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 In current work, for the first time buckling analysis of bidirectional functionally graded (BFG) Euler 
beam having arbitrary thickness variation rested on Hetenyi elastic foundation is presented. Moreover, a 
new scheme based on calculus of variations and collocation method for converting the buckling 
problem to an algebraic system of equations is proposed. The mentioned scheme leads to obtaining the 
buckling characteristic equation of beam and therefore the first buckling loads are obtained. Various 
conditions including variation of mechanical properties across the thickness and through the axis, 
arbitrary thickness variation, Hetenyi elastic foundation, special boundary conditions like the shear 
hinge and classical boundary conditions like the clamped, simply supported, clamped-simply supported 
and cantilever beams are considered to show the compatibility of proposed scheme with the various 
circumstances. The fast convergence and compatibility with the various circumstances are the 
advantages of the proposed technique. Due to lack of similar studies in the literature, the same exercises 
are conducted by using the Spectral Ritz method for pursuing the validity of the proposed scheme. The 
same basis is used for Spectral Ritz and proposed methods. Excellent agreement is found between the 
results of well-known Spectral Ritz method and the results of proposed scheme, which validates the 
outcome of the proposed technique. 
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Fig. 1 The geometrical properties of tapered beam 

  1 
  

(6) 

= 2
( ) 1 +  

1 + + 1 + +  

 A0  . 
 ) 7 (  

  =
3 ( + + 2) + ( + 3 + 8)

12( + 1)( + 2)( + 3)  

 =
( )

( + 1)( + 2) 

(7)  =
( + )

+ 1  
y0  

 .)  .8 (
 .

u=y+y0 
 .y u 

  

(8) 

( ) ( ) = 

( ) ( ) = 0 

)8(y0 
 

(9) 

=
( ) + +

( ) + +
 

)  9 (0 
) 4 (  

(10) =
( )

2( + 2)( + ) 1 +  

)  10(
 .)10( 

 .

 .
 .

 ( ) 
 ( ) 



    

         

  

50  1396171  

]17[ .
 

]18[)  .11 ( .
EI )4(w w x   

(11)  =
1
2 + ( )  

F .
 

) 12 (  

(12) 

= 1 1 + ( ( )) = 

2
( )  

 
  

(13) 

=
1
2 [ ( ) 1 + + 

+ ( ) ( ) ]  
  ) 14 (

)7 (  

(14) = 4  

 ) 13 ( .
 .

 . ) 13 (
 . 

) 13 ( .)x(w 
)x(+ )x(w  .

 )x(  
 .

   .
 )0= )L( ) =0(( -

 .

)15 ( )i(w i w x   

(15) 2 + ( ) = 0 

)15( x  .
)16(   

 = 12  

1 + + 12 ( + )  

 
= 12 (3 + + ) 1 +  

(16) 

= 12  

1 + + 12 ( + )  

 .
)16()17(   

 = 12 + (4 + 16 + 28 ) + 
( + 4 + 7 )  

 = ( (9 3) + 6 + ) + 
(2 + ) + 6  

(17) = ( + 3)( + 2) ( + ) 

4 -   
)15(  .

 ( ) 
  

(18) =
( )(0)

! =  

m 
 .)18( )15(

)19(  .

 .
 .

x=iL/m  i   m-c ) c 
 .(

 .

 .

 .
- - 

c 3 c 2   

(19) = +  

)19()20(   

 
= ( ( 1) + ) + 

( 1) 

 
= 2 ( 1) + 

2 ( 1)( + (3 + 2) ) 

 
= ( 1) + ( 1) 

( ( 5 + 6) + ) 

 
= 2 ( 1)( 2)( 3) + 

2 ( + (3 + 3) ) ( 1)( 2) 
(20) = ( 1)( 2)( 3)( + ) 

)19( )20()20(   
 

= 2 +  

 
= 1 +  

(21) 
= (9 ( + 6 15) + ( 5) + 6) + 

( 8 ) + 2 (3 + 2 ) 



    

         

1396171  51  

) 19 .  ( 
[ . . ]  .

   ( ) 
a1 a2 a3 

 ( ) 
m m-1  .

[ . . ]  .
  

(22) 

+

( )×( )
[ . . ]( )×( )

= 0 

22
 .

 

5 -   
 .

 .

 .
 .

 .

[19]. 
 ]20[ [19] 

 .
) 18 ( .

 
  .)18( 

  
 ]19,21 ,22[.  

(23) = ( )  

s 
 .xk  .

a1 ac 
) ac+1 am ()18( 

 .)18( )13( 
)24(

   

(24) = 0, = + 1, + 2, … ,  

6 -  

I0 L 
 .“2" 

 ( )  .

"2"  ."2"  
0.1 n 3 1Ec/Em 2 

k EI Em  EmI0 0.5 
 ."2"

  

)  (
"3"  .

"3"
"2"  .

)  (
  .m-c  . 

m m-c 
   

""4  
 ."4" n Ec/Em 

2 Em/k (EmI0)/EI 1  .

 .    
  

  
Fig. 2 The convergence of proposed method 
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Fig. 3 The roots of characteristic polynomials 
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Fig. 4 The influence of taper constant and material constant in axial 
direction on buckling loads 
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Fig. 5 The influence of flexural rigidity of connecting beam in 
Hetenyi's model on critical buckling load 
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Fig. 6 The influence of material constant and the ratio of the ceramic 
elasticity modulus to metal elasticity modulus on critical buckling load 
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Fig. 7 Buckling deformation for various boundary conditions   
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Fig. 8 Buckling deformation for first three modes   
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Fig. 9 Buckling deformation for first three modes after replacing 
supports   

9  

1     
Table 1 The dimensionless critical buckling loads for various amounts 
of  and   

   

0.4 
0.3 11.6849 
0.0 7.45603 
-0.3 5.42100 

0.2 
0.3 11.0008 
0.0 7.13375 
-0.3 5.32170 

0.0 
0.3 10.3674 
0.0 6.84441 
-0.3 5.23364 

-0.2 
0.3 9.78317 
0.0 6.58544 
-0.3 5.15546 

-0.4 
0.3 9.24646 
0.0 6.35429 
-0.3 5.08599 

2    
Table 2 The dimensionless critical buckling loads for various amounts 
of  and   

   

0 
0 8.41019 
1 9.08665 
2 9.86834 

1 
0 7.21536 
1 7.71020 
2 8.25268 

2 
0 6.98535 
1 7.44479 
2 7.97061 

3 
0 6.89609 
1 7.33735 
2 7.85134 

4 
0 6.83983 
1 7.27231 
2 7.77648 

3    
Table 3 The dimensionless critical buckling loads for various amounts 
of  and   

   

0 
0.0 1.8126 
0.5 2.8780 
1.0 3.9206 

10 
0.0 1.9024 
0.5 2.9657 
1.0 4.0073 

15 
0.0 1.9472 
0.5 3.0095 
1.0 4.0506 

20 
0.0 1.9920 
0.5 3.0533 
1.0 4.0939 

25 
0.0 2.0367 
0.5 3.0970 
1.0 4.1372 

)  (
 

)  = 0 ( 
 

4   
Table 4 The dimensionless buckling loads corresponding to the first 
three modes for various boundary conditions  

    

S-S 
1 0.453513 2.449701 
2 0.696079 9.838913 
3 0.789138 22.15479 

S-C 
1 0.345492 5.036821 
2 0.559702 14.89217 
3 0.667076 29.67200 

C-C 
1 0.447232 9.866719 
2 0.437645 20.15208 
3 0.635137 39.42513 

C-F 
1 1.000000 0.474046 
2 0.605882 5.403795 
3 0.330255 15.25673 

C-SHH 
1 1.000000 2.525223 
2 0.421922 9.916483 
3 1.000000 22.23277 
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