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In this paper, the nonlinear free vibrations of a bimorph piezoelectric nano actuator are studied based on 
nonlocal elasticity. The Euler-Bernoulli beam theory and Hamilton’s principle are used to derive the 
equation of motion of the actuator. In order to obtain the reduced-order form of equations, the Galerkin 
method is used. The mode shapes of a multi-span beam are used for a faster convergence. The nonlinear 
natural frequencies are obtained by using He’s variational approach. Equations are solved for clamped-
clamped boundary conditions, and the effects of values of DC voltage, actuator length and thickness, 
length of piezoelectric layers and nonlocal parameter on the nonlinear natural frequencies are studied. 
The results show that applying a DC voltage induces a static deflection and an increase in the stiffness 
of the actuator. Therefore, the natural frequency increases. Moreover, increasing the nonlocal parameter 
decreases the rate of change in frequency variation. An increase in the nonlocal parameter or the length 
of the actuator increases the nonlinear to nonlinear natural frequency ratio. Finally, the effect of the 
middle layer material of the actuator on the frequency ratio is studied. 
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Fig. 1 Nano actuator that is modeled as a piezoelectric beam 
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1   
Table 1 Material and geometric properties  

    
 GPa 59 
 GPa 105  
 Cm  -12.54 
 kg m  7800 
 kg m  9000 
 m 240 × 10  

 m 8 × 10  
 m 4 × 10  
 m 4 × 10  

 GPa 207 
 GPa 70  
 GPa 128  
 kg m  7800 

 kg m  2700 
 kg m  8900 

  
Fig. 2 Convergence study of the deflection in the galerkin 
method for vDC=0.1V 

2 vDC=0.1V  

2  

vDC=0.1V  
Table 2 maximum values of the deflection calculated by 
Galerkin method and FEM for vDC=0.1V 

  [nm]  
[nm]    

1  2.94e-9 3.35e-9 12% 
1,2  2.94e-9 3.35e-9 12% 
1,3  3.5e-9 3.35e-9 4.3% 
1,2,3  3.5e-9 3.35e-9 4.3% 
1,3,5  3.39e-9 3.35e-9 1.3% 

  
Fig. 3 Calculated deflection of the beam using FEM for 
vDC=0.1V 

3 
vDC=0.1V  

  
Fig. 4 Deflection of the beam for different values of nonlocal 
parameter and vDC=0.1V  

4 vDC=0.1V   

  
Fig. 5 Beam deflection for = 0 and different values of the 
applied voltage 

5 = 0   

3  .
 -

 .
 .

 .6 7 
 

3 (Hz) 
  

Table 3 Comparing the natural frequency (Hz) calculated by 
the Galerkin method and FEM  

 
   

= 0     
1  = 0.25  

= 0.75  
2.8345e8 2.8300e8 0.13 

2  7.3422e8 7.2612e8 1.1 
3  1.9682e9  1.9543e9 0.71 
1  = 0.2  

= 0.8  
e83.1215  3.1208e8 0.008 

2  8.2486e8 8.2516e8 0.036 
3  1.8417e9 1.8234e9 0.99 
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Fig. 6 Effect of the length of  piezoelectric layer which is 
located  at  the  center  of  the  beam  on  the  first  four  
dimensionless linear natural frequencies  

6 
  

  
Fig. 7 Study of different length of piezoelectric layer located 
at the corner of the beam on the first four dimensionless linear 
natural frequencies 

7    
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10   
L1=0.25LL2=0.75L 
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 .12 
 .

 .
         .

13 
 

4  [MHz]  = 0.2 = 20  
  

Table 4 The  values  of  linear  natural  frequency  [MHz]  of  the  
beam for = 0.2 , = 20 and different values of nonlocal 
parameter 

  ]9[    

0.00 34.6783  34.6781  0 

1.68 33.2842 32.7236  0.1 

5.1 29.9135 28.3894 0.2 

5 
  

Table 5 The values of dimensionless linear natural frequency 
for different values of nonlocal parameters and piezoelectric 
length  

  
    

= 0 

  
= 0.1 

 
= 0.2 

 
= 0.3 

1 = 0.25  
= 0.75  

0.125 0.120 0.108  0.094  
2 0.324 0.283 0.216 0.165 
3  0.869 0.637 0.412 0.293 
1 = 0.2  

= 0.8  
0.135 0.129 0.115  0.099 

2 0.364 0.318 0.242 0.185 
3 0.813 0.609 0.400 0.286 
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Fig. 8 Study of first dimensionless linear natural frequency for 
different values of voltage, nonlocal parameter and L2=0.75L, 
L1=0.25L 

8    
  L1=0.25L L2=0.75L     

  
Fig. 9 The effect of applied voltage on the first frequency ratio, 
L2=0.75L,  L1=0.25L and = 0 

9  L1=0.25LL2=0.75L  
= 0  

  
Fig. 10 Variation of the first mode frequency ratio versus 
dimensionless amplitude for L1=0.25L ,L2=0.75L and vDC=0  

10  
,L1=0.25L  L2=0.75L  vDC=0  

  
Fig. 11 Variation of the first mode frequency ratio versus the 
dimensionless amplitude for different values of beam length, 
vDC=0, L1=0.25L, L2=0.75L and = 0 

11 
L1=0.25LL2=0.75LvDC=0 = 0  

  
Fig. 12 Variation of the first mode frequency ratio versus the 
dimensionless amplitude for different lengths of  piezoelectric 
layer, vDC=0 and = 0 

12  
vDC=0 = 0   
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Fig. 13 Variation of the first mode frequency ratio with the 
dimensionless amplitude for different values of piezoelectric 
thickness, vDC=0 and = 0 

13  
vDC=0 = 0   

  
Fig. 14 Variation of the first mode frequency ratio versus the 
dimensionless amplitude for different materials, vDC=0 and 

= 0 
14 

 vDC=0= 0  

 .

 .
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