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This paper investigates vibration analysis of a clamped-clamped beam attached to a nonlinear energy
sink (with nonlinear stiffness and damping) under an external harmonic force. The beam is modeled
using the Euler-Bernouli beam theory. Different locations for nonlinear energy sink are chosen and the
effects of various parameters on behavior of the system are considered. Required conditions for
occurrence of the Saddle-node bifurcations and the Hopf bifurcations in the system are studied. In
vibration analysis, the frequency response diagram of the system is very important because it shows the
best regions for attenuation of vibration and is a good criterion for designing nonlinear energy sinks;
hence Complexification-Averaging method is used to find the amplitude of oscillation in terms of
excitation load simply. For validation and comparison, numerical simulation(Runge-Kuta method) is
used. The results demonstrate that by approaching the position of nonlinear energy sink to the beam
supports, probability of occurrence of the Hopf and the saddle-node bifurcations decreases and
increases, respectively;detached response curve will be formed in smaller range of external amplitude
force.Moreover, by increasing external amplitude force, the steady state amplitude of the system
increases smoothly.
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Detached Resonance curve
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Fig. 1 A schematic view of horizontal clamped-clamped beam with
nonlinear energy sink under harmonic external load
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° Galerkin method
*® Narrow band excitation

187

e glaptan 5| JSiate Lo J 1S cpl oges o lal Jlad sl s
Jrs 98] wisS o Joo (Lol pitanw Slpss ) a5 b oS sies
I adlassyge o9 ol 4 B 0bje slaojle Slals)) Jld s
S35 Sl S @ 5 Sl Gl )i imes el 4285
Sl S @ Cod oz sl Sl SIS 0 5 Wb gl (25
Jld e sl JuS aoil o5 canl S8 4 o3 oS oo ooliiul Jladpé
S d e € uS s R P ¥
Soy B oS &S Jhpe,d g Tond mlal e Sl aiile
DT oe Gl Dol asl e 5
e 2 L. .. .

é...l.?u (Slod S O)g0a 7 (555 Ja>).4.c o> 2l sl o
Sy oo la e s S sla [14,13] ooe 4[10-12]
aslllaes g0 [17,16] diwgn 5 [15] dianS (slopiom olils,| ials
o,Lal [18] pols 5 soblows! (idgh 4 olgiise akaz ol 3 olaid 513
ol L1y oolyl am o 58 piae o (Vb anels Slales )| zals oS oS
S R S Bhme 90 (nl Grizmes W0 S cwyp 1) 655 o s
o s o 50 1 slim s S S 395 lils)) [19]
o o Jubss g 2k 4 [20] oS 5 S aslsl jo Laisls )l
5 Ay iz BASS Lyl cov 5 SO 4 fate (65, e e
bt 5 S sl S s [20] o Sen s (55 Sos megy
@ 30 [22] S g STy ol 5 (65, (o pd ol S L ol o
lpias ;5 550 bt pué ol LaugiTaredaa o3, Jlim! Juls
Sl Sl

2l sbosle gilwans a4 dlas pl jo wluol jo,e bl 5
409 a3y aril o ) Jlew ol b cov a5 L gl
s> oslitwl  Joipr gl 15 6395 3 5 09,5 Jde (sl jelaie e
dsb U5 50 () Seisele 955 o ab aalis (58 Grizmen b
2009 22 S bder SosS e S K00 g 508 wals S LS
anly> 8 5 it qblie 3 65 (b d oy plyiea i e
ey 5%le Sl bt O ol 5 Slletil lalsgas pesy b 5 285
S 5 K ol S s wdle ol 5l eslisd sl S s 3

D 38leS gy 5 koS clanl e ()5 (Seigelo (595 o

ey Jw2
L) &5 b oy S g )08 g i Sy oad hsS Joe 1 S8
Lulgy arlore b (gral s (Seolno 18, Jlos (6l o0 g0 (jLis
hey 3l edliil g SLwbl lags S g ity 5 iz 55
505 gyl | s Seroliys E¥oles gilyan

(To) 55 stz 551 5 55 5 (Teor) e S iz (53
139 g0 iy (1) dlaly &)g0ts cabliga (Tgs) 551 (b5 olz 5

Tiot = Tp + Tnes 1)
1 L 1 L

T, = —pbAbf w2dx = —mbf w2dx 2
2 0 2 0

Tyes = EmNESiLZ (3)

! Tunes Mass Damper (TMD)

2 Nonlinear Energy Sink (NES)
® Target Energy Transfer (TET)
* Euler-Bernoulli beam theory

® Saddle-node bifurcations (SN)
® Generic Hopf bifurcations

" Frequency-response diagram

9 o lesis 16 0,95 1395 3T ()30 Sl Swdie



3 031) aclow] Solyun 9 iliioo Fesdl i e

AL Saigold S )3 xS (55 )5l (B ak oy b olred pui S liblai)l Jukxs

il +ef(u—q; (t))3 +ea(u— q{(t))3 =0 (21)
G1(1) 5 Jsl 50 almle sammsclas qu(e) {21) 5 (20) akul, s

2 il e 5, o JLatl e 3 5 il sazesl
A ainles 03 5] 0 Ceodle (gas S¥oles o Sole gl aalsl

s o3
b (8 K1) Szs8 o S 5B,5 a5 0 b o ool Gillae
bly, 2P b oezes g (b (WS Joo el (i
by ol V(8) = x5() 5 () = 21() ckyy =My (OF + £0)
my1%1(8) +my; (Q% +e0)x(6)
+e[B(x1(8) — 1,(0)” + @y () — 2, (£))?]
= s¢icos(ﬂt)
1d 22)

eil + £f((0) ~ (D) + ealin(t) ~ (D=0 (23)

odigd laliso (g S bwgio (g, -1-3

&S Lawgio (39, 5l s Sl S sl 8, (0,51 Cess @ (sl
SIS i g0 gy Ol ) ool b o anlgs soliil [25] saisds labise
b G5 3 4 bge) wn g (i g olals ) atds 4 bgye)
4 phem Slalie i b oiphie br K0S 5 285> (ptew
e 2l s () =0 e, (1) pr S sledaise
0, sl e oS x> S B8 czen 5 (W(E) = x5 (8) — ex,(t))
Wtlos pia (b I B L S > Juld oS D3 g 2S5 bl
(i =v=1) 0o conas (24) abal, ((8) = w (), w(®) = wy (1))

Y, () = uy () + iQuy (t) , 1P, (t) = Wy (8) + iQw, (0) (24)

‘el aalys cus 4 (25) dole (ool , Sl b

)+ (t t)+y; (t
() = OO () = VOO

iy (1) = LOPHO |y (1) = OO
il (£) = 9, () — % (AGERHO)E

. Q
i1(6) = (0 = 2 ($2(6) + 3 0) 5

A5 Caond iz 0Bl o zgoie 0atas LS w0 liw cuadle (25) alal, 4o
D9 o s 5l (26) alal ) iy pa5 b e a5 ) )b, S g
i(t) = g1, Pi(e) = pie™ ™
() ety A EPTAIFBUD x 0. ()~ )
S 5 S & bge 5 IS g end €10 (26) oo,
Pz Sy oS blise adls i 4 gz 5 P15 Sl g b
Ol LB L ates e i ) Q3 g i (o S8 g DB g S
)08 i A5 Cuomid oS> aba) ((23) @¥olee 4o (26) Yolas
5 €M Lols lap s oy1alsaS) wel valss cuss 4 (28) 5 (27) w¥sles
(€19 i ) 185 ygSlo
910 + 55 oy P+ i i (0

—4i, (£)Q* + 3¢, (t) |, (O [Pa (1 + £)Q3
+4ip,(£)eaQ? — 3¢, ()| (D)2 a(1 + £)Q3pZ,
+4ip1 (t)a0? + i, ()| (D)2BPZ, (1 + €)

—3ig, (D1 (DI?p(L +£)) =0 )

9 o lois 16 )93 1395 ,3T (o830 SBle w i

il I o 51 1S 05lailay Lol e srsebs (gl lS 5 o5 olSin
oly Jolis a5 w38 a5 golil 4z e 93 Joe o) e Olyioe
S 2l 5 5ypn S5 i el s 5 5]
48 90 Ojgods ) pieaw g8 oo 0ad plonl Sliwloe 4y azgy L >
S i 5 et ol s (el e el sl

g gn iy 5 (12) alad; a9 ol (Solio (sl aslel

__w __x__uf_t
W—dfyx—gyu—zy =7
=2 g=2 = TnEs
d=p0=2e= (12)
9 o i ya3 (13) alal) 3l 7 akal, pl oS
L? A
T=25 PpAp (13)
AL | Eplp

Jb cadle i 4 (10) 5 (9) @¥olee o (13) abal, sl al b cyolo H,3 L
Cows 4 (14) alafy Gllae w2 oSb dmr (9 S¥olree Sobes (sl

el winlys
Wyxrx ¥ W+ B(w x §(x—d) — u)?
+ea(W x 8(x — d) — )3 = eF cos(Qt) (14)
il +ef(u—wx8(x— d))3
+ea(i—w x 8(x—d))’ =0 (15)

alal; O yp0t s e 0adall (sla il (15) 5 (14) laakl, s o8
i aanlys iy a5 (16)

FoL*ppAy CL*/ppAy
= L, a=
AimNEsEbIb A%mNEsﬂEbIb
KLpyAy

B = TmmesEnly (16)
Sz litie b SYolee xS IS gjlolan g, 5l eolizal L aslsl o
o bl bt a5 aialys pene Jeivs SYobs & s

g sa 095 (e (17) Al L, s

wix,t) = Z @;(x)q;(x) 17)
j=1

0, (0 5 ooy 4 ady (ogee Slaie k] «(17) abal 55 &S
(17) alal, o o5 098 cBs il oS pwgs 23 SO oy @b sl
JB L [ iy dx =6 Ko e a) wlead opdley (%) s
Py 5 69y 2 s aSILK 5 (15) 5 (14) S¥olae ,3 (17) alal; oyols
k] o Cuws 4 (19) 4 (18) Lulg, 5 (slp o o 33,5 s
+a(py(d) x g, (£) —1)*] = &F cos(Qr) (18)

it + (1 = §1 () x 02()’
+ea(u — $1(d) X ¢ (t))3 =0 (19)
edip g Sopd sbralb 5l b a5 (19) 4 (18) oVolae ulys
pae (19) 5 (18) w¥olre ,o .ailsds 00,91 () Canvgn 13 S iamsns
Oa){l Cewd & Slyyshaie e @ S g 0 L;w Sl OYolas o a5
bly) eizen 5 91 (1) = ¢1(d) x (1) abal, (58 L c)lite S¥olee
IS 4 OVolee ki =k /97y gmin =myy/9ly $1(d) = ¢ug
el atmlys oo 4 (21) 4 (20) ©Yoles

my,§1(t) + ki;q1(t)

F
+e[B(qr () —u)® + a(g; () —w)3] = sﬁcos(ﬂt) 0)

188



3 031) aclow] Solyuw 9 iliioo Fesdlp ie

P Sigopld 3T L (55 )5l Sd at oy b olred pui S Hliblai)l Jukxs

. _Siieo+0?) 3ied;(ep?y + 1)Bo3
2721+ 90 83
o ipae(l+ ) +iaQ(l + €) + g0 — 02
+id,(

21+ &)Q
+3(¢§a + 1)B|¢20|2)
403 (34)

(34) 5 (33) =¥sles ohat ol ysS s "daiiin (glalozraiz aba,
il o (35) alal, & yg0n
W+ Y + v +ysp+y, =0 (35)

(35) alal, 1o 45 5 yp0,0 o 03,91 (0) Canvgm ,o ally ! <oy
Tsoie halisee ady; cir o gl abal, pl & wmo o &, oy Cled
Gl Paanin LS 3wy adlyys 3l U = Hiwy O gon el
b ailoge o5 bli lblatil 5l onsadss § plawm ;> 93390 wglite

o fn Coss 4 (37) 5 (36) Ll csopnge 5 i 2w (95 I

Y3 = Va¥syi+vayf =0 (36)
2 = ]/_3 =+ £
@i Y1 o on _[9696(1’%0“(9”12{15 +1)
1
x (240{802(],’)220 + 24(],’)%!10508)5] (37)

asls ol Ola oleisl olas, gl p3Y bys o (36) alwl, p ogde
S=ole Bis b [22] a5 oo 5 (29) akal, o wb 5 Slley
slad o Ol olesil ooz, 5 wad hsS abul, g0 ol il hgol?

Al oo s 4 Lol b

Soue fo -4
cdls glas 4 ((23) 5 (22) oVolas) ©dl> 5 5 ool JosS Volxo
51 oolizl b igd oo Jsl asipe OVolee & oosd 5 dgd go ools Jla
J> (plez a5 5555 ) (g0 &0 S¥skas ) [ die l53le 5

Al diles

SO 9 o o b -5
P bgsas gladle e b8, (Seolus Jlod 6l Cand ol o
9 E, = 207GPa 4 ppA,=200kg/m 4 D=0.5m 4 L=5m =85 L
alas; ) g e g5 (18) abad Sy = Vhyy/myy =1 rizpen
JSL 50 O 4 4z b dighie sy ple plo s ool () Sllead
2Pl g (ol o Sllesil slad Jloto pis 6550 Ll g ol
Sz oma (071) (sl 42 JS5 g 00 o 5 p 5 ok 3l (o0
Aol L 4 U 5 F domg s sloyally slas 5 ol o) Sletd
Ko 5 () S8 595 anels S ST ) D> ceal e
ol 25 DMl IS shlan am0 o o3 |y e (535 I ol
Slas ol oo bas ol cplaies o0 &, 1<d<0.72 §0<d<0.28 >Ig5 ;o
w3 & o) 0y Slletd S 3 LlSaASS Com 3 il
oo oagazme doalfaSs LAl ceai e alols (il L aizen
sl balFass o aSl> il oo (EalS sy pl Glp )l Al
Goses Al & 5l pelSass oy o I 5wl e SmsS wlilss)

Febl el 4 sl sy Sledil sy all e 5SS o0

* Characteristic polynomial
®Pure

® Characteristic frequency
" MATLAB software

189

) 1
b, (t) + IEESIE (4ig,(t)ea®

—3¢,(O)¢,(OPac(l + )¢l
+4Fe(1+ £)Q3¢14 + 4ih,(t)e?00?
=3¢, (D)lp, (D2a (1 + £)a?
+3id, (DN, ()*B(L + )
+3igh, ()|, () |*Be(L + )7, — 4ip,(£)Q*) =0 (28)

ol o35 el Julo-2-3
ool aST e 3ls VU Cod! pipes S¥olee TS LE oo,
S b s e a5l s s 25 0ile o lugi o8, anels
o3, Slsbre g i 5 by sla Kinly 5 linie ool 5 Las
(29) alaf, &0 a0 ((28) alad, o ool )3 4 (27) alal, 5l ¢y &l 5e)
Bl cows @

[9(a?0° + B2)(¢1,0* — 261,07 + 62)] 15 |°

+24Ba0 (7407 = 0)ldzol* + [160%0%] |y |2

_ 242 10 —
L6F*95,00 =0 o)

N0 Ojleds allb o ¢y & (J°L'“) OS5 alai ¢y (29) abaly 5o
g abl ails 655, 5 Jade 4> m g ML}GAW(t) 3l WL;.A eSS yp
S Gl b e dlr Wil il 5SS ke dro Hlejee
Sype & Slpe |y (29) ably S = 1ghaol? (25 b ety alys (s
by (30) aka,
[9(a2Q8 + B2) (¢, 0% — 2¢,02 + ¢2)]S3
+24B00* (92,02 — 0)S? + [160802]S
—16F%¢2,0° =0 (30)
iy anlys iy dw b S s slo el Jlade 4 ates (30) aka,
colaidl bl gpm S a8 39,00 ] j pie (Stwsn Jo &
Sy 83 F) a0 ple Olo Sl 5 ool o5 Slleasl Jols
ol e (30) abaly 392 )80 2 odle cgrml ) Dbl Joma ns
[26] wls oo iy il 5 o le
[27(a?Q8 + B2)(p1,0% — 201,02 + 02)]S5?
+48B00*(¢7,0? — 0)S + 160802 =0 (31)

old bleisl Julxi -3-3
N PR N I PCTUUUWL SR PR OR3PV LN P P P
Cedle i s oy polie s Ceand gond Seoliys o Sl
s bl ¥ _slenal ol el oyl o0)sT s 4y (sl i g
Vg so i a5 (32) alaly gillae Joles Ll Jg> 8,(8) 3 81(t) S8
$1(8) = p1o + 81(6), P2(t) = P2 + 52(t) (32)
Slops 3 oo e 5 (28) 5 (27) abal,  (32) alal, cols 5 L
Sygots (Jobs bl Jg>) oSl oo a5 Jomdl s c¥olae o Saisl
il o Canwd 4 (34) 4 (33) Loy,

. 8i(0—0%) 3ied3(aQ® — i — ip2,8) b3

1T 2a+00 E

40} )
8(1+ 28)93 (6ldz0l*aQ® + 6igpFyl0l*B(1 +¢)
+4i0* — 6741 do07a(1 + £)Q3

+6i|0|2B(L + &) + 4icaQ?) (33)

! Fixed points
? Steady state
®perturbation

9 o lesis 16 0,95 1395 3T ()30 Sl Swdie



3B 03l Jaclowl Sobluw 9 Silios (Soudl il e

PO Saigopld S )3 xS (5 5l (B pak ola b olred pui S wnaliblai)l Jukxs

Gl 0 Gew § ai wialys el (0=0.12 4 d=0.24 4 d=0.5)
bl oy atels Joged) (oS B Gl Jloges e bl canlio
ol od ools lis o (3 ool jo jsbiles Wigdse pey (0l
Sied o5 polie il @ asd (Ola g (ool (3) Sllatdl slags Jaubb
[22] sims oo &) 5 (o pt ol

Loy jo Odl> ST el sas wlsasl (d=0.5) 45 lawg o Jsl alatie
3 adaie ol ol P, = 15881 s Syl w0, 3 L
Sl (adbge d=05 03 42 JSo 3 op o) 4 JS& las o5
2 e Syl aSol el s el &) el 5 ol (25
S e 4.l o Ogliss i (25l )) B3, 0,08 15 4l plas
5 g oo Sl @ g F aan | i anliaw 03 42 1 by
3358 g0 B g 50 o] (ol 2 ol S

el oo o0l 8 1 0 Ll a8 S el o o alade
Sy )5 JSs gllae il e @, = 05712 5 d=0.24c 504,
Fy ol on bt cls el je (il e 020.24 03 52 sla S
7965 4 )5 bla e (Solus Jl8, oy sl 5 w20 0
gl oo ol

Hopf

05 +*

0 1 L L I I I
0 01 02 03 04 05 06

a
Fig. 4 The occurrence of Hopf and saddle-node bifurcations for d=0.5
and o=1

SpS s A b 0 Dl oS oy ol (5 5 ple Skl sz, 4 S

(0=1,d=0.5)
120
7
1+ * Y
-____—-——-——:,—"‘
6 T
08} * -
e
’/
5 o
Ww 06} * »
el
7
#
e
e
04f 27
7
Pd + 4
7
02} il
F
at Hopf
’ ===35N
o . . . . . .
0 0.1 02 03 0.4 05 06
a

Fig. 5 The occurrence of Hopf and saddle-node bifurcations for d=0.24
and o=1
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Fig. 8 The Frequency-response diagram of the system for d=0.5, F=1
and ¢=0.2 (point 1 in Fig. 4)
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Fig. 11 The Frequency-response diagram of the system for d=0.12, F=2
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