
  

  1395167 32-42
                

  

    

     
mme.modares.ac.ir

  

    

    

    

    
                

 

  
:  Please cite this article using:

S. Borji Monfared, A. Kalhor, M. Amiri Atashghah, Robust Nonlinear H  and MPC Control for Path Tracking of a Quadrotor through Estimation of System Parameters, Modares 
Mechanical Engineering, Vol. 16, No. 7, pp. 32-42, 2016  (in Persian) 

H 
    

12*3   

1-   
2-     
3-   
* 14395-1561akalhor@ut.ac.ir  

      
  

 :07  1395  
 :11  1395  

 :23 1395  

   .   
-  . 

   .

 . .
  

 .
 

  

  

   

  

  

Robust Nonlinear H  and  MPC  Control  for  Path  Tracking  of  a  Quadrotor  
through Estimation of System Parameters 

Sadra Borji Monfared1, Ahmad Kalhor*2, Mohammadali Amiri Atashgah1 

1-Department of Aerospace engineering, University of Tehran, Tehran, Iran 
2- School of Electrical and Computer Engineering, University of Tehran, Tehran, Iran 
* P.O.B. 14395-1561, Tehran, Iran, akalhor@ut.ac.ir  

ARTICLE INFORMATION ABSTRACT
Original Research Paper
Received 26 April 2016
Accepted 31 May 2016
Available Online 13 July 2016

In this paper, a trajectory tracking control strategy for a quadrotor flying robot is developed. At first, 
dynamic model is obtained by Lagrange-Euler approach. Then, control structure, consisting of a model-
based predictive controller, has been used based on state space error to track transitional movements for 
reference trajectory and also robust nonlinear H  control is applied for stabilizing the rotational 
movements and rejecting the external disturbance. In both controllers the integral of the position error is 
considered, allowing the achievement of a null steady-state error when sustained disturbances are acting 
on the system. The external disturbances are considered as aerodynamic torques. If uncertainties 
increase, the designed control system unable to path tracking properly. So finally, in order to eliminate 
the effects of parameter uncertainties the recursive least squares is used for estimating mass and 
moment inertia parameters which are linear and it is applied to the control system. Simulation results 
show that by using estimation of system parameters, the proposed control system has a promising 
performance in terms of stabilization and position tracking even in the presence of external disturbance 
and parametric uncertainties. 
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Fig. 1 The quadrotor helicopter configuration 
  1  

Move right Rotate counter 
clockwise 

Rotate clockwise Move left 

Fig. 2 The quadrotor motion description, the arrow width is proportional 
to propeller rotational speed 

 2           [9] 

2-2 -     
 

  
  
   
 

[10].  
= { }  . 

 (3) 
 .

 . 
 2 < 2) 

2 2)  
)  .

  

(1)  
c c c s s s c c s c + s s

+ c
s c s c s

 

c0 = cos(0) s0 = sin(0)   
      = [ ]  

= [ ] 

= [ ] 
= [ ]  .

   .
  

(2)  =  

= [ ] = [ ] 
  

      
  

(3)  =  

(4)  =
1 sin tan cos tan
0 cos sin
0 sin sec cos sec

 

= [ ]  = [ ] 
  

2-3 -   - 
   

   

(5)  

( , ) = +   

= 2 +
1
2  

 -  -
  

(6) =  

      .
 . .

-    

(7)  = = +
0
0
1

 

( )      

(8)  

( ) =

=
0 s

0 c s c s s
s c s c s + s c + c c

 

 
:  

(9) =
1
2 =

1
2  

 .- 
  

(10)  = = + ( )
1
2

( ) = + ( , )  

( ) 
( ) ( ) ( ) (11)    



    

H       

1395167  35  

(11)  

=
1
2 +  

= ( ) =
1
2 +  

( , ) =  

= 0   
= c s + c

+ c c + c  
= c s  

s c + s s c + c s c  
= c  
= s s + s c

+ c c + s c
s s c c s c  

= c c c s s c
c c c + c c  

(7) (10) 
[11] :   

(12)  

=
1

(cos sin cos + sin sin ) +  

=
1

(sin sin cos cos sin ) +  

= +
1

(cos cos ) +  

(13)  = ( ) ( ( , ) ) 

      . 

3 - 
   

 
 . 

 .
 . 

    
  

     
( ) = ( ), ( ) .

(14)   

(14)  

( ) = ( ), ( )

=

( )

+ cos ( )cos ( )
( )

+
( )

( )
( )

+

( )

( )
( )

+

 

  

(15)  ( ) = (cos ( )sin ( )cos ( ) + sin ( )sin ( )) 

(16) ( ) = (sin ( )sin ( )cos ( ) cos ( )sin ( )) 

     (14)   
  . 

   
   

     
   . 

  

( ) = ( ( ), ( ))  (17)  

( ) = [ ( ) ( ) ( ) ( ) ( ) ( )] 
( ) = [ ] 

  
(14) (17) 

  

(18)  ( + 1) = ( ) + ( ) ( ) 

  ( ) = ( ) ( ) ( ) = ( ) ( ) 
  

      (18)   
  

(19)  

( + 1)

= 1 1
0

( )
( )

+
0

cos ( )cos ( ) + ( ) 

(20)  

( + 1)

=
1
0

0 0
1 0 0

0
0

1
0 0 1

( )
( )

( )
( )

+

0 0

( ) +
0
0

0
0

( ) +

( ) 

       

  
     

 [12]:   

(21)  

=

+  

    
( + | ) 

(22)    

(22) = ( | ) ( | ) + ( | )  

   ( ) (19) 
 [12] .   ( ) = ( )



    

H       

  

36  1395167  

( )  ( )           
  (23)  :  

(21) 
(24)  [13] .  

    ( ) = ( ) + ( ) .
( )  ( )

( )   
  

(25)  

= +

( ) +

 
= [ ( ) ( )]   

(26)  
( )
( ) =

( )
( ) +

( )
( )  

( )  ( )    
 H (12)   

4 - H    

 . H 

 .
H   - - -1  -

H  -
[14]  .  

    (27)  
  

)27(  

= ( ) + ( ) + ( )  
= ( )  

   
  ( )( )×( ) 
 .

        . 

 :> 0  

1 Hamilton-Jacobi-Bellman-Isaacs 

= 0   > 0  
: [0,  

   
   [0, ] [0,   

H [15]: 

(28)   

  

(29)  = = [ ( ) ] ( )  

   

(30)  =  

    
(28) (31)   

(31)  

( , , , ) = ( ( ) + ( ) + ( ) )

+
1
2

( ( ) + ( ) )
 

[16] ( ) 
  (32) 

  

(32)  ( , ) , , ( , ), ( , )  

  - --  (33)  :  

(33)  

+ ( , ) +
1
2

1
( , ) ( , )

( , ) ( , )

( , ) ( )

+
1
2

( )( ) ( )
= 0 

( , ) (33) 
 [17]:  

(34)  = (S ( ) + ( , )
( , )

) 

     H 
- 

  (35)   

(35)  = +  

   
  

(36)   

(36)  = =
( )

 

(23) 

( + 1| ) ( | )

( + | ) ( | )
 

( | ) ( | )

( + 1| ) ( 1| )
 

(24) 

= [ + ]
. ( )

+  



    

H       

1395167  37  

    .
  .

  
 .
(37)  :  

(37)  

= ( ) + ( , ) ( ( ) + ( , ) )
+ ) 

        :(37) 

   .0 
         

.  
  

 (37)  (38)   
(38)  = [ ] 

=  .  
   

(37) (13) 
= ( ) ( )   

(39)  ( ) + ( , ) = +  

(39)   
(39) 

H   

(40) = ( ) + ( ) + ( )  

(41)  

( , )

=
( ) 0 0

+ ( )
0

 

(42)  ( , ) = ( , ) =
( )

0
0

 

  = 0
0 0

   

        - - - 
 ( ) ( ) = 

 .( , )  )43 (  

(43) ( , ) =
1
2

0 0
0
0 +

 

   ×                      
+ 2 > 0   .

(43)   (33)   - 
- -:  

(44)  

2 + 2
+ 2 0

+ +
1

( + ) ( + ) = 0 

  (44)  

 .  
H   [18]  

      ( , ) (34) 
H   (45)   

(45) (37) 
(46)   

(46)  

= ( ) + ( , )

( ) +  

   

(47)  
= , = , = , =  
= = = 0 , = = = 0  

 (48)  -
 1   

  
=

+ 2
+ ( ) ( ( , ) +

1
) 

  = +
+ 2

( ) ( ( , ) +
1

) 

(48)  = ( ) ( ( , ) +
1

) 

          .
             

   .  

5 -   
 

 . 
 .

20  %    ) 

 .
 .

H 

 . 

   .

 .

 .

[19].  

1 Proportional–Integral–Derivative(PID) 

(45)  = ( + T )  



    

H       

  

38  1395167  

5-1 -     
          1  

     .
         

 .         
  ]20 [  .  

      .

 .

(14)     

  
[21].  

  (49)   

(49)  

= +
1

(cos cos ) +  

= ( ) ( ) + ( ) , =
1

 

= , 000,  

 
  

=
0 s

0 c + s ( )c s c
s ( )c s c s + s c + s c

 

(50) 

s  
s c  s c 

  
(51)    

   = ( ) ( ) + ( )  

(51)  

  =   ( ) = s2  

  =  T( ) = s c  

  =  T( ) = s c  

 (52) -
 ]22[:   
(52)  ( ) = ( 1) + ( )( ( ) ( ) ( 1)) 

(53) ( ) 
(53) 

   
(53)  ( ) = ( ) = ( 1)( + ( 1) )  

1Recursive Least Square (RLS)  

   ( ) 
  :  

(54)  ( ) = ( ) ( ) ( 1)/  

    
  

(55)  ( ) = ( ) ( ) ( 1) 

    
(56)  = ( 1) + ( ) ( ) 

   
  

6 -   
 

      
  

      
  = = = 3 , = 0.1   

    
= = = 3  

  
= = = 0.5 
= 5 0

0 5 , = 0.01

=
5 0 0 0
0
0
0

1
0
0

0
5
0

0
0
1

, = 20 0
0 20  

           1   . 
 ( , , ) =

(0,0,0.5) ( , , ) = (0,0,0.5)  
  H   ( , , , ) = (0.05,0.5,5,0.7) 

= 0.2  

( , , ) = = 1 × 10= 7 ×
10= 0.8   

      .
3  

 %-40 )= 0.444( ( , , ) 
 .4    

1   
Table 1 Parameters for simulation of quadrotor 

      
  0.74  kg 

  0.21  m 

  = 4 × 10  kg. m  

 = 4 × 10  kg. m  
  = 8.4 × 10  kg. m  

   

= 0.055   18  

= 0.085  22.5  

= 0.1  10  

N. m 
N. m 
N. m 

  = 0.1 s  



    

H       

1395167  39  

 

  
Fig.  3 Position of ( , )  and path tracking with increasing 
uncertainty in mass 40% and without identification 
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Fig.  4 Height and longitudinal-lateral error models  in the control         
laws with increasing uncertainty in mass -40% and without 
identification 
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Fig. 5 Estimation of mass parameter with recursive least square 
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Fig.  6 Position ( , , )  and path tracking with external  
disturbances and uncertainty with RLS 
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Fig. 7   Position error of reference tracking ( , , ) 
7 ( , , )   

  

Fig.  8 Height and longitudinal-lateral error models  in the control 
laws with RLS  
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Fig.  9 Estimation of inertia matrix ( , , )  parameters with     

recursive least square 
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Fig. 10 Orientation ( , , )  with external disturbances and 
uncertainty with RLS 
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