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finite element model has been introduced for static bending analysis of thick plates based on
mixed plate variational formulation. refined Reissner's mixed variational theoy is employed to
derive the governing equations in terms of the introduced transverse normal stress and
displacement variables. The in-plane displacement components of the plate are described by
combination of polynomial and exponential terms. Concerning the transverse displacement
component, first-order polynomial is adopted. second-order expansion is considered for the
variations of the transverse normal component of the stress tensor along the thickness direction
of the plate. The boundary conditions of shear and normal tractions on the top and bottom
surfaces of the plate are exactly satisfied. Based on the proposed mixed plate theory, four
nodded compatible Hermitian rectangular element which ensures C1-type continuity of all
unknown parameters of the plate along in-plane directions is employed. An arbitrary free
parameter, called the splitting factor, appears in the functional of the proposed variational
formulation. In the numerical part of the present paper, simple formulation has been proposed
for selecting the splitting factor which leads to the results of higher precision. Comparison of
present bending results for thin and thick plates with results of the three-dimensional theory of
elasticity and other plate theories available in literature reveals efficiency of the proposed
parametrized mixed plate theory. Moreover, the proposed model has high convergence rate and
is computationally low cost.
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Fig. 1 Configuration and coordinate system of plates  
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Fig. 2 The meshes used for numerical evaluations 

 2  

1   a/h=5(  
Table 1 Convergence study for the simply supported square 
plate; a/h=5 

    

ABAQUS 8×8 %  4×4 %  2×2 %   

0.0525 0.0523 0.38 0.0524 0.19 0.0530 1.13  

0.2987 0.3089 3.41 0.3151 5.49 0.3628 13.15  

0.2987 0.3089 3.41 0.3151 5.49 0.3628 13.15  

0.2025 0.1991 1.68 0.2009 0.79 0.2048 1.90  

1- Mesh convergence study 
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Fig. 3 The plate modeled in ABAQUS software with the 
meshes used for numerical analysis  
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2     
Table 2 Nondimensional deflection and stresses of the simply supported plate subjected to uniformly distributed load 

     a/h b/a 

0.0444 0.2873 0.2873  0.1946   [41]  5 1 

0.0536 0.2873 0.2873 0.1946  [41]    

0.0535 0.2944 0.2944 0.2112  [41]      

0.0535 0.2944 0.2944 0.2112  [28]    

0.0523 0.3089 0.3089 0.1991  ( =0)     

0.0454 0.2663 0.2663 0.1791  ( =1)    

0.0525 0.2987 0.2987 0.2025 ABAQUS   

0.1106 0.6100 0.2779 0.2769 [41]   5 2 

0.1248 0.6100 0.2779 0.2769 [41]      

0.1248 0.6202 0.2818 0.2927 [41]     

0.1248 0.6202 0.2818 0.2927 [28]     

0.1229 0.6523 0.2974 0.2854 ( =0)      

0.1044 0.5443 0.2493 0.2469 ( =1)      

0.1232 0.6196 0.2922 0.2841 ABAQUS   

 

 

 

 

 

 
Fig. 4 Variations of  and  along the thickness 
direction of the square simply supported plate with a/h=5 
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Table 3 Nondimensional deflection of the rectangular plate with various boundary conditions under uniformly distributed load  

 
 

SSCC SSSC SSSS SSFC SSFS SSFF  a/h 

1.0000 1.0704 1.1430 1.2090 1.2844 1.4283  
[13] 

5 

0.9740 1.0568 1.1428 1.1966 1.2859 1.4314  [28]  

0.9761 1.0558 1.1257 1.2073 1.2980 1.4510  ( =0)  

0.8309 0.8985 0.9559 1.0542 1.1052 1.2353   ( =1)   

1.0133 1.0755 1.1257 1.2073 1.2747 1.3999   ( = bend)   

1.0258 1.1119 1.1511 1.2112 1.3015 1.4016    

0.8850 0.9637 1.0454 1.0981 1.1829 1.3228  
[13] 

10 

0.8770 0.9595 1.0454 1.0946 1.1837 1.3244  [28]  

0.8859 0.9647 1.0412 1.1042 1.1914 1.3346  ( =0)  

0.7321 0.7972 0.8592 0.9139 0.9858 1.1052   ( =1)   

0.9052 0.9751 1.0412 1.1042 1.1788 1.3068   ( = bend)   

0.9030 0.9901 1.0540 1.1048 1.1973 1.3149    

0.8511 0.9330 1.0181 1.0664 1.1547 1.2938  
[13] 

25 

0.8497 0.9322 1.0181 1.0660 1.1551 1.2944  [28]  

0.8606 0.9391 1.0175 1.0751 1.1612 1.3015  ( =0)  

0.7044 0.7686 0.8321 0.8816 0.9520 1.0683   ( =1)   

0.8684 0.9433 1.0175 1.0751 1.1560 1.2900   ( = bend)   

0.8592 0.9445 1.0223 1.0701 1.1617 1.2918    
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 4           
Table 4  Nondimensional deflection of the rectangular plate with various boundary conditions under bi-sinusoidal distributed load 

SSCC SSSC SSSS SSFC SSFS SSFF  a/b a/h 

0.6912 0.7361 0.7501 0.7698 0.8168 0.8507  0.5 5 

0.7725 0.8375 0.9051 0.9473 1.0175 1.1318  [28]    

0.6649 0.7054 0.7385 0.7600 0.8053 0.8605  ( =0)   

0.5690 0.6021 0.6286 0.6477 0.6856 0.7315   ( =1)    

0.6898 0.7185 0.7385 0.7600 0.7909 0.8300   ( = bend)    

0.6085 0.6535 0.7002 0.6939 0.7415 0.8105   10 

0.6936 0.7584 0.8259 0.8645 0.9345 1.0450  [28]    

0.6010 0.6410 0.6778 0.6918 0.7356 0.7877  ( =0)   

0.4972 0.5301 0.5597 0.5717 0.6077 0.6503   ( =1)    

0.6140 0.6479 0.6778 0.6918 0.7278 0.7711   ( = bend)    

0.5829 0.6272 0.6645 0.6716 0.7188 0.7648   20 

0.6738 0.7386 0.8061 0.8438 0.9138 1.0233  [28]    

0.5849 0.6249 0.6626 0.6746 0.7180 0.7693  ( =0)   

0.4793 0.5121 0.5355 0.5526 0.5881 0.6298   ( =1)    

0.5915 0.6283 0.6626 0.6746 0.7140 0.7608   ( = bend)    

0.2017 0.2601 0.3279 0.4037 0.5348 0.7460  1 5 

0.2220 0.2911 0.3922 0.5385 0.7173 1.1479  [28]    

0.1828 0.2343 0.3075 0.3766 0.5012 0.7538  ( =0)   

0.1622 0.2056 0.2670 0.3312 0.4369 0.7294   ( =1)    

0.1881 0.2379 0.3075 0.3766 0.4933 0.6529  ( = bend)    

0.1502 0.2062 0.2799 0.3390 0.4710 0.6916   10 

0.1713 0.2397 0.3401 0.4714 0.6494 1.0612  [28]    

0.1440 0.1951 0.2696 0.3278 0.4523 0.6939  ( =0)   

0.1208 0.1629 0.2241 0.2786 0.3822 0.5861   ( =1)    

0.1469 0.1971 0.2696 0.3278 0.4479 0.6805   ( = bend)    

0.1358 0.1897 0.2649 0.3196 0.4493 0.6775   20 

0.1584 0.2267 0.3271 0.4545 0.6324 1.0395  [28]    

0.1341 0.1852 0.2600 0.3155 0.4398 0.6786  ( =0)   

0.1103 0.1521 0.2133 0.2652 0.3683 0.5691   ( =1)    

0.1356 0.1862 0.2600 0.3155 0.4376 0.6717   ( = bend)    

0.0354 0.0467 0.0657 0.1306 0.2978 0.7588  2 5 

0.0405 0.0530 0.0802 0.1689 0.3567 1.1966  [28]    

0.0319 0.0419 0.0612 0.1106 0.2350 0.7555  ( =0)   

0.0304 0.0393 0.0563 0.1020 0.2195 0.6798   ( =1)    

0.0323 0.0422 0.0612 0.1106 0.2331 0.7367   ( = bend)    

0.0182 0.0280 0.0484 0.0916 0.2375 0.7269   10 

0.0212 0.0328 0.0591 0.1299 0.3158 1.1099  [28]    

0.0172 0.0264 0.0462 0.0838 0.2074 0.7029  ( =0)   

0.0152 0.0229 0.0393 0.0747 0.1891 0.6215   ( =1)    

0.0175 0.0266 0.0462 0.0838 0.2063 0.6925   ( = bend)    

0.0136 0.0228 0.0438 0.0799 0.2148 0.6914   20 

0.0161 0.0276 0.0538 0.1199 0.3056 1.0882  [28]    

0.0134 0.0224 0.0424 0.0769 0.2004 0.6895  ( =0)   

0.0112 0.0186 0.0350 0.0676 0.1813 0.6067   ( =1)    

0.0136 0.0225 0.0424 0.0769 0.1998 0.6842   ( = bend)    
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5         
Fig. 5 Elastic and geometrical properties of the orthotropic 
plates 

EL (GPa)  20  

ET (GPa)  10  

vLT  0.25  

GLT(GPa) 
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h (m)  0.001  

-4  
              

   
 .            
               

               .
               
             
            .    

          
             .

              
         .   
          FSDT   

     .         
        .       

             
  .            

              
  FSDT     .      
             

              
     

          
          

               
  .       
           

         .
                

     .            
              

               
      

 
-5   

[1] M. Malik, C. W. Bert, Three-dimensional elasticity solutions for 
free vibrations of rectangular plates by the differential quadrature 
method, International Journal of Solids and Structures, Vol. 35, 
No. 3–4, pp. 299–318, 1998. 

[2] W. H. Wittrick, Analytical, three-dimensional elasticity solutions to 
some plate problems, and some observations on Mindlin’s plate 
theory, International Journal of Solids and Structures, Vol. 23, No. 
4, pp. 441–64, 1987  .  

[3] A. W. Leissa, Z. D. Zhang, On the three-dimensional vibrations of 
the cantilevered rectangular parallelepiped, Journal of Acoustic 
Society of America, Vol. 73, No. 6, pp. 2013–2021, 1983 . 

[4] S. P. Timoshenko, S. Woinowski-Krieger, Theory of Plates and 
Shells, McGraw-Hill, Singapore, pp. 33-49, 1959 . 

[5] Y. Liu, R. Li, Accurate bending analysis of rectangular plates with 
two adjacent edges free and the others clamped or simply 
supported based on new symplectic approach, Applied 
Mathematical Modelling, Vol. 34, No. 4, pp. 856–865, 2010 . 

[6] A. W. Leissa, J. H. Kang, Exact solutions for vibration and buckling 
of an SS-C-SS-C rectangular plate loaded by linearly varying in-
plane stresses, International Journal of Mechanical Science, Vol. 
44, No. 9, pp. 1925–1945,  2002 . 

[7] A. M. Zenkour, An exact solution for the bending of thin 
rectangular plates with uniform, linear, and quadratic thickness 
variations, International Journal of Mechanical Science, Vol. 45, 
No. 2, pp. 295–315, 2003 . 

[8] M. Eisenberger, A. Alexandrov, Buckling loads of variable 
thickness thin isotropic plates, Thin Walled Structures, Vol. 41, No. 
9, pp. 871-889, 2003. 

[9] J. N. Reddy, Theory and Analysis of Elastic Plates, Taylor & 
Francis, Philadelohia, pp. 109-129,1999  

 
6   )b=a( 

Table 6  Nondimensional deflection of the orthotropic plate (b=a) 
a/h  

2 4 10 100   

2.1948 (54.09%) 2.1948 (24.27%) 2.1948 (4.99%) 2.1948 (0.05%) [32]  

4.6256 (3.25%) 2.6913 (7.14%) 2.1452 (7.13%) 2.0419 (7.02%) [32]    
( = 1, = 1) 

4.4044 (7.88%) 2.7958 (3.55%) 2.2933 (0.72%) 2.1958 (0.01%) [32]  
( = 2, = 2) 

4.8187 (0.79%) 2.9003 (0.08%) 2.3101 (0.00%) 2.1960 (0.00%) [32]  
( = 3, = 3) 

4.9887 (4.34%) 2.7934 (3.61%) 2.1632 (6.35%) 2.0436 (6.94%)  ( =1) 

4.8926 (2.33%) 2.8839 (0.49%) 2.3070 (0.13%) 2.1975 (0.07%)  ( = bend) 

4.7810 2.8981 2.3100 2.1960 [32]  
 
 
 
 
 
 
 
 
 



    

     

  

178  1395162  

 

[10] E. Reissner, The effect of transverse shear deformation on the 
bending of elastic plates, Journal of Applied Mechanics, Vol. 12, 
No. 2, pp. 69-72, 1945  .  

[11] R. D. Mindlin, Influence of rotatory inertia and shear on flexural 
motions of isotropic, elastic plates, Journal of Applied Mechanics, 
Vol. 18, No. 1, pp. 31–38, 1951. 

[12] C. M. Wang, G. T. Lim, J. N. Reddy, K. H. Lee, Relationships 
between bending solutions of Reissner and Mindlin plate theories, 
Engineering Structures, Vol. 23, No. 7, pp. 838–849, 2001. 

[13] A. M. Zenkour, Exact mixed-classical solutions for the bending 
analysis of shear deformable rectangular plates, Applied 
Mathematical Modelling, Vol. 27, No. 7, pp. 515–534, 2003. 

[14] S. Hosseini-Hashemi, M. Arsanjani, Exact characteristic equations 
for some of classical boundary conditions of vibrating moderately 
thick rectangular plates, International Journal of Solids and 
Structures. Vol. 42, No. 3–4, pp. 819–853, 2005.  

[15] J. N. Reddy, A simple higher order theories for laminated 
composites plates, Journal of Applied Mechanics,  Vol.  51,  No.  4,  
pp. 745-742, 1984 . 

[16] S. A. Ambartsumian, On the theory of bending plates, Izvestiya 
Akademii Nauk SSSR, Vol. 5,No.1, pp. 69–77, 1958 . 

[17] M. Touratier, An efficient standard plate theory, International 
Journal of Engineering Science, Vol. 29, No. 8, pp. 16–901, 1991 . 

[18] M. Lezgy-Nazargah, P. Vidal, O. Polit, An efficient finite element 
model for static and dynamic analyses of functionally graded 
piezoelectric beams, Composite Structures, Vol. 104, No. 1, pp. 
71-84, 2013.  

[19]  M.  Karama,  K.  S.  Afaq,  S.  Mistou,  A  new  theory  for  laminated  
composite plates, Proceeding of Institution of Mechanical 
Engineers, Series L: Design and Application, Vol. 223, No. 2, pp. 
53-62, 2009.  

[20] M. Lezgy-Nazargah, S. B. Beheshti-Aval , M. Shariyat, A refined 
mixed global-local finite element model for bending analysis of 
multi-layered rectangular composite beams with small widths, Thin 
Walled Structures, Vol. 49, No. 2, pp. 351-362, 2011.  

[21] S. B. Beheshti-Aval, M. Lezgy-Nazargah, A new coupled refined 
high-order global-local theory and finite element model for 
electromechanical response of smart laminated /sandwich beams, 
Archive of Applied Mechanics. Vol. 82, No. 12, pp. 1709-1752, 
2012.  

[22] M. Lezgy-Nazargah, S. B. Beheshti-Aval, Coupled refined 
layerwise theory for dynamic free and forced responses of 
piezoelectric laminated composite and sandwich beams, Meccanica, 
Vol. 48, No. 6, pp. 1479–1500, 2013 . 

[23] S. B. Beheshti-Aval, S. Shahvaghar-Asl, M. Lezgy-Nazargah, M. 
Noori, A finite element model based on coupled refined high-order 
global-local theory for static analysis of electromechanical 
embedded shear-mode piezoelectric sandwich composite beams 
with various widths, Thin Walled Structures, Vol. 72, No. 1, pp. 
139-163, 2013 . 

[24] M. Lezgy-Nazargah, Efficient coupled refined finite element for 
dynamic analysis of sandwich beams containing embedded shear-
mode piezoelectric layers, Mechanics of Advanced Materials and 
Structures, Vol. 23, No. 3, pp. 337-352, 2016. 

[25] R. P. Shimpi, H. G. Patel, A two variable refined plate theory for 
orthotropic plate analysis, International Journal of Solids and 
Structures, Vol. 43, No. 22-23, pp. 6783-6799, 2006. 

[26] H. T. Thai, S. E. Kim, Analytical solution of a two variable refined 
plate theory for bending analysis of orthotropic Levy-type plates, 
International Journal of Mechanical Science,  Vol. 54 ,  No. 1, pp. 
269–276, 2012.  

[27] H. T. Thai, S. E. Kim, Levy-type solution for free vibration 
analysis of orthotropic plates based on two variable refined plate 
theory, Applied Mathematical Modelling, Vol. 36, No. 8, pp. 3870–
3882, 2012.  

[28] H. T. Thai, D. H. Choi, Analytical solutions of refined plate theory 
for bending, buckling and vibration analyses of thick plates, 
Applied Mathematical Modelling, Vol. 37, No. 18-19, pp. 8310–
8323, 2013. 

[29] K. H. Lo, R. M. Christensen, E. M. Wu, A Higher-Order Theory of 
Plate Deformation. Part 2: Laminated Plates, Journal of Applied 
Mechanics, Vol. 44,No.1, pp. 669-676, 1977 . 

[30] Y. M. Ghugal, A. S. Sayyad, A flexure of thick isotropic plates 
using trigonometric shear deformation theory, Journal of Solid 
Mechanics, Vol. 2, No. 1, pp. 79-90, 2010.  

[31] Y. M. Ghugal, A. S. Sayyad, Free vibration of thick isotropic 
plates using trigonometric shear deformation theory, Journal of 
Solid Mechanics, Vol. 3, No. 2, pp.172-182, 2011 . 

[32] E. Carrera, S. Brischetto, Analysis of thickness locking in classical, 
refined and mixed multilayered plate theories, Composite 
Structures. Vol. 82, No. 4, pp. 549–562, 2008 . 

[33] S. Brischetto, E. Carrera, Advanced mixed theories for bending 
analysis of functionally graded plates, Composite Structures. Vol. 
88, No. 23-24, pp. 1474–1483, 2010.  

[34] E. Reissner, On a mixed variational theorem and on shear 
deformable plate theory, International Journal for Numerical 
Methods in Engineering, Vol. 23, No. 2, pp. 93-198, 1986. 

[35] T. Y. Rong, A. Q. Lu, Parametrized Lagrange multiplier method 
nd construction of generalized mixed variational principles for 
computational mechanics, Computer Methods in Applied 
Mechanics and Engineering, Vol. 164, No. 3-4, pp. 287-296, 1998 . 

[36] T. Y. Rong, A. Q. Lu, Generalized mixed variational principles 
and solutions of ill-conditioned problems in computational 
mechanics, Part I: Volumetric locking, Computer Methods in 
Applied Mechanics and Engineering, Vol. 191, No. 3-5, pp. 407-
422, 2001. 

[37] T. Y. Rong, A. Q. Lu, Generalized mixed variational principles 
and solutions of ill-conditioned problems in computational 
mechanics, Part II: Shear locking, Computer Methods in Applied 
Mechanics and Engineering, Vol. 192, No. 44-46, pp. 4981–5000, 
2003. 

[38] B. F. De-Veubeke, Displacement and equilibrium models in the 
finite element method, in: Zienkiewicz O.C, Holister G.S. (Eds.), 
Stress Analysis, John Wiley & Sons, New York, pp. 145–197, 
1965 . 

[39] R. M. Jones, Mechanics of Composite Materials, Taylor & Francis, 
Philadelphia, pp. 55-82, 1999 

[40] M. Shariyat, A generalized global–local high-order theory for 
bending and vibration analyses of sandwich plates subjected to 
thermo-mechanical loads, International Journal of Mechanical 
Science, Vol. 52, No. 3, pp. 495–514, 2010. 

[41] J. N. Reddy, A refined nonlinear theory of plates with transverse 
shear deformation, International Journal of Solids and Structures, 
Vol. 20, No. 9-10, pp. 881-896, 1984.  

 


