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Dynamic instability in tapered beams under wind excitation
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ARTICLE INFORMATION ABSTRACT
Original Research Paper Dynamic modeling of beams under aerodynamic loading is extremely important in many
Received 23 October 2014 engineering applications. So the objective of this paper is to present a new approach to model and
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simulate the time domain response of tapered cantilever beams with airfoil cross section to wind
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excitation. The extended Hamilton’s principles along with the Euler-Bernoulli assumptions are

utilized to derive the Partial Differential Equation (PDE) governing the deflection of the beam. A

Keywords:

-ramlred beam new finite difference based algorithm is proposed for finding the mode-shapes as well as the
Time domain simulation natural frequencies of the beam. These mode-shapes are then used in a Galerkin projection
Instability speed procedure to convert the PDE governing the system’s behavior into strongly coupled nonlinear

Wind excitation Ordinary Differential Equations (ODEs). The aerodynamic loadings are modeled using the open

source code of XFOIL. The blade of an under developed 100kW wind turbine is considered as a
case study. The results reveal that even a single mode approximation is accurate enough in
predicting the beam’s dynamic exposed to wind excitation. It was also observed that the
instability speed of beams with higher modal damping is considerably higher than those with
lower modal damping. The knowledge resulting from this work is expected to enable the analysis,
optimization, and synthesis of tapered cantilever beams for improved dynamic performance.

050 5 Ll ladl Js> Ol 536 oy (Kb sie 0j5> doddo -1
adlls & coles o 5 0L hyz jeam 0 bk 5 bplesle L) aslllas 039y 4255 3550 Hlms pSl ABS Wiz 13 Sulr 5 Jlw (S0 (g3l ol
Sl ogad o)l ol (hjg U Cod ool g leen JBE, LB gl ()T B Jlw by g pdy Sllasl ojle S w0 ol
5 Ol (ooles (85 Sl o b Jlaw ol 5o ojle s Jlw mSer 1B ) g addllas 550 witige slaaS L Sl ()l y3 a8 el Cliz]

Jelos o Jsd S0 osed [l ot e pol b Samn s cldlae 4 Glgie swiipe sbasls ol alex ol sud ab S

Please cite this article using: “lod o3liw! Jod @yl 5l dlis opl @ gla )l (gl
H. Moeenfard, B. Moetakef Imani, M. Davoudi, A. Rahimzadeh, Dynamic instability in tapered beams under wind excitation, Modares Mechanical Engineering, Vol. 15, No. 3, pp.
153-161, 2015 (In Persian)



uhen 9))30._;_:.3.\._:_4;

Sb S35 H31 S e alodo b Bla 5 ) STl B)INLL

s oy alez 3l oad 03 pb bl 1 (gl Sualy p3 o cunl
Sty )3 bt el (ol 5y @9 5 eSS Slps o3k
S e cpl po e 3550 15 Egdge (nl 4 Az b st 15 ok
o @l el Glpss a5 ol ol Sl ysie plss g ahade b s
ol Slaxis wies 15 Jsb b, Slaike cus n sl s
saSitaghy wle Jo jo SlselS 100 ool g op 2 Gebte
P Lodd [S3o0y Selud gl vl sgie g8 olBiils apdyglsn
o5 Job S (99 Y s & 098 e dle Sl plos (285 s
75 S dalae e lp Jsin skl 655 ) ol abie mhe @
5 aaie mhv axiso oS 35b e (B2 690 (nl ,o A dalys eolial
IS8 et 3l g el Sgee (3 6 S S G S o &S
Sy ani b ol bl ol Coawdy 15 Jow [9,8]aile o (3L Sgec 3
1 sl o0 4385 54y 5 il 5 Senliys o Sl ,8, asllas
Slp o Cod @ g30e g, Kol Seelas siledae Jsl pod
G o3 0 el o oolisisl Ladge IS5 5 cxpels (sl uilS 3 dpsloo
ooliial i al>po 50 odal sy glaoge SIS 5 SIS g, B 50
ol 5 linin b Jpdlyiys dobes oSy a5 55 &8 1 aloles b 055 o0
a5 ool Casy Wolas 135 iy 4y S1lS Jyams ool i dlobes 4
lad ;o Vol Jo b s (Sl foly g ool Jite cl> slas
a5 St gy il (Sealinag ] slagyei 355 s dnmlns Sl
0 el 53 il gblis )0 ol Cyus g ales gl 5l ol 50
XFOIL 5L o™ Jl33ley (Slsal8 by lojen Spgods lag s cnl oS
5 Jeilty 0lyz o hey oS5 51 8l ol [10]0505 oo anlone
St | 5 ghaie mhw 2 3)ly SVl Slogyd Sy 0> J>
Sire wY I bz Gileand lp sy Ol S Cend a8 o
T oz Jo Gl Jeils 6,985 &5 b )0 09b oo ooliiul hgd nl

J210s s 5,5 55,0 Y

Lo Sadkaly -2

S sy p pad 4 pad Ojgon i Gl Glige slacend o
ghil ol &g ol (59 5 S o etie alabe b 5 (Sl
o dalgs &l 55 T o g,y g e

oS Yol gzl sl -1-2
S5l el (o900 0l (69, S8 Lo« uiie alafio b 0,5 S 15
Hlassbe (2) 5 (1) abal; b 5 Joilty 5 ot

PN l ow(x,t z
]K(t)Z% fo # () <$) dz 1)

~f A D 2
0(E) = % fo F1®) <%) ds )
S5l wiga FIR) 5@ (@D 00 RO Ly, ool o o
et S g Jsb a2y p e G (gi)S ey (6550 (ot
g 0 00l 53
2 @l slaie C(R) 5 055 oo Jlogi ey o (59, 55 dgdiso (258
Jsb wly » )ly (Seabiaognl 9,08 ST 28 b sl 55 Jsbo 0oy

1- Panel Method

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge

Sygo a4 oaid LSS szl adlas g gileJoe wainy sboptinw
S s Joe casdllae gogds cpl jo a5 cwl ooy ool wlBlas
5 bamlse ol gszen ploojle lluand ln 5280 slodus
Ao (nl )0 ez Geed 4 el @3k ey oy eizes 5 90N
wile 53 ezl giludoe Sz pite (o5 g (i (olo b Joe
oo ALl L 28,5 walss )18 (o) 3550 eo0l Gmysd Sloo  97men
2 andllos gyt alaiio b )10, Sy 5 Joe 4 (Sesliung pl (slogys
iVl T 18, ) (oo S0 4 g Sl 5 ojle SRS en
Bgad Ty Caws oals )53 glaojle

B o 5 (Sl g (ool laggluly 5 SLal ) gy (o) 2
Eob a9 oy polie ol oyl o 055 oo plmil IS g 90
Sl e slp oig plie Jo b9, 5l OlaEze Sl ()l e 059>
25k & o9) (nl - ilesged oalitul (Sealusg nl log i i Lo sl sy
1,5 olical 5,90 wisl azsls (gjlu s Cull & Lot ;5 odas
Sbld oacl Bk piaen (Salns b gy onl 0 S
ady) o 3g aalyS b (Sl 50 LS pes 1 0l dalyS ououin
15 it o0 (3l o8 > loles b Bl amskie Aol sl
sl azsls 1,8 Lalis amio o Canms

o s b (glayes 50 M e po g, cnl 5 ool L [2] wils
Sa¥lg ol olys [B] lKen g (6,08l ogas crmns 1) SS9,
ooy Sl ad Sealusg pl slagys cou 1) ob Job b slao
gl @ISy adllae lp 1y ehg Jade S g, [4] pszte gl
b Oypar 0,90 5 ahatle mhaw 45 0 )10 (el 25 (Seelis
S5 s8 piS

ey oles ojm 5o (Seols iluad iz 51 (5,50 atws
Ceslion gy (nl yo alools J18 095 IS sl 5 (gl e
0j9> 3 5 Seslos Fab B ogd Jo bl &jg0 @ 15 &S > dlolas
75 Sealips gl STl 00T sy ol slog e il cow ol
g3 (28 Il s S ) e Ol5 o0 098 R0 (o) SB35
SLL lapiann 52 piae B 1515 ploy <235 L 25 &l S
Gy oy gl aols ST culys po 5 0o )F seles guy ais
I8 bl ey dMasl L el ol s wile ool (Seoliysg
3, [B] Kb .cwls salys adlsl sgame als b clals)l ¢ axals
Sgo ogle slace Lol Sl cos 1) JSO (i Jb Y
lojlo ot e (slogzalyly 28,5 i 5o L[B] Jsho 5 S agas aslllas
PN e gl (Sealusg pl Joo 9 0Ly Job b slal o5 > alolas o
5 Jesy o losls 13wy o 1 o JU 5l g65 ol Sgasre aisls llugi o
wols @)l Lalgn (slo b atemntally T Jelow (sl g, [7] Gl Sen
ol 0 03liiasd LLL Senliyng sl slog i oo 3l eis] o a5

95 Oboj 059> (Seelad il s S 5550 a4y oS WS e
gy Fl cov by aeiaVlonl Jlow lp oy polie >
Sl Lcwl oad plol alizee slaasly 1o 00,508 jsbay Sielinsg !
s 45 col sy ol el o3 o sl clallls 35T L5 s
ol 5l (Sl ol ol b 15 Job 30 (S5 5 (owiia el g el
o ol b eIty it sl o by (gl asllias 4y o5 clalllas
S o ladl e Ohsea ahhie gl Dlynss a5 Wlesgs ol jen

154



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 ) e alodo b Bla 5 S STl B)INLL

2%w(x, t)

o | _ 0 (16)
23w(x, t) _
9x3 » =0 (17)

o9 sl el s 5 4 fx 1) 5 C(x) em(x) ¢ EI(x) Yolee ol jo
o] jlade a5 axiws f(RD) 4 C(a?) MR) « I’ﬁ()?) L blse o

EI(%)
BIG) = = (;) (18)
Az)
m(x) = o) (19)
4 . n
C(x) = T.51(0) C(®) (20)
B
flxt) = E(O)f(x, t) (21)
Woge JSb g (b (Lo uils 55 dnlino -2-2
555 I (17) 6 (14) (550 Ll e (13) Wolas Jo 55 pod gl

Sl el e ghaifle o b 55 sl Wadge JSB 5 (rb slauils 2
bl 090 JKb 5 50 45 09dse (B8 SN )00 15 (sladge SO nd
5 oS B ot Sygonr g ale Sox 9 5 O] Dygon 5 slaglall
T gy 5 plee aloe (nl o alple S (e Gleg 5B e
s 45 oudlS 3 1 0ig g0 00l 8 o bl (13) dslas 0 95250
IS plos b yBle (ol (uilS )8 0 o gt T b oge IS5 0 50
Jl o 095 plioge JSB L 15 098 (28 5T Gl 199850 00els 390
oy anlss (22) ala) Gob i gl ool loogs
w(x,t) = ¢;(x)exp(l. w;t) (22)
5 ommb il el oo i @ el [ = VT alobas ol 5 5
o e e b 55 pli 50 IS5 (1)
ool 13 g (17) b (13) w¥oles o (22) doles (5 l086l> L
SYoles 4 Siz olinie b Jewilyas gdloles C(x) =0 4 f(x,t) =

oiles (27) B (23) Lulyy 5o ameis 00, o0 b Jyone Joilpins
w‘ o odls
2 dZ
<E1( Lol )> wfm(x)¢;(x) =0 (23)
$:(0)=0 (24)
dg;(x) _
ax | 70 (25)
d*¢;(x) _
| _ O (26)
d d*¢;(x) _
a( 2y )‘ =0 (27)

) ool E1) ol i i U 5 5y aalllae 3,90 5 <551 s &
S1(23) dolas gl 3do J> 50,5 s (el i Job sbwl, Slaisea

155

2 (6Wexe) B gy gl HI5 sl eoly ioled fGH L,
2y aalys (3) akal; 3l 15 o,

1
Wy = f f(x, t)ow(x,t)dzx

IC(A)aW(A D 5w az (3)

Ogbeen Jol S5 4 g (loma S5 g Sy iz (551 il L
g S S e b ewdlas doles o oo caBl axwgs
2ol by i buld izmen 5 (4) abl; Gk 0,5 S,

g5 s (8) 1 (5) Lasly, Ll
66 <E1(A) W(x t)) A(x)a W(x t)
+e(@ )ang D= ey @
w(,8) =0 (5)
ow(2,b)
0% |._, 0 ©)
2w( )
oz |70 7)
PR | 8
a3 | 0 ®)
sl 55 Jslo 1 (8) 5 (7) sladlales 5o
1508 o Byxe (11) 6 (9) Luly 50w o sl puicta )15 2, g &
w=T ©
2
X=7 (10)
_t 11
t=7 (11)
el 00 (yxe (12) alal) o T oo
(0)
E\I(O) (12)

30 o S5 (6350 Larl i g (4) doles wan ooy (sla e ol 5l ool b

(17) 6 (13) Laslg, p,3 a5 dm (g sl el b o 1 (8) 1 (5) w¥oles
gdse Olo
<E1( )6 w(x, t)) () 0 \gg, t)
6W(x t)
+C(x) =f(xt) (13)
w(0,t) =0 (14)
ow(x,t) _
x|, =0 (15)

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 S e alodo b Bla 5 ) STl B)INLL

a5 ged LIl Glgi se £y 4 gad omugib Wi 0<j<n, JEN

el Jl 5 B g sl o5 e (38) ala
VO (k. 8%) = [[A] (-1 ax w0) DX + L
x [[A]((k_z).Ami)Ax + 14x4] x
x [[A](Oymi)Ax + I4x4]17(i)(0) 1<k<n (38)

oals 5,8 (=5 Jsb sbewly yo ,3T10,5) N Ll k o(38) doles 4o 51

ol salys Jols (39) aaly &0 ool 5o g
YO(1) = [Bl(0,) YO(0) (39)
gy alys (40) ala, b [Blewy o] o &5
[Blwy = [[4) ety A% + Lisa
x [[A]((n_z),Ami)Ax + 14x4] x
x [[A)(0.0 A% + Lns) (40)

salys> (41) alal, &gt (39) dolre oas esls daws p,8 coi i ool b

1091\
¢:(1) [b1 1(wp) byy(wy) by 3(w;) b1,4(wi)]
¢';: (1) _|b2 1(wy) byy(wy) by 3(w;) b2,4(wi)|
0 l33 1(w) b3,2(wi) b3,3(wi) b3,4(wi)
0 b4,1((‘)l) b4,2(ﬂ)i) b4,3(wi) b4,4(wi)
*1¢"; (0) (41)
III (O)
wi)JLc m,n d..n.]9.o bmn 9X<\JMMOMQQLM¢()’ L)" )odS
e [Blwy

pi(x)/dx3my 5 d2¢i(x)/dx2|x=0 ‘ d¢i(x)/dx|x=1 < ¢i(1)
oiles (42) alaly po (pmle pb 4 SVolae (nl At 0905 (gl

Ll 00 o0l

[D](0y®® =0 (42)
! 00l S (44) sl 4o 0 (43) sl 4o 0] Slade
3O =
d¢ (x) o) o) T
e ) e | e
=[0 0 0 0O (44)
9 os iy (45) abal;) ©)50 4 [D] () 5
Irl 0 _b1,3 (wi) _b1 4((0 )-I
0 1 —by3(w;) —bys(w; )
— I 2,3 2,4
[D](mi) [O 0 +b33(w;) +bsa(w; ) (45)
0 0 +bys(w;) +bys(w;)

doles oy g Glsx [D(W)] Guple Hlasys ools JIE as L

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge

IS8 g (ol Slaul 8 (53,5 Iy 5 dolae (nl Jo sl sg0ee J2l5
St e A Djgods daldl o o 0,68 050 e coliinl aoge
25,5

(28) d.laJl) Q),m1<j<4 s l<i<o Y,‘i)(x) Gy, b
.olo@)‘wmlflfj,()(x) o> ngcx,.,fd.]olm)l@‘_?«gl) Sgdi g0

=/ i i i i T
y(l):[yl(l)(x) Yz(l)(x) Y3(l)(x) Yfl)(x)]

dpy(x) d2py(x) d3pi(0)]

= |¢i(x) P a2 PR (28)

sl s ile o0lgil 5 oazms )Lz (28) aolae ;0 T ea iYL

oo Vb dobes o 51<j<41<i<00 ¥ O0) sl L
i oge JS& (50,5 I slp ol oo (23) doles litie baws b g 0o )8
il dolee oKsws @ 1, (27) b (23) Jowiliins o¥slas o, ol
. Sy b (29) alay o Jsl 45 5
dY;;(x) = [Alep 7O () (29)

1 (35) 6 (30) Ly, 5 os

a2 (xw) =1 (30)

a213(x, w;)=1 (31)

az4(x,0) =1 (32)

(Dwf

as1(x, ;) = % (33)
1 d?(EI(x)

a4,3(xl wi) = _El(x)% (34)
1 d(EI(x)

ay4(x, 0;) = _m% (35)

el [A] ol 31 addge a5 (35) b (30) w¥oleo 4o

2 0 LTOG) Guyle Gie g Jo) a5 sl SoS
905 iy 25 (36) alal

dYO(x) YO+ Ax) — YO (x)

dx Ax (36)
ool 5 glsly jo pgrhe slaglell Jsb Ax alal, ol s oS
U 4 YO+ Ax) Jaie (29) doles o (36) aoles (5,105 sl
Sl salys cosoay (37) akal,

YO+ Ax) = [[Al ey + Lixa [T O (x) @7

w‘4x4$|la.bw)fu14x4 OT)QAS

2 5 el oo b Gl N 4 s st oy Jsb
0 o,louds 3l aS" s walys 0929 i Job plod j0 0,8 N+ 1 slass az
Ao )8 o0 5 I5pl n b

X —] Ax “’)5"‘4"’ aS x ).:.)Ln.n ‘SALAJ ‘_g‘).: L)‘?”LSA (37) aoles

156



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 ) e alodo b Bla 5 S STl B)INLL

oyl g ool g3ga> b 1, (48) Wolao lg3 oo cals Ll Jloel b
oo (49) by o el 30 it elalie sl (sl oS ol Ly
8] w00

f M) (), () dx = f m()e2dx (49)

ol S8 s sazes ylis 8 o o a8

40500 w1y (6,500 sl byd oy e (23) Wolee 5l solinal b
el 513355 (50) alayl, aS 3503 ST lgs oo (S,

[t

= 6,07 f m(x)¢idx (50)

.;J,.say ~9¢eﬁ|imﬁ‘wi¢§lomw|)o

5,5 bas (51) akal, o ool
B = 2§ w; (51)

abal, &y p0a ol 9> b (50) 4 (49) w¥oles 5l solanl L (48) aolas
0l dales> ool (52)

dzjégt) + 2§ w; dqcégt) + wfq;(t)
_ Jy 20 (x, t)dx

52
[y mQ)y(x)2dx’ 2

Solisg T (glog i Auslne -4-2
oas 53 (52) dolre jo a5 Fx, 1) (Seolindgpl (595w Caomd opl 5o
gy Solad Sjpen, 1 S
o Sialed |y 05 00 0y 15 e prlans a4y alisd 0 oS Sisliyog ]
Slisly 0 5 3 ey OW/0F b Cepw U (JSG ol 0 ol
i paD oL g ale aglia wnly ol e S Vit cg090e
[12]asn Jos 0l Jslo a2ly 5 03 )y Ly 5 12 (slag s

OW/0E 5 U sylop gozr S & 13 é'IQ“"C'IQ‘“'d“fW°l‘.¢“J-‘“
dal; Bllas Vit (oond Sy 5 @ aboz sl nlply 0 salys sl
) (54) 5 (53)

Vel = /UZ + (0w /at)? (53)

= tan_l <M) (54)

0,5 salgr aule cul

5 i e 51 Sosles sles 1 IS

157

b slouils 5 D (w)] = 0 Wolxe slaaiy, sl aalys cauas (23)
o3y yolie) reeb SlaulS 3 polie (1bls L oy winls ol
oy g G0y e disles drwlxe BB D(w;) (oSl o5y slolo
o oo palae b el oad o)Ll T a4 (42) dolas jo a5 codl BD
iy 4 &S dPP(x)/dxPlig A2 (0)/dx2 g polae DD ohyg
Jor e Ssdige (i wiiea BO oy ooz 5 pom slodilse
& YO =[0 0 d?¢i(x)/dx’leey d*¢i(x)/dx*|ol”
Olgss (38) Woles 5 YD(0) 5 osliswl b 108,80 s JulS &5
Ol 4 g 99 anlone 1) pll 090 S350 15 lae S (oled bl e
el axelys Cowddy e shaiio by sleoge JSi i

Sl S (5958 SR i &8 5> (Sl Aldlae -3-2

N S (g, b S8 by (Sl gly 9,5l jslaie 4
Ogo & 5 (Sealnd Gl a5 09l e (58 g (nl 5o b leS 0o
w5 (46) by b g 5 (slaoge JSC I as oS 5

W) = Gi(0)a®) (46)

tiln 5 it 5 g el 5 ol oge S (x) dsbee ol o S
Slawi Ny el 5 pll 590 JSU5 4 b ye gely Gloj 25 i (8) ey ,5
WIS e ateie | i (Seelas ol GreSS o ad) ey slavse IS0
Slas g (Sealind ol 330 (0035 4 it Sl 65 S jpon
Ll colede Cambior aed (al 5o a8, LI 4 slasgs JSC0
5 slagrads Sy Yyon oo pa S5 Sy asliil o Joc
LSl oS Ojgods allis pran sasldl jo leol ul oo Lo &Il Jsud
Al dales
5 @le Senl 22 L g (13) Wolss o (45) doles (535 sl L
CO) = pm(x) ©jgon w2l pr2 @395 b coilite (ol Ojg0 @
-0 o (A7) alal; < (13) doles (ol 2o oo o B ] 50 45)

Dgd

<Ez( )Z a2 (x)>
+m(x) <Z e d‘ﬁf’)

+pm() <Z¢ (24 )> = ) @)

i=1

ol 4 jly 0o 9 1SN o1, (A7) dolas Coons 93 52
g aalss (48) abaly 3ubo azeti o8 o S5 15 Joy oo s,

f §,0) - 2<E1(x)z<ql Ay (x ))) N
f ¢j(x)<m(x)z<¢l d? ql(t)>> .
[ <¢,(x)m(x)z<¢ & )dql(t)» x

= fo @ (O)f (x, t)dx (48)

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 S e alodo b Bla 5 ) STl B)INLL

x (UCL(x) + (aw/0t)Cp(x))/U? + (9w /0t)?
Woles ;o a5 5 (Sl ol dnslee sl ladge IS0 oS5 58 L
(66) abal, 3bo 1< i <N i(t) e f(2,8) 9 i Lo (47)

Sy Jale>
12y
= 5 () 60
N da-
x UcL(x)+<Z¢i(x> ‘Zf’)cp(x)
N da. 2
x U2+<Z<¢i<x> ‘Zf’)) )

4S5 05 052y 03l 52 00ly (slog i (g3l (sl (Sealizog l Jaa g0
dglie )5 . GARASL by, 57 Slimlone SVl Sealiys Jubo 5l ol
Jsd BB o o) g s s5laae llsh (saaSeds by, CFD b, L
Jedly bz (65955 «eiaSds gy i Zawlylo yieS Slewls aza b
" @ bl slasl cep 55 L 18 addllas 5 g3leoe Gl )
9 drlxe (66) dolee S 4 (Sealiogpl slog,s alis ol jo .0,
Sboj Alye 2 50 XFOIL jlb oS 581 03 SaS @y 5 Ly 5 12 o
J a5 deily Ol slog,ss aly » 8l Gl 30,5 o e
m o il ) Lay 5 Ty calpo w50 Y ()0 &3 Ol 5 o0 Y
5 1 celpe &Sl slicwl &)5e Gaoy calps ool draloe an] 2 ales
9 ol wiied (Trer (im) ol ey g (@ m) alo> agly b Ley
o 3y XFOIL 153l 5 4y (69959 Olgie & (s 5 dmlone ol el
dlome Sisj0 Jisinl ly 1y Lay 5 T calrd 8l aalol o igs
b (Seslins fasly Jo ol 05 @ (25 olsie 4 ] ol b g oo,
) (Sealinsg ol (59525 {66) alas 51 ookl b 5 Lol a5 ls 5 e

Slei go dnle Iy

o S o (Saolys wYolre el slad oLy -5-2
Sy Jesil i dolre Sles 58 (52) doles 4o (66) doles (5 l35 sl b
soles (67) alaily jo axs ol walys Jol>1 < i < N (1) dele
Sl 00 00ls
Gi(t) + 280G,(t) + wiqi(t) =
1 1 pair 9
2(0) f, m(x)¢? (x)dx

f {qu(x)c(x)

UcC,(x)+

PXAGHGIAG]IE
=

[1413] sstn arslona L5 (56) 5 (55) Laly, 3ubo L 5 12 (slovg

PN 1 U .

L(x, t) = Epairvrzelc(x)CL(x) (55)
A 1 PO .

D(2,8) = 5 pair Pt (R o () (56)

Josinl ! g ool 6(R) s oz 2 paie {(56) 5 (55) alsles 3
5 ghie hsdpl 4 boye Ly 5 Ty culps i e Cp(2) 5 CL(R) 5
E(R) ol yusie ghabio b 55 S anlllae o L5 a5l s 4 aiien
Sy aeleS £ L 55 Job 5l (b

Jigbnl » o3y (Sealnsgnl g9y (4) Wolae 0 f(R.E) (9,
) osioe ol sl 4 1 S 5 e asls Gl ¥ gz o o e
g3 drnloma (57) abasly 13 42 15 95 0l g5 oo (oot lslma
f(@& 1) = L(z,t) cos(a) + D(%, ) sin(a)

(57)
bl il (Seeludg ] 5555 (57) 5 (56) «(55) w¥olaa ) eslinul b
155y waly> (58)
” 1 ~
f(fx f) = _pairVrze é\(2)
2rer (58)

x (€, (X)cos(a) + Cp (X)sin(a))
slole (ool OMas (Fp Jleel 4 (53) aslse O8S Hks o b
it Gl b6 (60) 5 (59) Las, 3 4 cos(a) 4 sin(a)

_ ow/ot
sin() = ————— (59)
02 + (aw/at)”

b
/ 02 + (0w/0t)? (60)

ol & 3yei iS5l (58) Wolas 5 olise 1, (60) 5 (59) aoles

cos(a) =

g awlgs (1) alayly o3 a4y (Seolindg ol (55,05 i

PG = 5 purt(® |02+ (05/00)°
x (UCL(J?) + (aw/0t)C, (fc))
aas e ol |y s e 55 Jsbo g ol e (63) 5 (62) w¥olae

(61)

v=(7)7 )
= l (63)

Sy dm ey Loyl ol pem 4y wm ey ol byl 5l eslanal b
A o9 sl yielly o f(R ) 65,0 (11) B (9) w¥olae j0 0ns

oy sl oy b5 (64) aled, o5

R 113
f& b= —Eﬁpairc(x)\/ U? + (dw/0t)?

x (UC,(x) + (Ow/dt)Cp (x)) (64)
1\
W ’ s sy Sealiisg ] 55 (21) Wolae 5 (64) alolas (53S0 L
Uz + Z $;(x)q;(¢) | pdx 1<i<N 9 e dnsloes (65) alal, sillas ¢ 5 Job axly s 05l
=1 [ 2
(67) — 1 [ Pair
| - 10 =3\a0) (65)
oS ol Sl e 2N Gy o a5k el slad s aoles ol U sl
2-CFD 1- Chord
3 o lass 15 055 1394 31553 )00 SsilSo Lwiieo 158



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 ) e alodo b Bla 5 S STl B)INLL

75 sloge S8 aralxe o oh,sSl ol liebl cblE 20 IS
5 sosa JS8 53,8 by sl iyl ool 51 aalol 53 0 ams on s
& Sl opl g (280 alyS oolital e (S g cwiie els> L
@ hsdpl nl a2l SB09 L pl S0 4 alade o (sl Hai 550 125
DpS o B esliul 3)50 3l Guyg slaon (HLb 3 esee b
iload (Byme 2 Jgaz 0 anlllae 8)50 yite glafie ;5 Jloy sl el )y

oals ioles 3 JSKo 50 58 5 Job e pm(x) g EI(x) Ol yposs
Jsb 50 (c(x) (im) gl Fg Slpis izmen UK ol 50 el 0
Lol oalie BB SS Cesly Ceans 53 (53508 5o (55, 2 S

Oz el 0ad ) & IS 50 i alake 5 Sl oge S aus
il 00335 Cad 3 Jgaz 53 5 Gl S g sk (53
law ebate 4 (71) 5 (70) (69) c¥olee LB o laoge JSi ol aalol
ssbite & il ool a8 )5 IS 4 ol S Cod 8 (Seliad Gl 095
S8 51 plas e (71) doles y3 Slaslne anza g oloj 5S> hals
ot 035 5 8 47,5 sl o iz 50 s Laoge

C o Lol il cow Lw(t) s 8 S5 Sesls ly 5 S
IS s g 50 oSG 18 5 a0 glsl a s aes e olis T = 50m/s

G5 Jo 5 goae > 5l ol any (300 (ael slauils B 1 Jgur

b soys  goue Jo @0 Jo sgeo)led
0/002 35161  3/5160 1
0/005  22/03357  22/0346 2
0/018 61/7074  61/6963 3

seite oo b 5 (Su5ud g ownin olo> 2 Jgur

l EI0) m(0) T L
(m)  (N.m?) (kg/m) © L
24 19320000 64/60  1/0534 Jai.

#(x)

=0 0 =0 () — ¢ (0 =0 (x)
0.2 0.4 0.6

G5 Jo 5 5000 o s dglin LS5, 15 slaoge JS52 IS

00 6 (0

0.8 1

1.5 T T T 0.06
=—EI(x)
-'m(X)
)

= 10.04

£

]

E‘? 10.02

1d
op 2% 55 C(X) 5 M(X) EN(X) Dyt 3 S
159

Ngd o iy (68) alal, 0 g1 <k < 2N (1) 5l o Le

q(t) 1<k<N
ye(t) = quc—liztv(t)(t) (N+1)<k<2N (68)

o glas ol (68) dobee 4o ond iy > slojite SoS 4
o3 aalss- (70) 5 (69) Ll b s o8 > dsles
1<k<N

Vie(®) = Ynar(t) (69)

Vi (£) = =280,y (t) — wlyp_y(t) +

O-SZzpair
m(0) f; m(x)¢? (x)dx

x fo ' £ ()e(x) x

ue,(x) + Zf,-(x)ij(t)) Co()|
j=1

A
de
|

)

2

Uz +| > 6, y5n®
=1

N+1<k<2N (70)

SaS @ olges 1y (70) 5 (69) Woles ,o onis Byme cdl> Yol
oS 5 oolaly U ygiws onl 3503 J> MATLAB i3l a5 0de45 jgiws
J= « P"‘yzu*‘-‘iﬁ,'*’-‘-"):’ w8l g [94] 1“95'@-35 Ty J= s,
J> 1<k <2V cy(t) ol b owlhce (Lowiliins S¥olso
BB (T1) aal, 5l w(rt) o (Seelos mub s lad Yol

D9 Jls> dle

W) = ) gi)a®) = Y ¢y (1)

wad aalys eolinwl (72) alal) 51 15 Sg gl e (sl o9 4

w(®) =w(LO) = ) gDy (72

el im -3
Slasine b el 15 gl ol cavsar Jgl 090 JK& aw 2 S5 o
00l oy 0l A1)l goae gy SaS 4 (m(x) =14EI(x)= l) axlg
5 ol ookl doles Bds o 5l Jols slooge JSE b g cud
el odds dslie o 05 L0 SIS

L@V Sloer oue Jo 9 330 Jo @l & cul ain
S b Bl sy 5 e o alS 3 1 Jgar 5055 S0,
load gl [0S0 b goas Jo 9 330 Jo Sl 90 50 15 gl d9e
o5 Dl 300 g 335 polie (2l b oy o Sl Sgpie
g alss slazel L5 Mol oss l,l > g, 13 .

1- Runge-Kutta (4,5)
2- Dormand-Prince

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge



uhen 9))30,_\_:@.\._:_4;

Sb S35 H31 S e alodo b Bla 5 ) STl B)INLL

Ol 0=80m/s ol Ceyuw o 1) 5 Sy (Senlins gl 1SS
A3l S Slrn as il s olyee o510 4 05 0 cdalin a0 o
s (5,I0LG 51 Lis Zosg 4y aS 0l walys 181y 5 ol )| als
25l

5 Seslus Eul 9y 2 Joge 2lee U Sl Sho polaie @
Sl dw gl @ wi(t) ;5 S olelr 8 USE 50 s 5yl cundy
(50l Ce sy 0 a5 08 5 o oadline .l 00l puoy & (ool pe aliSee
Jsb 55 55 (oSealiss el vl e (lyen ko 5| 58 olyeo 5]
e S1cal anw bl saims lis aS sged walss aly lej
Sl o Sy S @ Gloj B35 Ly il Sl e 0 ) i
@l b 2l STty waloss lug 503 5 05 wals> e
4 505 adlem lugs colb amels b ley <lddS L s il ply Slhew
aalss 3529 Slmn ol Gy Sl Jlade Ho Sl 4 s o jle
Gl 4>l o )ls phas ol 51 5YL ol S s polie (sljl 4 a5 il
Dy

b ey aw il 4 5 P gl Su o op Slilegi 9 JSs
g odle ol Cae s il b aS 055 e cdalive el 00l pu, aliSee
Son s Slilugs azals (S ol 2l 0 (Selinl Gy e 4SS
Syl (1) 5 e le clls aw ol sl axsls dlise cll> aw ol
el asels b el (2) Sl 2 S Jo 2lKes Caly 05 1,38
e €238 1 o (shals b 8 (20 (B) 5 i Sl 55y
e Gl

)aoma)latamlgﬁ_ihé]a.&agloﬁf@ﬁjdlﬁloJi.i‘;)o
350 b blite Jloge olme il 4 Slow ol e p 3 IS5 5 2 Jsux
PO JUOSS K-S [ VL SR JUAP VN DI ISV JPOVIN (5 I
sl Ml LGN ke 48l wels Bl 5 Sl ol
anls algs golaul b 5l 6 YL slacis ju 0dgate [ o

oS el ol 5 (S Gy ol g o0 o)Ll 55 ML a5 43s5 lan

ox10°

0 10 20 30 4t0 50 60 70 80

Jsge ol e a5 o 0 EleiSs e ahaito mhaw b 5 Sy ool 7SS
(£ =01005 , T=80 M/s) el j2aS Sly70 oo 5l e

x10”

—&=0.06%
--£=0.60%

0 2 4 6 8 10 12 14

(0=50m/s) colgiSs i ahaio b 15 S5 bl ol pee 3l 8 S

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge

dly yoba ol oad anglie SKaS b s (Seelus Ful 1o fse g0
e 55 b 350 JS Sy (5,5 i s i o5 amse ol B S
app g oloy GRIBl 4 yzie S 5 (Selad ol 9 JFae sladge
Wlp3S (e (Seolind Fuly 2 (e BB L 5 0B walys Slalxe
S bzl b Lo 50 (Seolns uly mess a4 b ol 5l Lzasls
A dolg alol vge S
U=10m/s ol ceyor lil @ 1y 55 Sg5  Sealins uly 6 JSCs
S oo 5l alee a5 Sloy a5 WS e attie Al 0 (e liS
5 B e s ol 325 Sl Sy 3 pley B L sl YL

0y

3 USe 52 Jgaz ;0 o (Byme (e (rb slo G55 3 Jgu
an (g0 (b (W5 58

3/1356 1

15/8016 2

36/4652 3

Sg0 a)Lp.:\';

0.5¢ 1
_________ HeagTIZE RN
% 0 S ~ . .": J
—6,0 %
0.5 ==0,(%) ) \‘\ _
N\
2, |
- L L L L h)
10 0.2 0.4 « 0.6 0.8 1

3@52ij)aam$’eﬂﬁ_ﬁﬁéﬁﬁhlgdbayﬁ4ﬁ

x10°

15 T T T T T

w(t)

2

(Senlind Gl (o 55 bange JS5 slaws ialiil 36 5 JSid

x10°

AMAAAN 1
YW

w (o

0.5 1

%10 20 30 40 50 60 70 80

t
leaja@\ﬁd&db)o;;5!5;&;;@4&9@4.@[”;553@1;9[?6“}5&

(£=0003, T=10 M/s) Cel yiin o0 jlaie 3| pitacan

160



uhen 9))3(,,9@.\._:_4;

Sb S35 H31 ) e alodo b Bla 5 S STl B)INLL

Slo S 2 528L (slp apaz a5 38L (1) Toses 59 S
ol ol 2 6 NS ams g peiie dhale b (la s slasge S5 5 (ab
Loty Sy Sl oz gl Mz geeVse b Sy > 5 )l (2)
Plg by oot (Sealuog pnl sluy 5 1 calpd o jo o5 ol (o5
wp S8 e Page ded g 3b s dabes agly (285 s
50 GHILL Ceyu S 05 ol 51 (S ool &l bl 1ais S e duloe
@lee b by 50 )bl Cep 5l i Vb e il b sl
P Sese)le plug anels p s alpe 23U Geimres el Gl
IR G 5550 5 A qusy (RS 5 (05 D j30s cpiianas ()L Wl
2 9 Seelnd Gly aslllas 1o (gl cnl jo el il 0,545,288
Slam)gs 0 & pite (pwiin pls> g ghile gl b slay )l

B dalyz> ol g eslaiwl BB S o lag 9,5 5oL

‘;L))Aé
b yerlsn 0uSinghy lacules b alie cpl )0 oads pbxl Sl IS

Olrl 3 b ey Sl g (b e &5 St (owgs 8 oAl

&xl» -3
[1] E. H. Dowell and K. C. Hall, Modeling of fluid-structure interaction,
Annual Review of Fluid Mechanics, vol. 33, pp. 445-490, 2001.
[2] M. Goland, The flutter of a uniform cantilever wing, Journal of Applied
Mechanicsvol. 12(4), pp. A-197 - A-208 ,1945.
[3] K. Eskandary, M. Dardel, M. H. Pashaei, and A. K. Moosavi, Nonlinear

aeroelastic analysis of high-aspect-ratio wings in low subsonic flow,
Acta Astronautica, vol. 70, pp. 6-22, 2012.

[4] M. Yuand C. Hwu, Aeroelastic divergence and free vibration of tapered
composite wings, ICCM16, 2007.
[5] D.Tang, J. K. Henry, and E. H. Dowell, Limit Cycle Oscillations of Delta

Wing Models in Low Subsonic Flow, AIAA Journal, vol. 37, pp. 1355-
1362, 1999/11/01 1999.

[6] D. M. Tang and E. H. Dowell, Effects of geometric structural

nonlinearity on flutter and limit cycle oscillations of high-aspect-ratio
wings, Journal of Fluids and Structures, vol. 19, pp. 291-306, 2004.

[71 M. J. Patil, D. H. Hodges, and C. E. S. Cesnik, Nonlinear aeroelastic

analysis of complete aircraft in subsonic flow, Journal of Aircraft, vol.
37, pp. 753-760, 2000.

[8] S.S.Rao, Vibration of Continuous Systems. Hoboken, NJ.: Wiley, 2007.
[9] H. Moeenfard and S. Awtar, Modeling Geometric Nonlinearities in the

Free Vibration of a Planar Beam Flexure With a Tip Mass, Journal of
Mechanical Design, vol. 136, pp. 044502-044502, 2014.

[10] M. Drela, XFOIL: an analysis and design system for low Reynolds
number airfoils, in Conference on low Reynolds number airfoil
aerodynamics ,University of Notre Dame, 1989.

[11] E. Hoogedoorn, G. B. Jacobs, and A. Beyene, Aero-elastic behavior of a
flexible blade for wind turbine application: A 2D computational study,
Energy, vol. 35, pp. 778-785, 2010.

[12] S. Irani, S. Sazesh, M. ShayanMehr, Jump Phenomenon and Flutter

Analysis of Nonlinear Airfoil with Stochastic Approach, Modares

Mechanical Engineering, Vol. 13, No. 15, pp. 116-125, 2012. (In Persian)

J. Anderson, Fundamentals of Aerodynamics (Mcgraw-Hill Series in

Aeronautical and Aerospace Engineering): McGraw-Hill

Science/Engineering/Math, 2005

B. Ghadiri, M. Razi, S. Hamidi, Dynamic Instability Analysis of a Swept

Wing in Time Domain, Modares Mechanical Engineering, Vol. 9, No. 37,

pp. 93-106, 2009. (In Persian)

[13

[14

161

O yd Glwgs sl lade az ol ey dSJI 4 Al csilﬁf'")“ 4o
11 s jo ol ansls 1) coli aels o 1315 o Koo > a5l (S5 el
050 35 slp 0gdise ools Bl Weeri L o5 am g (Slom ansls e
ol ghee ;o b sl gl ol cepu 5 e slo ail e 4o S
s jo b Cond Gl L AT 0ed o cdwlin Ll ol osls

Abs Gl 55 S olils )| asals o5l albiwl Sl Sbleys

x10°

:
i
A
G
&
i,
5
;
£
T

0 0005 001 0015 002 0025 003

dilize Jloge sl ol e sl 4 Gl im0 b ey polia 10 S

0.015 T T T T T

teri

0.005f

C0 0.005 0.01 0.015 0.02 0.025 0.03

Sl slaol Ce s g ole 10 15 e ylog ads 11 Jsi

S5 dmi -4
oz 4 Seelinognl lagys S Cov glays ledae Coenl
Jb ol bl oads 438,35 Sl oyl (5luaige 5 (b sl s
b Saliyog ol (glog o 5 45055 5 095 (5,lbL Jed 5| o, 551 js
el @Sl ol pon Sawmn Ul by cpl Ldow (SIS s 58 plss
ghie b 5 Sy (Seslos (omyp lr 63,509, Sl Ghagn nl 5 Sus

A & jg0n plgie 1) Alie slags sl g ol 5 b S paie

3 oolets 15 0,93 1394 513 55 (e rae Sl wisge



