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In this article, numerical solution of incompressible two-phase flow in isothermal condition,
based on wetting pressure-wetting saturation formulation ( using high order primal
discontinuous Galerkin (DG) method which can capture the shock fronts of two-phase flow in
heterogeneous porous media is considered. In this presented model, the velocity field is
reconstructed by H(div) post-process in lowest order of Raviart-Thomas space ( ). Also in
this study, the scaled penalty and weighted average (harmonic average) formulation significantly
improve the special discretization formulation of governing equations which cause the
instabilities in heterogamous media to be reduced. The modified MLP slope limiter is used to
remove the non-physical saturation values at the end of each time step. In this study, the slope
limiter should be considered as one of the main novelties due to the impressive effects in results
stabilization. The proposed model is veri ied by pseudo 1D Buckley-Leverett and Mcwhorter
problems. Two test cases, problem for modeling the secondary recovery of petroleum reservoirs
and the other one problem for detecting immiscible contamination are used to show the abilities
of shock capturing two phases interface in porous media.
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2- Sequential solution (S.Q)
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16- Modified Durlofsky–Engquist–Osher slope limiter 
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Fig. 1 Schematic representation of the interior edges, boundary edges and
normal unit vector
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Fig. Degrees of freedom in space
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Fig. The flow chart for solution of two phase flow equations using DG
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Fig. the pattern of slope modifying in ABC element using modified MLP
slope limiter

4 ABC   MLP   

  
Fig. 5 (Top) The geometry and boundary conditions for Buckley-Leverett
problem (Bottom) The structured grid
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Fig. comparing (Top) the saturation (-) and (Bottom) pressure (Pa) profiles
along the axis at 180 and 360 days for current model, Gruninger’s [29] DG
scheme and OBB-DG version of current model using modified Chavent-Jaffre
slope limiter 
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Fig. 7 The geometry and boundary conditions for Mcwhorter problem
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Table 1  Properties for the porous medium and fluids used in the Buckley-
Leverett and Mcwhorter 

  -  
 0.200.3 

[m ] 10  10-10 
[Pa] 1000 5000 
[ ] 2.0 2.0 

[ ] 0.20 0.0 
[ ] 0.15 0.0 

[kg/(ms)] 0.001 0.001 
[kg/(ms)] 0.01 0.001 

 2 )  (360   
Table 2 The Norm error ( )  at 360 days for main variables

h=L/128 h=L/64 h=L/32  /
0.0323 0.0458 0.1533 ( )

0.495 1.74 - ( )  
0.2038  0.2774 0.4274 ( )

0.45 0.618 - ( )  

2 
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Fig. comparing the saturation (-) profiles along the axis of current model,
Bastian [30] and analytical solution comparison at 8000 seconds 
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Table 3 The porous medium and luids properties used in test cases and 2 

  1  2  
 0.200.25-0.3

[m ] 10-118 × 10 10
[Pa] 5000 1000 
[ ] 2.0 2.0 

[ ] 0.15 0.15 
[ ] 0.0 0.0 

[kg/(ms)] 0.0005 0.00089 
[kg/(ms)] 0.002 0.0162 

  
Fig. (left) The five-spot geometry and the boundary condition,
unstructured grid used in sample case (right).
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1

  
Fig. 10 Comparing the pressure (Pa) (top) and saturation (-) (Bottom)
diagonal profiles on for the OBB-DG current study and Klieber and
Riviere [10] with ined mesh
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 ]10[ 

  
Fig. 11 The wetting phas pressure (Pa) contours at 15 and 30 days (Left)
the current study with NWIP ( = 2, = 1, (Right) Klieber and
Riviere [10] with OBB-DG and fined mesh
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Fig. 12 The wetting phase saturation (- contours at 15 and 30 days (Left)
the current study with NWIP ( = 2, = 1, (Right) Klieber and
Riviere [10] with OBB-DG and fined mesh
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Fig. 13 comparing the saturation (- diagonal pro iles at 15 and 30 days (top)
using the grids with 498 and 864 elements and (Bottom) two vertex-based
slope limiters, namely modified MLP and Chavent-Jaffre
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Fig. 14 Unstructured grid and boundary condition used in sample case
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Fig. 15 The wetting phase pressure (Pa) contours at 20, 30 and 40 days and
using ( = 2, = 1, approximation
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Fig. 16 The wetting phase saturation (- contours at 20, 30 and 40 days and
using ( = 2, = 1, approximation
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Fig. 17 comparing the pressure (Pa) (Top) and saturation (-) (Bottom)
profiles along the axis ( = 15, for current model using SWIP and
( = {1,2}, = 1, approximation at 30 days 
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