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 A finite element formulation for bending analysis of isotropic and orthotropic plates based on two-
variable refined plate theory is developed in this paper. The two-variable refined plate theory which can 
be used for both thin and thick plates predicts parabolic variation of transverse shear stresses across the 
plate thickness and therefore, it does not need shear correction factor in the formulation and the zero 
stress conditions are satisfied on free surfaces. The von-Karman nonlinear terms are considered in 
strain-displacement equations and governing equations are derived using the Hamilton's principle. After 
constructing weak form equations, a new 4-node rectangular plate element with six degrees of freedom 
at each node is used for discretization of the domain. The non-linear coupled governing equations are 
solved by Newton–Raphson method. The finite element code is written in MATLAB which can be used 
for analysis of thin and thick, isotropic and orthotropic plates with various boundary conditions. Some 
benchmark problems are solved by the developed code and the obtained displacements and stresses are 
compared with the existing results in the literature which show the accuracy and efficiency of presented 
finite element formulation. 
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Fig. 1 Rectangular plate element 
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Table  1 Convergence study for normalized deflections and in-plane 
normal stress for simply supported isotropic square plate subjected to 
uniformly distributed loading / = 0.1) 

   

4×4 0.0455 0.2703 
6×6 0.0461 0.2822 
8×8 0.0463 0.2864 
10×10 0.0464 0.2884 
12×12 0.0465 0.2894 
14×14 0.0465 0.2898 

] 18[ 0.0466 - 

2  
 

Table 2 Comparison of normalized deflections and stresses of isotropic 
square plate subjected to uniformly distributed load considering 
different thickness ratio  

h/a     

0.2   
] 18[  

] 19[  
] 19[ 

0.0535 
0.0444 
0.0536 
0.0535 

0.2939 
0.2873 
0.2873 
0.2944 

0.4695 
- 

0.3928 
0.4840 

 
 

 

0.1   
] 18[  

] 19[  
] 19[  

] 20[ 

0.0464 
0.0444 
0.0467 
0.0467 
0.0464 

0.2883 
0.2873 
0.2873 
0.2890 

- 

0.4718 
- 

0.3928 
0.4890 

- 

 
 

 
 

0.05   
] 18[  

] 20[ 

0.0449 
0.0444 
0.0449 

0.2869 
0.2873 

- 

0.4715 
- 
- 

 
 

0.01   
] 18[  

] 19[  
] 19[ 

0.0443 
0.0444 
0.0444 
0.0444 

0.2865 
0.2873 
0.2873 
0.2873 

0.4702 
- 

0.3928 
0.4909 

 
 
 

3   
Table 3 Material properties of orthotropic plate 

  G23/E2 G13/E2 G12/E2 E1/E2 
1 0.25 0.2 0.5 0.5 25 
2 0.44 0.566 0.339 0.558 1.904 

  

4   
 )/ = 0.1, = 1 (  

Table 4 Convergence study for normalized deflections and stresses for 
simply supported orthotropic square plate subjected to uniformly 
distributed loading  ( / = 0.1, = 1 ) 

     
4×4 0.03131 0.32433 0.19953 0.38462 
6×6 0.03176 0.32899 0.20363 0.40418 
8×8 0.03192 0.34414 0.20648 0.41094 
10×10 0.03200 0.34653 0.20780 0.41412 
12×12 0.03205 0.34783 0.20852 0.41586 
14×14 0.03207 0.34861 0.20895 0.41691 
16×16 0.03209 0.34912 0.20923 0.41760 
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5    
)= 1( 

Table  5 Comparison of deflections and stresses of simply supported 
orthotropic plate subjected to uniformly distributed load considering 
different thickness and aspect ratio ( = 1) 

b/a h/a     
1 0.05  

DR ]21[ 
] 22[  

0.03056 
0.0306 
0.0308 

0.3462 
0.3562 
0.3608 

0.4141 
0.4410 
0.5437 

  
  
 0.1  

DR ]21[ 
]22[  

0.0320 
0.0323 
0.0325 

0.3460 
0.3534 
0.3602 

0.4140 
0.4395 
0.5341 

  
  
 0.14  

DR ]21[ 
] 22[  

0.0338 
0.0344 
0.0346 

0.3452 
0.3498 
0.3596 

0.4137 
0.4374 
0.5223 

  
  
2 0.05  

 DR]21[ 
] 22[  

0.0634 
0.0629 
0.0635 

0.6325 
0.6568 
0.6567 

0.5630 
0.5637 
0.7024 

  
  
 0.1  

DR ]21[ 
] 22[  

0.0661 
0.0657 
0.0664 

0.6325 
0.6566 
0.6598 

0.5629 
0.5628 
0.6927 

  
  
 0.14  

DR ]21[ 
] 22[  

0.0695 
0.0692 
0.0701 

0.6326 
0.6564 
0.6637 

0.5617 
0.5615 
0.6829 

  
  

2 
   .

 .  

   
   

   
7    

  
6     

 / = 0.02)  
Table  6 Comparison of normalized deflections and normal stress of 
orthotropic square plate considering different applied load and 
boundary conditions / = 0.02) 

     

10   
DR ]21[ 

-  0.0660 
0.0660 

7.6119 
7.6661  

   
DR ]21[ 

-  0.0142 
0.0143 

2.5698 
2.4474  

20   
DR ]21[ 

-  0.1320 
0.1318 

15.224 
15.323  

 
  

DR ]21[ 
-  0.0284 

0.0287 
5.1396 
4.9193  

30   
DR ]21[ 

-  0.1981 
0.1973 

22.834 
22.494  

   
DR ]21[ 

-  0.0426 
0.0430 

7.7094 
7.4152  

 
Fig. 2 The variation of  a cross thickness for a simply supported of 
orthotropic square plate ( = 1, / = 0.1) 
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Table 7 Effects of orthotropic for normalized transverse deflections and 
stresses for simply supported square plates  
( = 10, / = 0.1 ) 

E1/E2     
10 0.0326 6.8441 0.7644 1.802 
20 0.02698 7.3245 0.3839 1.0406 
30 0.02462 7.5935 0.2337 0.7243 
40 0.02334 7.6920 0.1559 0.5521 
50 0.02254 7.7215 0.1099 0.4417 

-0.5
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z/h

Normalized xz

Exact [22]
DR method [21]
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Fig.  3 normalized central deflection obtained for different plate 
normalized load for a simply supported of orthotropic square plate 

/ = 0.2) 
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  .
 - .

  .
 - .

 

 .
  

  

7 -   
[1] J. Kirchhoff, ÄUber das gleichgewicht und die bewegung einer elastischen 

scheibe, J Fuer die Reine und Angewandte Mathematik, Vol. 40, No. 10, pp. 
51-88, 1850. 

[2] E. Reissner, The effect of transverse shear deformation on the bending of 
elastic plates, Journal of Applied Mechanics, Vol. 12, No. 1, pp. 69–77, 1945. 

[3] R. B. Nelson, D.R. Lorch, A refined theory for laminated orthotropic plates, 

Journal of Applied Mechanics, Vol. 41, No. 1, pp. 177–183, 1974. 
[4] J. N. Reddy, A simple higher-order theory for laminated composite plates, 

Journal of Applied Mechanics, Vol. 51, No. 4, pp. 745-752, 1984. 
[5] K. P. Soldatos, On certain refined theories for plate bending, Journal of 

Applied Mechanics, Vol. 55, No. 4, pp.  994–995, 1988.  
[6] Y. M. Ghugal, A. S. Sayyad, A Static Flexure of Thick Isotropic Plates 

Using Trigonometric Shear Deformation Theory, Journal of Solid Mechanics, 
Vol. 2, No. 1, pp. 79-90, 2010.  

[7] N. El Meiche, A. Tounsi, N. Ziane, I. Mechab, and E. A. Adda Bedia, A new 
hyperbolic shear deformation theory for buckling and vibration of 
functionally graded sandwich plate, International Journal of Mechanical 
Sciences, Vol. 53, No. 4, pp. 237-247, 2011.  

[8] R. P. Shimpi, Refined plate theory and its variants, The American Institute of 
Aeronautics and Astronautics Journal, Vol. 40, No. 1, pp. 137–146, 2002. 

[9] R. P. Shimpi, H. G. Patel, A two variable refined plate theory for orthotropic 
plate analysis, Inernational Journal of Solids and Structures, Vol. 43, No. 22, 
pp. 6783-6799 , 2006. 

[10] H. T. Thai, S. E. Kim, Levy-type solution for free vibration analysis of 
orthotropic plates based on two variable refined plate theory, Applied 
Mathematical Modelling, Vol. 36, No. 8, pp. 3870-3882, 2012. 

[11] J. Rouzegar, F. Abad, Free vibration analysis of FG plate with piezoelectric 
layers using four-variable refined plate theory, Thin Walled Structures, Vol. 
89, pp. 76-83, 2015.  

[12] J. Rouzegar, R. Abdoli Sharifpoor, A Finite Element Formulation for 
bending analysis of isotropic and orthotropic plates based on Two-Variable 
Refined Plate Theory, Scientia Iranica- Transaction B: Mechanical 
Engineering, vol. 22, No. 1, pp. 196-207, 2015 

[13] A. H. Sheikh, M. Mukhopadhyay, Linear and nonlinear transient vibration 
analysis of stiffened plate structures, Finite Elements in Analysis and Design, 
Vol. 38, No. 6,  pp. 477-502, 2002. 

[14] M. E. Golmakani, M. Kadkhodayan, large deflection thermoelastic analysis 
of functionally graded stiffened annular sector plates, International Journal 
of Mechanical Sciences, Vol. 69, No. 1, pp. 94-106, 2013. 

[15] M. E. Golmakani, large deflection thermoelastic analysis of shear deformable 
functionally gradedvariable thickness rotating disk, Composites Engineering, 
Vol. 45, No. 1, pp. 1143-55, 2013. 

[16] J. Rouzegar, M. Gholami, Non linear bending analysis of thick rectangular 
plates by four-variable Refined plate theory and Dynamic Relaxation method, 
Modares Mechanical Engineering, Vol. 15, No. 2, pp. 221-230, 2015. (in 
Persian) 

[17] R. Melosh, Structural analysis of solids, Journal of the Structural Division, 
Vol. 89, No. 4, pp. 205-223, 1963.  

[18] G. Z. Voyiadjis, R. W. Pecquet, Isotropic plate elements with shear and 
normal strain deformations, International journal for numerical methods in 
engineering, Vol. 24, No. 9, pp. 1671-1695, 1987. 

[19] J. N. Reddy, A refined nonlinear theory of plates with transverse shear 
deformations, Journal of Solid Mechanics, Vol. 20, No. 8, pp. 881-896, 1984. 

[20] S. Srinivas, A. K. Rao, C.J. Joga Rao, Flexure of simply supported thick 
homogeneous and laminated rectangular plates, Journal of Applied 
Mechanics, Vol. 49,  No. 8, pp. 449-458, 1969. 

[21] G. J. Turvey, M. Y. Osman, DR large deflection analysis of orthotropic 
Mindlin plates with simply-supported and clamped- edge conditions, 
Composites Engineering, Vol. 1, No. 4, pp. 235-48, 1991. 

[22] K. S. Sivakumaran, C. Y. Chia, Large-amplitude oscillations of  
unsymmetrically laminated anisotropic rectangular plates including  shear, 
rotatory intertia and  transverse  normal stress,  Journal of Applied 
Mechanics, Vol. 52,  No. 3, pp. 536-542, 1985. 

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5

0 100 200 300 400 500

N
or

m
al

iz
ed

 d
ef

le
ct

io
n


