
  

   139314 15  299 -306
                

    

    

     
mme.modares.ac.ir

  

    

    

    

    
                  

 

  
:  Please cite this article using:

M. Raoufi, S. Jafari Mehrabadi, S. Satouri, Free vibration analysis of 2D-FGM annular sectorial moderately thick plate resting on elastic foundation using 2D-DQM solution,
Modares Mechanical Engineering Vol. 14, No. 15, pp. 299-306, 2015 (In Persian)

12*1  

1-   
2-    
*   567-38135 s-jafari@iau-arak.ac.ir  

      
  

 :19  1392  
 :24  1392  

 :04 1393  

    .
 .

   .  .
   .

 )ANSYS ( 
   

 .    
  .   

    

  
  

  
   

  

  

  

Free vibration analysis of 2D-FGM annular sectorial moderately thick plate
resting on elastic foundation using 2D-DQM solution

Milad Raoufi1 Saeed Jafari Mehrabadi2*, Soheil Satouri1

1- Department of Mechanical Engineering, Islamic Azad University of Arak, Arak, Iran
2- Department of Mechanical Engineering, Islamic Azad University of Arak, Arak, Iran

P.O.B. 38135-567 Arak, Iran, s-jafari@iau-arak.ac.ir.

ARTICLE INFORMATION ABSTRACT
Original Research Paper
Received 10 September 2013
Accepted 15 December 2013
Available Online 26 October 2014

In this paper, free vibration of two-dimensional functionally graded (2D-FG) annular sectorial
plate surrounded by Winkler-Pasternak elastic foundation has been investigated. It is assumed
that the plate properties vary continuously through its both circumference and thickness
according to power law distribution of the volume fraction. Primarily, we calculate the forces and
resultant moments and then the total potential energy of system. Then, by applying the Hamilton’

principal any by regarding the first order shear deformation plate theory (FSDT) the governing
differential equations have been derived. The numerical differential quadrature method, (DQM),
has been employed for solving the motion equations. Two different boundary conditions such as
simply supported and clamp supported are considered. Initially, the obtained results were
verified against those given in the literature and by ANSYS software and we confident from the
obtain results. The effects of geometrical and elastic foundation parameters along with FG power
indices effects on the natural frequencies have been studied. The study of results shows that,
elastic foundation and FG parameters have significant effects on natural frequencies. By doing this
research for 2D-FG materials the characteristic vibration of structure can be controlled by more
parameters than 1D-FG materials.

Keywords:
Two-dimensional functionally graded
annular sectorial plate
Elastic foundation
First order shear deformation theory
The numerical differential quadrature method

  

1 -   
  

  . 
  . 

   
  

    
 ] 1 [2009 

   .
 

  . 
  



    

     

  

300   139314 15  

  
  .

  
 . 

 . 
  .

1984  .
 

  
    

 
9[

10 11[.  
2011 ] 11 [

 
  . 

  .
  

  
    

  .2012 ]12[ 
 

  .
 

  
 

  
 

  .
1 ]13[ 1996 

2000 2 ]14[  
 .

 
  

 
    

   
    

 
 .   

  
    

   

1- Bert and Malik  
2- Liew and Liu

  
 

   
 

 

 .
  

  

2 -   
  

 
  

 
 

  .
1 ] 11.[  

1 1 0.5 1
zn n

m
zV
h

2 1 0.5
zn n

m
zV
h

1 0.5 1
zn n

c
zV
h

)1(
2 0.5

zn n

c
zV
h

1    
m1m2c1  c2 

  

2  ]11[.  

)2(
1 1 2 2 1 1 2 2m m m m c c c cP P V P V P V P V

3 -    
 b a h 

 1   
u v w   r z 

3 
 ]1[.

0( , , , ) ( , , ) ( , , )ru r z t u r t z r t  

0( , , , ) ( , , ) ( , , )v r z t v r t z r t  
)3(0( , , , ) ( , , )w r z t w r t

u0v0 w0  
r zr  r   



    

    

 139314 15  301  

  
1 

 4  ]1[.  

r
r

u z
r r

1
r

v zu
r r

rz r
w
r

1
z

w
r

)4(  
1 1 1r

r
u v v z

r r r r r r

4iij       

  5  ]1[.  

2 2( ), ( )
1 1r r r

E E

( )
2(1 )r r

E

)5(  ( ), ( )
2(1 ) 2(1 )z z rz rz

E E

  
6  ]1[.  

2

2

( , ) (1, ) ,
h

hi i iN M z dz i r

2

2

( , ) (1, )
h

hr r rN M z dz

)6(
2

2

, ,
h

hi iQ dz i rz z

 ) U (
 )Us( ) Uf (7 

   

s fU U U )7(  
 8  ]1[.

  

)8(  

/2

0 /2

1 (
2

)

a h

s r r r rb h

rz rz z z

U

r dz d dr
 . 

 9 ]2[.  
2

20

2

2 2

1 1
2

1

a

f w gb

w wU K w K
r r r

w w rdr d
r )9(  

 Kw  Kg  
 10   

2 2
/2

/2 0

2

1 ( , )
2

h a

h b

u vK z
t t

w r drd dz
t )10(

 11    

( )
t

U V K dt )11(  
 V 

   

12   

1

1 1rr
r

o o r

NN N N
r r r

I u I

1

2 1r
r

o o

N NN
r r r

I v I

1 2

1 1rr
r rz

o r

MM M M Q
r r r

I u I

1 0 2

2 1r
r z

M MM Q
r r r

I v I

)12(

2 2

2 2 2

1 1

1 1

r
z rz w

g

Q Q Q K w
r r r

w w wK
r r r r

I w
 Ii 13    

)13(  
/2

/2
, , 0,1,2

h i
i h

I z z dz i

  
 14  ]12[.  

0( , , ) ( , ) i tu r t u r e

0( , , ) ( , ) i tv r t v r e

0( , , ) ( , ) i tw r t w r e

( , , ) ( , ) i t
rr r t r e

)14(  ( , , ) ( , ) i tr t r e

e t

  

4 -   
 .

 r=b  
   



    

     

  

302   139314 15  

 :  
0, ,ru v w r a b
0, 0,ru v w )15(

 :-- -   
0, , .r ru v w M N r a b

0, 0, .ru v w )16(  

5 - (DQM)  
 

   .
rN N 

rN N

f(r, ) 17  13[.

( ) ( )

1
( , ) ( , )

rN
n n

r i i ik k j
k

f r A f r

( ) ( )

1
( , ) ( , )

N
m m

i i jl i l
l

f r B f r

)17(
( ) ( ) ( )

1 1
( , ) ( , )

r NN
n m n m

r i i ik jl k l
k l

f r A B f r

17( )n
ikA ( )m

jlB r    
 18 

 13[.  

(1) ( )
( ) ( )

i
ij

i j j

M rA
r r M r

)18(  
(1) ( )

( ) ( )
i

ij
i j j

PB
M

M(ri) P( i) 19    

1
( ) ( ),

rN

i i j
j

M r r r i j

)19(1
( ) ( ),

N

i i j
j

P i j

 20    

( 2) ( 1) ( 1) ( 3) ( 2 ) ( 1 )

1 1

r rN N

ij ik kj ij ik kj
k k

A A A A A A

(4) (3) (1)

1
, , 1,2, ...,

N

ij ik kj r
k

A A A i j N

(2) (1) (1) (3) (2) (1)

1 1

N N

ij ik kj ij ik kj
k k

B B B B B B

)20(
( 4 ) (3) (1)

1
, , 1,2, ...,

N

ij ik kj
k

B B B i j N

]0,[  ]b,a[ 
 21 ]13[.  

1 1(1 cos( ))( ) , 1,2, ...,
2 1i

ir b a a i N
N

)21(  
1 1(1 cos( )) , 1,2, ...,
2 1i

i i N
M

 
22    

1  
 

rN N      
12×12  591/277  772/284  249/342  
15×15  654/244  503/246  393/280  
17×17  096/240  096/240  355/266  
21×21  859/238  188/239  180/261  
25×25  859/238  188/239  180/261  

)22(
2 0 0

0bb bd b b

db dd d d

K K d d
K K d ddbg ddg

db  dd  
Kbd Kbb 

Kdd 
Kdb dbg 

2 ddg 
 2    

 22 
23    

)23(1 2
1 2 { } { } 0d dZ Z d d

Z1 Z2 24    
1

1 bb bdZ ddg dbg K K

)24(  1
2 dd dd bb bdZ K K K K

6 -    
 

  .
  . 

25    

)25(
2

2

2 m

m

f a
D

2

2

3

212(1 )
m

m

E h
D   

 
 1 

 
25/0b/a=30= 01/0h/a=  SCSC

 .  
 1  21 

  .
25    

 
3

2
2( , )

12(1 )
c c

c
c

E hf a D
D

  

 ]14[ 
2 

   
 

   



    

    

 139314 15  303  

 Shell 281 12  
  . 

12 
1 2   .

  m1a=30=

a5/0b= a01/0h=   .4 ) 
 ( ) 

3 (
   
   

2 ) 
 3/0 .(  

   1n =  2n = 
) 3 ( 

3/0 
  

  
 

3   
  

   .  

2     CCCC  ) a01/0h=°30=(
b
a

    

1  23456  

1/0  
  245/187  770/297  316/413  149/425  104/571  838/591  

14[056/187  335/297551/412333/424715/569374/590

25/0  
  245/187772/297312/413163/425128/571789/591

]14[056/187337/297  547/412348/424759/569325/590

5/0  
  137/191  193/339  429/413  928/563  761/596  494/716  

14[942/190  662/338  663/412  649/562274/595  458/714  
  

2   
  
  



    

     

  

304   139314 15  

3    ]12[  
3(kg/m ) (GPa)E

4515 115 Ti6 Al4V 1m

2715 69 Al 1,100 2m

3210 440 SiC 1c

3470 300 2 3Al O 2c

4  ) HZ (   
1234

n =1, nz=2
07/17389/30651/37660/506
35/16907/31088/34860/515

n =5 nz=5
81/22183/40047/47988/670
83/23072/40655/48648/670

n =10 nz=10
03/72391/51504/43053/237
11/72911/53631/44013/249

  

  
3   

 CCCC)60=a5/0b= a2/0h=.(

4  b/a 
  ) a2/0h=(

  n 

nz   
  

CCCC 
b/a  4 

  b/a 
 

  . b/a 

 ]12[ 
 .5 b/a 

CCCC SCSC    
CCCC .  

 b/a 
CCCC 6  

 
 

b/a 
]12[   .

 CCCC SCSC 
7  .  

  
   

  25  ]12[.  

)25(
2 2

4 2/ , /w gw m g mK K D a K K D a

Dm2  26  

)26(
2 2

3 2/12(1 )m mD E h

 8 9 
CCCC  SCSC  
  .

 CCCC  
10   

  

5  b a/
 ) a2/0h= 30=(  



    

    

 139314 15  305  

  
 6   ( ) 

  b/a )a2/0h=(  

  
7  

 )a5/0b= a2/0h=(  

  
8  wK

) a 5/0b=a2/0h=30= 0gK.(

  
9  gK

) a 5/0b=a2/0h=30=0wK(  

  
10  wKgK

) a 5/0b=a2/0h= 30(  

  8 10  

 
 .10  

 
    

7 -    
 

 . 

  .
   .

  
 . 



    

     

  

306   139314 15  

 
1 .  

   
 

 
 

  
2.   

 
 

  
3 .

  
 

8 -   
[1] E. Jomehzadeh, A.R. Saeidi, S.R. Atashipour,An analytical approach for

stress analysis of functionally graded annular sector plates, Materials and
design Vol. 30, No. 9, pp. 3679-3685, 2009. 

[2] A.H. Sofiyev, Buckling analysis of FGM circular shells under combined
loads and resting on the Pasternak type elastic foundation,Mechanic
research communication Vol. 37, No. 6, pp. 539–544, 2010.

[3] M.H. Ebrahimi, M.M. Najafizadeh, Free vibration of two-dimensional
functionally graded circular cylindrical shells on elastic
foundation,Modares Mechanical engineering Vol. 13, pp. 27-38, 2013. (in
Persian)

[4] A. Abdollahifar, M.R. Nami, Investigating the effect of angle between the
material gradation direction and crack on mixed-mode stress intensity
factor of FGM plates using MLPG method, Modares Mechanical
engineering Vol. 13, pp. 138-150, 2013. (in Persian)

[5] X.K. Xia, H.S. Shen,Vibration of post-buckled FGM hybrid laminated plates
in thermal environment,Engineering Structures Vol. 30, No. 9, pp. 2420–
2435, 2008.

[6] A. Alibeigloo, W.Q. Chen, Elasticity solution for an FGM cylindrical panel
integrated with piezoelectric layers, European Journal of Mechanic
A/Solids Vol. 29, No.4, pp. 714–723, 2010.

[7] M. Shariyat Dynamic buckling of suddenly loaded imperfect hybrid FGM
cylindrical shells with temperature-dependent material properties under
thermo-electro-mechanical loads,International Journal of Mechanical
Sciences Vol. 50, No. 12, pp. 1561–1571, 2008.

[8] M. Shariyat, M. S Khaghani, Nonlinear thermo-elasticity, vibration, and
stress wave propagation analyses of thick FGM cylinders with
temperature dependent material properties,European Journal of
Mechanic A/Solids Vol. 29, No. 3, pp. 378–391, 2010.

[9] M.M. Najafizadeh, H.R Heydari Thermal buckling of functionally graded
circular plates based on higher order shear deformation plate
theory,European Journal of Mechanic A/Solids Vol. 23, No. 6, pp. 1085–
1100, 2004.

[10] M.R. Torshizian, M.H Kargarnovin,Mode III fracture of an arbitrary
oriented crack in two dimensional functionally graded
material,Mechanics Research Communication Vol. 38, No. 3, pp. 164–169,
2011.

[11] M. Asgari, M Akhlaghi, Natural frequency analysis of 2D-FGM thick
hollow cylinder based on three-dimensional elasticity
equations,European Journal of Mechanics A/Solids Vol. 30, No. 2, pp. 72–
81, 2011.

[12] H. Hedayati, B. SobhaniAragh,Influence of graded agglomerated CNTs on
vibration of CNT-reinforced annular sectorial plates resting on
Pasternak foundation,Applied Mathematics and Computation Vol. 218,
pp. 8715–8735, 2012.

[13] C.W. Bert, M. Malik,Differential quadrature method in computational
mechanics: review,Applied Mechanics Review Vol. 49, No. 1, pp. 1–28,
1996.

[14] K.M. Liew, F.L. Liu,Differential quadrature method for vibration analysis
of shear deformable annular sector plates,Journal of Sound and Vibration
Vol. 230, No 2, pp. 335–356, 1999. 

 
 


