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When the cantilever beam thickness is scaled down to micron, the dimension of material and the
intrinsic length scale affect the mechanicalbehavior of the beam. The purpose of this paper is to
analyze the bending of cantilever micro-beam and present relation for the beam deflection using
Chen-Wang gradient plasticity theory. To this end, the Euler-Bernoulli beam model is utilized and
three cases including elastic, rigid-plastic and elasto-plastic beams are considered. Clear relations
for elastic and plastic strains are given. For all mentioned cases, the beam deflection is
determined for different intrinsic lengths and the obtained results are compared with each other
and experimental data and some explanations are presented. The results obtained from classical
theory are also shown in the results section to prove that classical theories do not have the ability
to predict behavior of micron-size structures precisely. Numerical results clarify the dependence
of responses to the range of dimensions and intrinsic lengths. The comparison between the
present results and those observed from experimental tests authenticate the reliability of utilized
gradient theory.
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1- Microstructure
2-Non-Local
3- Lower order
4- Yield surface
5- Higher order
6- Von-mises
7- Couple stress
8- Stress-Strain curve
9- Mechanism- Based
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10- Stretch gradient
11- Rotation gradient



    

 -     

  

200  139415 2  

1   

) 10 (
= ( ), = 0, = ( ) )10(

 )  11 (
   

= ( ) )11 -
= = = = = 0 )11 -

  ) 12 (
)13 (  

= + + = ( ) )12(

=
1
3 )13 -

=
1
2

=
1
2

=
2
3

( ) )13 -
 ) 14 (  

=
2
3 )14 -

=
2
3

( ) )14 -
) 15 (  

= ( ) )15(
) 16 (  

= , )16-
= ( ) )16-

) 17 (  

=
2
3

=
2
3 )17(

) ]  8[) )  
)18 (

( ) ( ) =
2
5

( ) +
4

15 )18(
)  7 (

) 19 (  

=
3
2

1 + )19(
 )8 (

)20 (  

=
2
5

( ) +
4

15
( ) +

2
3 )20(

 
 ]13[

  .) 20 (
) 21 (  

=
2
3 )21(

) 19 (   

= ( + ) 1 +
3
2 )22(

  . )3 (-
) 23 (  

=
1
2

=
1
2

=
2
3 )23(

) 24 (  

=
2

=
2 )24(

  

= + ( )
0

( )
0

+

( ) ( ) ( ) = 0 )25(
  

26-)  (26 - (  

=
1
8

[ 2 + 6 + 6

3 ln 1 +
6 + + 6 6

3 )26-

= [
1

48
+ 6 4 + 6 9

+
3 6
32

ln 1 +
6 + + 6 6

3 )26-
 

 .= 0 ) 27 (
  

(0) = 0 , (0) = 0 )27(
   

= ( + ) | = + = 0 )28 -
= = ( ) = 0 )28 -

 )25 (  
( ) = 0 )29(

 )29)  (30 (
  

=
6

3 )30(
) 31 (  

=
(2 2 )

)31(
) 32 (  

=
( )

)32(

3-2-   
= 0  .
  )33 (

 



    

 -    

139415 2  201  

=
(3 )

6 )33 -  

= [
1

48
+ 6 4 + 6 9

+
3 6
32

ln 1 +
6 + + 6 6

3

  

)33 -  

)34 (  

=
(2 )

3 )34(
= 0  )35 (

  

=
6

(3 ) , =
12 )35(

 ) 36 (  

=
( )

)36(

3-3- -
1 

 -  
 )30 ( . 

   
  .  
  .  

= )37(
) 32)  (36 ( )37(   

= +
1 )38(

  
) 30)  (31)  (39)  (40 (  

=
(2 2 )

)39(

=
(3 3 )

6 )40(
  .

= 0  
-  )30 (

 .  .
   

    .
  

= + + )41(
 .  

 
) 42 (  

  

  
2   

= )42 -
= ( ) )42 -

=
( ) (3 2 )

6 )42 -
 ) 43 (  

=
6

3 <

( )
( ) (3 2 )

6 )43(
  ) 38 -40 (  

4 -  
4-1--

2- 
   . 

    
  

= + ) ( )
0

( )
0

+

( ) ( ) ( ) = 0 )44(
 = 0 )27 (-

    

= ( + )

= + = )45 -
= = ( ) = 0 )45 -

   
( ) = 0 )46(

 )  27 (
 ) 47 (  

=
2 )47(

 )47 (
  

4-2 -   
= 0  .

 )48 (

=
2 )48(

= 0  )49 ( 
   

=
2

, =
12 )49(

] 19 .  [
     

5 -  
) 5-1(



    

 -     

  

202  139415 2  

-
)5-2(

   

5-1-   
5-1 -1-   

1 ]22[

 
 .

]23[   
 

]22[  .D

 = 
 )  50 (

  
= )50(

]22[ 
=  h 

 .
  

) 51 (  

= =
12 )51(  

-) 48 (
)52 (  

=
1

48
+ 6 4 + 6 9

+
3 6
32

ln 1 +
6 + + 6 6

3 )52(
   .

]22[44/1 
-14/8  -

 .1    

5-1 -2- -  
-

2 ]23[  .
 = 

  
 - )11 ( 

)47)  (53 (  

4
=

1
6

1 + 6

× 4 + 6 9

1- Lam 
2- Shrotriya

+
3 6

4

× ln 1 +
6

3
+ + 6

+ 1 +
6

2
1 + 6

3
2

× ln 1 +
6

3
+ + 6

)53(  

) 54 (  
4

=
8

12 )54(

]23[03/1 
-8/4 

 .2 
 .

  

5-2-  
3 7    

 -

  
40

6
40 2/1 200/1

 3/2  200/1  
 h 

  . 
  

1   

  
)  

  
)]22[(  
)  

-  
)  
)  

20  33/0  229/0  
40  18/0  183/0  
75  16/0  157/0  
115  14/0  1455/0  

2 

  
)  

  
  

  
  

)]23[(  
)  

  
-  

)  
)  

25  025/0  5/1  36/1  
50  054/0  35/1  20/1  
100  088/0  22/1  10/1  
200  09/0  09/1  055/1  



    

 -    

139415 2  203  

3 -
   

  
4 

  

5 
  

6 -
  

3 4  -
 -

  

1  .  

 .
= 0  = 0.4  .

-

5 .
  

 

 
  

 .
  

6 7 
 -

 .-

 . 

  

1- Stiffness 



    

 -     

  

204  139415 2  

7 

  .
 

 .

6 -   
-

-

  

 .
 .

 -  .
 

  .

 .
  

7 -   
[1] N. A. Fleck, G. M. Muler, M. F. Ashby, J. W. Hutchinson, Strain Gradient

Plasticity: Theory and Experiment, Acta Metallorgica et Materialia Vol.
42, pp. 475-487, 1994 . 

[2] J. S. Stolken, A. G. Evans, microbend test method for measuring the
plasticity length scale, Acta Materialia Vol. 46, pp. 5109-5115, 1998 . 

[3] R. K. Abu Al-Rub, G. Z. Voyiadjis, Analytical and Experimental
Determination of the Material Intrinsic Length Scale of Strain Gradient
Plasticity Theoty from Micro- and Nano-Indentation Experiments,
International Journal of Plasticity Vol. 20(6), pp. 1139-1182, 2004.

[4] M. B. Taylor, H. M. Zabib, M. A. Khaleel, Damage and size effect durind
superplastic deformation, International Journal of Plasticity Vol. 18, pp.
415-442, 2002.

[5] W. D. Nix, H. Gao, Indentation size effect in crystalline materials: low for
strain gradient plasticity, Journal of mechanics and physics of Solids Vol.
46(3), pp. 411-425, 1998.

[6] A. Acharya, A. J. Beaudoin, Grain-size effect in viscoplastic polycrystals at
moderate strains, Journal of mechanics and physics of Solids Vol. 48, pp.
2213-2230, 2000. 

[7] E. C. Aifantis, Strain gradient interpretation of size effect, International
Journal of Fracture Vol. 95, pp. 299-314, 1999.

[8] N. A. Fleck, J. W. Hutchinson, phenomenological theory for strain
gradient effects in plasticity, Journal of mechanics and physics of Solids
Vol. 41, pp. 1825-1857, 1993.

[9] N. A. Fleck, J. W. Hutchinson, Strain gradient plasticity, Advances in
Applied Mechanics Vol. 33, pp. 295-361, 1997.

[10] N. A. Fleck, J. W. Hutchinson, reformulation of strain gradient plasticity,
Journal of mechanics and physics of Solids Vol. 49, pp. 2245-2271, 2001. 

[11] S. H. Chen, T. C. Wang, new hardening law for strain gradient plasticity,
Acta Materialia Vol. 48, pp. 3997-44005, 2000.

[12] S. H. Chen, T. C. Wang, Interface crack problems with strain gradient
effects International Journal of Fracture Vol. 117, pp. 25-37, 2002.

[13] S. K. Park, X. L. Gao, Bernoulli-Euler beam model based on modi ed
couple stress theory, Journal of mechanics and physics of Solids Vol. 16,
pp. 2355-2359, 2006. 

[14] S.H. Chen, B. Feng, Size effect in micro-scale cantilever beam bending,
Acta Mechanica Vol. 219, pp. 291-307, 2011.

[15] N. Challamel, C. M. Wang, The small length scale effect for non-local
cantilever beam: paradox solved, Nanotechnology Vol. 19, pp. 345703,
2008.

[16] W. Wang, Y. Huang, K. J. Hsia, K. X. Hu, A. Chandra, study of microbend
test by strain gradient plasticity, International Journal of Plasticity Vol.
19, pp. 365-382 2003.

[17] M. I. Idiart, V. S. Deshpande, N. A. Fleck, J. R. Willis, Size effect in the
bending of thin foils, International Journal of Engineering Science Vol. 47,
pp. 1251-1264, 2009. 

[18] N. A. Fleck, J. R. Willis, mathematical basis for strain gradient plasticity
theory. Part II: tensorial plastic multiplier, Journal of mechanics and
physics of Solids Vol. 57, pp. 1045-1057, 2009.

[19] B. Ji, W. J. Chen, J. Zhao, Measurement of length-scale and solution of
cantilever beam in couple stress elasto-plasticity, Acta Mechanica Vol.
25, pp. 381-387, 2009.

[20] Z. F. Shi, B. Huang, H. Tan, Y. Huang, T. Y. Zhang, P. D. Wu, K. C. Hwang, H.
Gao, Determination of the microscale stress-strain curve and strain
gradient effect from the micro-bend of ultra- thin beams, International
Journal of Plasticity Vol. 24, pp. 1606-1624, 2008.

[21] Y. Q. Mao, S. G. Ai, D. N. Fang, Y. M. Fu, C. P. Chen, Elassto-plastic analysis
micro FGM beam basing on mechanism-based strain gradient plasticity
theory, Composite Structure Vol. 101, pp. 168-179, 2013.

[22] D. C. C. Lam, F. Yang, A. C. Chong, J. Wang, P. Tong, Experiments and
theory in strain gradient elasticity, Journal of mechanics and physics of
Solids Vol. 51, pp. 1477-1503, 2003.

[23] P. Shrotriya, S. M. Allameh, J. Lou, T. Buchheit, W. O. Soboyejo, On the
measurement of the plasticity length scale parameter in LIGA nickel foils,
Mechics of Materials Vol. 35, pp. 233-243, 2003.

 


