 (r

ad
)

   
   



    

         

  

168  139314 12  

  
  

3   

 ) 0 
 (2/ ) 

  ( 
   

   )
 ( 4 

3  .  
   3 4  

 )  
  .(

) 3 (  

  

  
  

4   

5 
 .

 
 

  
   

 )  
 (

  )  
4 3 .(  

  µ )
 (  .6 

3  .  ( )  
   3 6 

)  
    .

 . 
  

  
  7 

 .
 

 .  
  

 5  .

)7(  .
7  

 . 
  

  
 

  )  6 
3 .(  

  
  

5   

 (r
ad

)
 (r

ad
)

 (r
ad

)
 (r

ad
)



    

         

139314 12  169  

  

  

  
  

6   

 3 6 
  

) 7  .(  

7 -   
)    (

    .
 

 .

   
  

  
  

7   

 )µ ) )
  ( ) 

  
  

   
   

   .
  . 

 
 . 

 
  

   
 

  .
 .  
   

  
  

  

8 -   
) kgm2s-1(  c  

    

) kgm2(  J

) kgm2s-2(  k
    

  
  

)rad(  
  

   
  

  01

) rad(  
  

)rad(
) rad(  0  

)rad/s(
  

) rads-1(  
) rads-1(  

 )rads-1(  0

 
    

    

 (r
ad

)
 (r

ad
)

 (r
ad

)



    

         

  

170  139314 12  

9-   
[1] J. Piotrowski, Shaft Alignment Handbook Third ed, pp. 142-153, New

York: CRC Press, 2010.
[2] J.A. Collins, H. Busby, G. Staab, Mechanical Design of Machine Elements

and Machines Second ed, pp. 360-365, New York: John Wiley Sons,
2013.

[3] T. Kotera, Instability of torsional vibrations of system with cardan
joint PhD Thesis, Faculty of Engineering, Kobe University, Kobe, 1990.

[4] S.I. Chang, Torsional Instabilities And Non-linear Oscillation of System
Incorporating Hooke's Joint, J. Sound Vibrat. Vol. 229, No. 4, pp. 993
1002, 2000.

[5] S.F. Asokanthan, M.C. Hwang, Torsional Instabilities in System
Incorporating Hooke's Joint, Trans. ASME, Vol. 118, pp. 368–374, 1996.

[6] S.F. Asokanthan, X.H. Wang, Characterization of Torsional Instabilities
in Hooke's Joint Driven System via Maximal Lyapunov Exponents, J.
Sound Vibrat. Vol. 194, No. 1, pp. 83–91, 1996.

[7] S.F. Asokanthan, P.A. Meehan, Non-linear Vibration of Torsional System
Driven by Hooke's Joint, J. Sound Vibrat. Vol. 233, No. 2, pp. 297 310,
2000.

[8] H.A. DeSmidt, K.W. Wang, E.C. Smith, Coupled Torsion-Lateral Stability
of Shaft-Disk System Drive Through Universal Joint, J. Applied
Mechanics Vol. 69, No. 3, pp. 261-273, 2002.

[9] H. A. DeSmidt, K. W. Wang, E. C. Smith, Stability of Segmented
Supercritical Driveline with Non-Constant Velocity Couplings Subjected
to Misalignment and Torque J. Sound Vibrat. Vol. 277, pp. 895–918,
2004.

[10] A.J. Mazzei, A. Argento, R. A. Scott, Dynamic Stability of rotating Shaft
Driven Through Universal Joint, J. Sound Vibrat. Vol. 222, No. 19, pp.
19-47, 1999.

[11] A.J. Mazzei, R.A. Scott, Principal Parametric Resonance Zones of
Rotating Rigid Shaft Driven Through Universal Joint, J. Sound Vibrat.,
Vol. 244, No. 3, pp. 555-562, 2001.

[12] A.J. Mazzei, R.A. Scott, Effects of internal viscous damping on the stability
of rotating shaft driven through universal joint, J. Sound Vibrat. Vol.
265, No. 1, pp. 863-885, 2003.

[13] M. Saigo, Transverse Vibration Of Rotor System Driven by Cardan
Joint, J. Sound Vibrat. Vol. 95, No. 1, pp. 9-18, 1984.

[14] A.J. Mazzei, R.A. Scott, Accelerating through Resonance of Universal
Joint Driveline, Proceedings of the XXV International Modal Analysis
Conference, Orlando paper 29, 2007.

[15] A. Mazzei, Passage through Resonance in Universal Joint Driveline
System, J. Vibrat. Control Vol. 17, No. 5, pp. 667-677, 2011.

[16] G. Bulut, On Nonlinear Vibrations of Rotating Beam J. Sound Vibrat.,
Vol. 322, No. 1, pp. 314-335, 2009.

[17] G. Bulut, Z. Parlar, Dynamic Stability of Shaft System Connected
Through Hooke's Joint, J. Mechanism and Machine Theory, Vol. 46, pp.
1689– 1695, 2011.

[18] G. Bulut, Effect of Taper Ratio on Parametric Stability of Rotating
Tapered Beam, J. European Journal of Mechanics A/Solids Vol. 37, pp.
344– 350, 2013.

[19] A. H. Nayfeh, P. F. Pai, Linear Nonlinear Structural Mechanics pp. 267-
283, Toronto: Wiley, 2004.

[20] A. H. Nayfeh, D. T. Mook, Nonlinear Oscillations pp. 283-330, Singapore:
Wiley, 1995.

[21] H.C. Seherr-Thoss, F. Schmelz, E. Aucktor, Universal Joints and
Driveshafts Analysis, Design, Applications Second ed., pp. 5-9, New York
Springer-Verlag, 2006.

[22] L. Meirovitch, Methods of Analytical Dynamics pp. 263-292, New York:
McGraw-Hill, 1970.

  


