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The objective of this investigation is to present a semi-analytical method for studying the buckling of 
the moderately thick composite conical shells under axial compressive load. In order to derive the 
equilibrium equations of the conical shell, first order shear deformation shell theory is used. The 
equilibrium equations are derived by applying the principle of minimum potential energy to the energy 
function that they are, in the type of partial differential equations. In the following, the partial 
differential equations are transformed to algebraic type by using Galerkin and differential quadrature 
methods and then the standard eigenvalue equation is formed and critical buckling load is calculated. 
Also, to validate the results obtained in this study, comparisons are made with outcomes of previous 
literature and the results of Abaqus finite element software. Analyzing the results shows the 
convergence speed and good accuracy of differential quadrature method and desired precision of 
Galerkin method in calculating the critical buckling load. Finally, the effect of cone angle, fiber 
orientation, boundary conditions, ratios of thickness to radius and length to radius of the critical 
buckling load are studied. 
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Fig. 1 Conical shell coordinate system  

 1    

)4(  =

1
( + sin + cos )
1

sin +

+

+
1

cos

 

)5(  =
1

( + sin )
1

sin +

 

2-2 -   
) 6 (] 10.[  

)6(  

=  

=  

) ) 66((  AijBij  Dij  
  ))77((      

)7(  , , = {1, , }
/

/
d  

 5/6 ] 1.[  

2 -3-   

  
)8(  = +  

) 8(U  W

) 9 (  

)9(  

=
1
2 d

=
1
2

( + + +

+ ) ( )d d d

=
1
2

1
2 ( )d d

N  ) 9(
  

]10 .[  
)10(  = + = 0 

) 9)  (10( 
uvwx  )11( 

  

)11(  

+ ( )
sin

+
1

= 0 

1
+ 2

sin
+ +

cos
= 0 

cos
+

sin
+ +

1
+ (

+
sin

) = 0 

+ ( )
sin

+
1

= 0 

+ 2
sin

+
1

= 0 

)  1 -7)   (11 (
)12(   

)12(  = 0 

 L ij   x   
.  

   
 :  

)13(  = = = = = 0 
:  

)14(  = = = = = 0 
:  

)15(  = = = = = 0 

z, w 

x, u R1 

R2 

L 

 

R0 
L0 

, v 



    

      

  

370  13941512  

2 -4-   

 .
 

 .
)16(   

)16(  

= cos( )cos( ) 

= sin( )sin( )

= sin( )cos( ) 

= cos cos( )

= sin( )sin( )

) 16)   (12(
)17 (

)17(  

( + + + + ) d d = 0 

( + + + + ) d d = 0 

( + + + + ) d d = 0 

( + + + + ) d d = 0 

( + + + + ) d d = 0 

) 17()18( 
  

)18(  = 0 

 C ij
  

) 18(
 .  

)19(  det([ ]) = 0 
) 19(m n

Nb   

2-5 -   
 

 
 .

)20( .  

)20(  
( )

=  , = 1, 2, … , . 

        p      xi  N          

   . .
))2121((  ]1616[..  

)21(  

=
( )

( ) ( ) , , = 1, 2, … , ,  

( ) = ,  

  

)22(  

= , , = 1, 2, … , ,

, 2 1  

)23(  

= = , , = 1, 2, … , , = ,

1 p 1  
 .

 .
  .

)24( ] 16.[

)24(  =
1
2 (1 cos

1
1 )

  )25( 
.  

)25(  

( , ) = ( ) cos( ) 

( , ) = ( ) sin( ) 

( , ) = ( ) cos( ) 

( , ) = ( ) cos( ) 

( , ) = ( ) sin( ) 

) ) 2525 ( (      

                
   . .))2626((    

)26(  = 0 
 U*={U(x),V(x),W(x), x(x), (x)}   L* 

U*  )   .20 (
) 27( ) 26(.  

)27(  

( )( ) =   

( )( ) =   

( )( ) =   

( )( ) =   

( )( ) =  ; = 1,2  

)28)  (30(  -
  



    

      

13941512  371  

 :  

)28(  

= =  = 0 
, = , = 0; = 1,  

:  

)29(  

= = =  =  = 0 
= 1,  

:  

)30(  

, = , = , = 0
, =  = 0; = 1,

 
 

 .
)31(    

)31(  

{ } = { }   { }   { }   { }   { }   
{ } = { }   { }   { }   { }   { }    

) 31 (
)32(  

)32([ ]{ } + [ ]{ } = {0}

 :  

)33(  
[ ]{ } + [ ]{ } = {0} 

) 33)  (32 ( 
)34(  .  

)34(  [ ]{ } = {0} 

  
)35([ ] = [ ] [ ][ ] [ ] 

) 35 (
)36(   

)36(det([ ]) = 0 

) 36(

)37(
+ + + + +

+ + + = 0 

) 37( Nb 

3- 
 

] 2]   [3 [ .
 .

SS

CC 
SC

FS
  .- 1 

) 38 (]10[.  

1- graphite-epoxy 

)38(

= 3.05 × 10 psi 
= = 40 

= 0.6  
= 0.5  
= 0.25 

] 2]  [3[   
 ) 39 (  

)39(= 100 , = 10, = 1 

) 38)  (39 (
1 

 

 .  
2 3 

 .
SS SC  .

]0/90/0[   

 1    
Table 1 Validation of dimensionless critical buckling load  of 
cylindrical shell 

  
  )DQ, N=10(  

] 3[  ] 2[  

SS ]0/90/0[  2577.0 2765.0 27650.  28130.  

SS ]90/0[  0.1180 0.1525 0.1525  0.1670  

CC ]0/90/0[  0.3906 0.4167 0.4168  0.4197 

CC ]90/0[  0.2021  0.2405 0.2406  0.2508  

SC ]0/90/0[  0.3181 0.3411 0.3411  0.3452  

SC ]90/0[  0.1486 0.1851 0.1851  0.1969  

  
Fig. 2 Deformation contour for buckling of cylindrical shell 
(U×10-3(in))   
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Fig. 3 Deformation contour for buckling of conical shell 
(U×10-3(in)) 
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Table  2 Convergence of  parameter with increasing the 

number of grid points in differential quadrature method 
)SS, R2/h=100, R2/L0=10 (                             

N  30= 45=   60= 
4 20.4952 17.4345 13.5901 
6 16.0896 12.1477 7.0873 
8 16.1166 12.1789 7.1172 

10 16.1164 12.1786 7.1169 
12  16.1164  12.1786 7.1169 

Fig. 4 Convergence speed in differential quadrature method 
with increasing grid point number in conical shell 
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Fig. 5 Comparison of the effect of cone angle on the 
dimensionless buckling parameter  between Galerkin method 
and Ref.[10] 
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 3   
  

Table 3 Comparison of  parameter results in DQ method with 
finite element method using Abaqus software 

)SC, R2/h=100, R2/L0=10, N=10 (  
  30= 45=   60=  

23.5471 19.2293 12.4896 
22.7663 18.9504 12.1084 
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Fig. 6 Effect of cone angle on the dimensionless buckling 
parameter  in differential quadrature method  

6   
)SS, R2/h=100, R2/L0=10, N=10 (  

 4  ×105 (lb/in)  
  

Table  4 Buckling force values ×105 (lb/in) in different 
circumferential and longitudinal mode number 

)Galerkin, R2/h=100, R2/L0=10, [0/90] (  

n 
m 

1 3  5  7  9  
1  1.0625  3.6505  5.2431 5.9727  6.3370  
2 2.3364  4.6022 5.6754 5.9729  6.3372  
3 0.9969  3.6509 5.2439 5.9733  6.3375 
4  0.9595  2.6514  5.2447 5.9739  6.3378  
5  0.9267  3.6520 5.2456 5.9745  6.3383  
6 0.9003 3.6528  5.2468  5.9754  6.3389  
7 0.8804 3.6539  5.2481  5.9763  6.3397  
8 0.8662 3.6554  5.2497  5.9775  6.3405  
9 0.8572 3.6572  5.2515  5.9788  6.3414  

10  0.8525 3.6594  5.2536  5.9802  6.3425  
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Fig. 7 Effect of boundary condition on the dimensionless 
buckling parameter  in differential quadrature method  
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Fig. 8 Effect of fiber orientation on the dimensionless buckling 
parameter in differential quadrature method 
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Fig.  9 Effect of L0/R2 on the buckling load in differential 
quadrature and Galerkin method 
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Fig. 10 Effect of h/R2 on the buckling load in differential 
quadrature method 
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