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 Free hydroelastic coupled vibration analysis of frictionless liquids with a free surface in spherical tanks 
with a flexible bottom has been performed. The side wall has been considered as a rigid body. The 
flexible bottom behaves as a membrane at a certain distance below the center point, and the free surface 
is considered as a cross cut at the top of the center point. The spherical coordinate system is adopted to 
derive the governing coupled equations, and finally a vibration analysis is carried out, using the 
traditional Galerkin's method, leading to closed-form solutions. Effects of various system parameters, 
i.e., membrane tension, liquid density, geometric parameters of the system such as the container radius, 
free surface distance discriminate parameter, and bottom distance discriminate parameter on the 
vibration behavior are investigated. The novelty of the present work is to obtain direct formulas for 
hydroelastic coupled vibration analysis of the mentioned system, which can be easily used in 
engineering design applications. Coupling between two mode numbers can be clearly seen in the results, 
in other words, there is a coupling between vibration modes as interaction in spherical geometry. 
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Fig. 1 Spherical container with a membrane bottom and adopted 
coordinate systems  
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1   
Table 1 Characteristic parameters of the system 

R 
(m) 

T 
(N/m) 

g 
(m/s2) 

f   
(kg/m2) 

m   
(kg/m2) 

  
(N/m) 

1   
(rad) 

2   
(rad) 

 

0.5 105 0.1 1000 39 0.01 / 3   3 / 4    

2      
Table 2 System frequencies for different half wave parameters  

10 9 8 7 6 5 4 3 2 1  
12 10.7 9.15 7.76 4.68 4.99 3.79 2.97 - 1.15 1 

11.9 10.4 8.98 7.8 6.24 4.8 3.9 7.2 - - 2 

13.3 14 8.98 7.68 7.64 9.65 2.5 - - - 3 

11.9 10.4 8.95 7.65 7.42 21.1 - - - - 4 
12 10.9 6.8 11.4 - 6.99 - - - - 5 
12 11 12.4 - - - - - - - 6 

14.5 19.9 - - - - - - - - 7 
23.5 - - - - - - - - - 8 

- - - - - - - - - - 9 
- - - - - - - - - - 10 

  
Fig. 2 2nd mode shape in software modeling 

2  

 
3  

Table 3 10 first natural frequencies obtained from software modeling 
 

(Hz) 
 

1.09 
2.37 
2.80  
3.64  
3.79  
4.51  
4.67  
4.68  
5.98  
6.87 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

 
Fig. 3 1st vibration mode of the free surface 
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Fig. 4 1st vibration mode of the membrane bottom 

4  

  
  

Fig. 5 2nd vibration mode of the free surface 
5  

  
Fig. 6 2nd vibration mode of the membrane bottom 
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Table 4 Comparison between natural frequencies of analytical method and those of software modeling 

  
(Hz) 

 
(Hz) 

 

0.055 
0.054  
0.060  
0.041  
0.29  
0.037  
0.027  
0.026  
0.043  
0.017 

1.09 
2.37 
2.80 
3.64 
3.79 
4.51 
4.67 
4.86 
5.98 
6.87 

1.15 
2.50  
2.97  
3.79  
3.90  
4.68  
4.80  
4.99  
6.24  
6.99 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
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Fig. 7 Dependence of three natural frequency modes on membrane 
tension 

7  

  
Fig. 8 Dependence of three natural frequency modes on liquid density 

8   

  
Fig. 9 Dependence of three natural frequency modes on container 
radius 

9  

8 
 .

 

    
  

 .

 
  

  
  

6 -  
 ) ms-2( 
 ) m( 
  ) m( 
 ) m( 
 )Nm-1( 
  

 
  
  )m( 
 ) rad( 
 ) rad( 
 )kgm-3( 
 ) kgm-2( 

 
  

m  
  
  

7 -  
 

1f 2f 1U 2U   
= ( ) (cos ) cos  
= ( ) (cos ) sin  
= ( cos )( ( + 1) ) (cos ) cos

sin
(

)
(cos )

cos  

= ( cos )( ( + 1) ) (cos ) sin
sin

(

)
(cos )

sin  

  
    

=
cos (cos ) ( )

[( ) (cos ) ( ) (cos )] 

=
cos (cos ) ( ) tan

[( ) (cos ) ( ) (cos )] 

 
= ( ) 
= ( ( + 1) ) 

  
     

( ) (cos )
( ) (cos ) cos  



    

                   

  

162  1395164  

= ( ) ( + ) (cos )
( + ) (cos ) cos  

= ( + ) (cos )
( + ) (cos ) cos  

= + ( ) (cos )

+ ( ) (cos ) sin  

=
1 + cos

( ( + 1) ) ( )

( + ) (cos ) cos

+
cot 2 cos sin

(

+ )
d (cos )

d

( + ) (cos ) cos

+
2 cos sin

(

( + 1) )
d (cos )

d

( + ) (cos ) cos

+ (sin ) ( ( 1)
( + 1)( + 2) ) (cos )
( + ) (cos ) cos

+
cos

(

+ )
d (cos )

d

( + ) (cos ) cos

+
1

sin
( + ) (cos )

(

+ ) (cos ) ( ) cos  

8 -  
[1] H. F. Bauer, J. Siekmann, J. T. S. Wang, Axisymmetric hydroelastic sloshing 

in an annular cylindrical container, Journal of Spacecraft and Rockets, Vol. 
5, No. 8, pp. 981-983, 1968 . 

[2] Y. Kerboua, A. A. Lakis, M. Thomas, L. Marcouiller, Vibration analysis of 
rectangular plates coupled with fluid. Journal of Mathematical Modelling, 
Vol. 32, No. 1, pp. 2570-2586, 2008. 

[3] M. Chiba, Nonlinear hydroelastic vibration of a cylindrical tank with an 
elastic bottom, containing liquid. Part II: Linear axisymmetric vibration 
analysis, Journal of Fluids and Structures, Vol. 7, No. 1, pp. 57-73, 1993. 

[4] M. Chiba, Axisymmetric Free hydroelastic vibration of a flexural bottom  
plate in a cylindrical tank supported on an elastic foundation , Journal of 
Sound and Vibration, Vol. 169, No. 3, pp. 387-394, 1994. 

[5] H. F. Bauer, W. Eidel, Hydroelastic vibrations in a two-dimensional 
rectangular container filled with frictionless liquid and a partly elastically 
covered free surface, Journal of Fluids and Structures, Vol. 19, No. 2, pp. 
209-220, 2004 . 

[6] M. Chiba, K. Abe, Nonlinear hydroelastic vibration of a cylindrical tank with 
an elastic bottom containing liquid-analysis using harmonic balance method, 
Thin-Walled Structures, Vol. 34, No. 3, pp. 233-260, 1999 . 

[7] J. Siekmann, S.-C. Chang, On the dynamics of liquids in a cylindrical tank 
with a flexible bottom, Ingenieur-Archiv, Vol. 37, No. 2, pp. 99-109, 1968 . 

[8] M. Chiba, H. Watanabe, H. F. Bauer, Hydroelastic coupled vibraiotns in a 
cylindrical container with a membrane bottom, containing liquid with surface 
tension, Journal of Sound and Vibration, Vol. 251, No. 4, pp. 717-740, 2002 . 

[9] H. F. Bauer, Oscillations of immiscible liquids in free space or in spherical 
containers in zero-gravity environment, Ingenieur-Archiv, Vol. 51, No. 6, pp. 
363-381, 1982.  

[10] H. F. Bauer, Oscillations of non-viscous liquid in various container 
geometries: First Edition,pp.223-230, Neubiberg : Institut für 
Raumfahrttechnik, 1999 . 

[11] H. F. Bauer, W. Eidel, Nonlinear liquid oscillations in spherical systems 
under zero-gravity, Acta Mechanica, Vol. 65, No. 1-4, pp. 107-126, 1987.  

[12] Y. K. Cheung, D .Zhou, Hydroelastic vibration circular container bottom 
plate using the galerkin method, Journal of Fluids and Structures, Vol. 16, 
No. 4, pp. 561-580, 2002 . 

[13] I. G. Currie, Fundamental Mechanics of Fluids, Fourth Edition, pp.27-37, 
Boca Raton: CRC, Taylor & Francis, 2012. 

[14] R. A. Ibrahim, Liquid Sloshing Dynamics: First Edition ,pp.490-497, 
Cambridge, UK: Cambridge University Press, 2005 

[15] M. I. Salem, V. H. Mucino, E. Saunders, M. Gautam, A. Lozano, Lateral 
sloshing in partially filled elliptical tanker trucks using a trammel pendulum 
vibration analysis, International Journal of Heavy Vehicle Systems, Vol. 16, 
No. 1, pp. 207-224, 2009 

[16] S. Nicolici, R. M. Bilegan, Fluid structure interaction modeling of liquid 
sloshing phenomena in flexible tanks, Nuclear Engineering and Design, Vol. 
258, No. 0, pp. 51-56, 2013. 


