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In this paper, the effect of nonhomogeneous parameter in orthotropic Functionally Graded
Material (FGM) in cracked layer is investigated. It is assumed that the mechanical and thermal
properties of material are dependent on x-coordinate (collinear with crack surfaces) in
exponential form. The problem is solved for internal and edge crack in two ways, integral
equations and generalized differential quadrature method. Thermal loading is such that
temperature distribution in the layer is uniform. Because of variation in mechanical and thermal
properties, stress distribution due to this loading is not uniform. In the solution of problem with
integral equations method, first, thermo-elasticity problem with no cracks and then isothermal
crack problem are separately solved. Afterward, with these solutions, the main problem will be
solved. In order to solve isothermal crack problem, after conversion and simplifying the equations
in orthotropic material, Navier's equations will be solved with the Fourier. Numerical solution of
the problem is the generalized differential quadrature element method that is being presented for
verification of the results of the integral equations for specific state in the diagram format. Also,
the effect of temperature on intensity factor with various values of nonhomogeneous parameter is
investigated.
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Fig. 1 An FGM layer with internal crack 

1 FGM   
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Fig. 2 An element and boundary, internal and corner points 

2   

)17-   = ( ) , = ( , ) 

)17-   = ( ) , = ( , ) 

  
  =

( )( )
( ) ( )( )

,  

)18-   = , ( )( ) = ( ) 

  =
( )( )

( ) ( )( )
,  

)18-   = , ( )( ) = ( ) 

    
 .) 19 (:  

= ( ) , = ( , ), 

= 2 . , =  

)19-   

= ( ) , = ( , ), 

= . , =  

)19- 

)20(  = ( , ) 

  
 )5 (. 

= 5  )= 0 = 0 (
 . 1 5  

  .1     1 )  
 (5 2 1 5  

1  .

 .
  .

) 17-20)  (15 ()21(   
+ 1

1
, + ( , ) + 

2
1

( , ) + × 

[
+ 1

1
, +

3
1
 

)21-  ( , )] = 0 



    

    

13941511  279  

+ 1
1

( , ) + ,  

+
2

1
( , ) + × 

)21-  ( , ) + , = 0 

) 21( 1 1  .

  .) 17-20 ( )16 ()22(  -
    

)22-  ( , ) + ( , ) = 0 

)22-  , +
3

+ 1
( , ) = 0 

)22-  , +
3

+ 1
( , ) = 0 

)22-  ( , ) + , = 0 

)22-  ( , ) + , = 0 

  
(3 ) ( , ) + ( + 1) ×  

)22-  ( , ) =
1

( ) , < <  

)22-  ( , ) = 0, 0 ,  

  ( , ) +
+ 1

3
× 

)22-  , ( , ) = 0 

)22-  , ( , ) + ( , ) = 0 

)22 -  ( )    
 ) 6)  (8 (  .

 . -
 .) 23 (  

  ( ) = lim 2( ) ( , 0) 

)23-  = 2( ) ( , 0) 

  ( ) = lim 2( ) ( , 0) 

)23-  = 2 , 0  

     

    .  
  

4 -   
 .

  -  41 1 ]15 [
) 24 (   

  )24-  ( ) = e , = ln( ) = 0.37498 

)24-  ( ) = e , = ln( ) = 0.51283 

)24-  ( ) = e , = ln( ) = 0.37498 
3  -

) 25(  :  

)25-  =
1
2 1 cos

1
1 = 1, … ,  

)25-  =
1
2 1 cos

1
1 = 1, … ,  

(= 20 , 10 , 5 ) 
) 6 ( .4 

  .)  (=

(1 )  
 .   .5 

(= 0.05 , 0.5 ) = 1.6 = 0.7

 .
 4 

6  .
 .

= ( ) 2 = 0.3 = ( ) 2  .
    4 

= 0.54  . 

= (0.54 0.3) = 0.24  .
6 .  

  
Fig. 3 Mesh generation and four sub-domain  
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Fig. 4 Thermal stress distribution for various temperature 
( > )  

4  )>( 

  
Fig. 5 Thermal stress distribution for various temperature 
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Table 1 Mechanical and thermal properties of Zirconia-Rene 
41[15] 

    (GPa) (1/K)  

 0.33  151  10 × 10  
41  0.33  219.7  1.67 × 10  

  

  
Fig. 6 Variation of mode I stress intensity factor for thermal 
stress distribution showed in fig. 4 for a crack in =
( + ) 2 = 0.3 ,  stress intensity factor in = , stress 
intensity factor in =  

6  I  
4  = ( + ) 2 = 0.  

=    =  

7   .
= 20  . 

7  .
 .

 7 0.32 < < 0.84  
  

 .  
  0.32 < < 0.84 

> 0.84 0.28 >  .
0.28 < < 0.32    .

  = 0.3 
(0.32 0.3) = 0.02  
0 < < 0.02    

   . 
 

   
 8  .8

= ( ) 2 = 0.3 = ( ) 2    

  
Fig. 7 Effect of nonhomogeneous parameter on thermal stress
for uniform thermal distribution = 20  
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Fig. 8 Effect of nonhomogeneous parameter on stress intensity 
factor for various crack length  
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Fig. 9 Effect of variation of  nonhomogeneous parameter on 
stress intensity factor for various temperature = 1 = 0.3 , 
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Fig. 10 Effect of variation of  nonhomogeneous parameter on 
stress intensity factor for various temperature = 1 = 0.3 , 
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Fig. 11 Nondimensional stress intensity factor for internal 
crack with GDQEM 
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Fig 12. Nondimensional Stress intensity factor foe edge crack 
with = ln(2), = ln(5) 
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Fig 13. Nondimensional Stress intensity factor foe edge crack 
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