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Occurrence of parametric resonance in vibrations of rectangular plates resting
on elastic foundation under passage of continuous series of moving masses
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ARTICLE INFORMATION ABSTRACT
Original Research Paper In this paper, instability due to occurrence of parametric resonance in transverse vibration of a
Received 31 May 2017 rectangular plate on an elastic foundation under passage of continuous series of moving masses is
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: A examined as a model of bridge-moving loads interaction. The extended Hamilton’s principle is
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employed to derive the partial differential equation of motion. Subsequently, the governing partial
differential equation is transformed into a set of ordinary differential equations by the Galerkin

Keywords: L L R . . .
Plate-moving mass interaction procedure. Considering local, Coriolis and centripetal acceleration components of the moving masses in
Parametric excitation the analysis leads to appearance of time-varying mass, damping and stiffness matrices in the
Parametric resonance coefficients of the governing equation. The passage of continuous series of moving masses along the
Dynamic stability rectilinear path results in a parametrically excited system with periodic coefficients. Applying

Incremental harmonic balance method . . X . . . i
incremental harmonic balance method as a semi-analytical method to the governing equations, stability

of the system is investigated for a wide range of masses and velocities of the passing loads and different
boundary conditions of the plate. Moreover, effect of the foundation stiffness on stability of the plate is
examined. Results indicate that using clamped supports for the edges of entrance and departure of
masses over the plate’s surface leads to formation of an instability tongue in the parameters plane which
does not appear for the case of using simply supports. Also, it is observed that critical velocities of the
moving masses will be increased by escalation of the foundation stiffness. Numerical simulations
confirm the accuracy of the semi-analytical results.

Please cite this article using: s lod o3l 113 ©)le 5l o opl @ glayf (gl
E. Torkan, M. Pirmoradian, M. Hashemian, Occurrence of parametric resonance in vibrations of rectangular plates resting on elastic foundation under passage of continuous series of
moving masses, Modares Mechanical Engineering, Vol. 17, No. 9, pp. 225-236, 2017 (in Persian)


http://mjmec.ir/

Ubed 9 YU 5 lual

S HFie S )l SlAimgs dcgezo ygac S Sl i o 2819 labiume Y)Y (e liblei )l ) S el )l 3345 £989

Lol Sllwg (gaiels 3gaals

(L o sojle a5 Sl (68,130 A I S yxte e sl
gho p S e pyz e a5 ol ogd oo Sl S e
b Llol 1) S mie oz oalls 10 (iS so poeis o a8 L o3
Jod ol ooy 4wty Smle 1055 (umaied Gloj b ite Joles 3>
S iRgh gy p2 b dunlie ;0) (93900 Dlalllas o Ladd deinns
wladllae ol 5o [19-15] conl oo a8 )5 L 1o (aieo) oyl 4o oy ploxil
Obes b e culyd i osle ey gl joe 285k 5 L
Slopr 0 s 5l Bl WaLS Wisd e ha Sudgn (mlpo @
G, cou gojle jo aulgrl glasely 4 e Wlg oo S e
Juddas b Jlb gla J 1S (galowg 4 ot Lyl @ity jolaie 4 090
98 (oo 0 Bt Jod (nl 50 Waid 485 Ll b a5 Cunl Y

5 Sge 4 Svgn alpe b S¥ol sl aBs gl (55
Ol e shlovdad g goue iy, o SeS @ Lol sl onis )|
ol Ygone 355 oy p |y SVslee oS (nl Gl g 3995l b Sgaome
o WS (o atie dolie layally slad o ) plaasl das,
5 g ed Soyiall wass e ol 4 Glate ol sl 4 piecs
Bl oo 3979 4 aloles Eb 5o bl s

98 o ey shsl 0 Sl wais el gl
5 [18] s z5kas 195355 5 Ggdi dagi L (lyl S e sl 2 oslie
e Ly slad Ll 5 el (e a (,55 5l ool L
Slaolfass b Jsin ksl s (Seabus golwly [16] g, as (aneie
alBaz sl wlae g, 5l oolatwl L 1) Sz [ jeue o ool
Soyalyly g (A3l (s wans sleonsyy cslllas ol jo 08 oL
Sl Gzt o (2l wais 4z S as ol B1F s WS e
his (31 5 Soytall wais g9 Jg bl oo 3| S pocte b slandle
LSe35 Glislyesm o)l (Ko ome b Sy 5 pr byl &
7550 Soally aas (saei GVl Sdgejla g, 5l eslazul L [17]
ObeSs S slap > ()0 3 S ool SlaolSaSS L oSilisens
2l Oleger gly oy £585 [18] () )Sen 5 sspen,S 305 sy 1y
4295 Saoenl g 23S BT S ey S e (55l0LL saslllae
agad Ol (eiies b o | ol e

NS g8y lulyh oS aasee ol e Oldlas 65950
frr SIS e s geile o T 5l A6 bl s Sl
Wzph WS e 2By e 390 50 Sl 0AD (pwyp S e
e lp @laesgaze (3L g ()1 WadS i) 0 (Sllllas
IS it 4 azg b oS (14,11,6,2] ol 43 5 ol 300 02
Jed 5o Sl o 585 (saie 5o o S By
GBS o b pal saddlhe 3 inlply Sl 48,5 O laptas
Sayebl g9 5l (a5 B oile gl p Ste Glap s Slug yoe
g on hrod oslite (onlyd a4 oSl alolae culpd g WS e 4y )
SoS 4y a5 3gd co (o o Je2 solie b dolas pl calil 4y azgi L
ogile .03 5l Fl gl (55l (ambo (S90 VL Siigayla g,
S Lulpd 4 sgame iy (nl po oad pll Sldllae ST cnl
e gl (Saaliss 5,Shee Sl Sl sl oo sobu (slaolSa Sy
e cnl ) enlply a8k aLsls 50 Ll 4 (Vb Conlas Wl o

9 ol 17 095 1396 ,3T (e Sle (Swiye

dodo -1
3 Syme bl cov Syl gleojle (Swlus L8, o,
oy (LIS JEgex Gloptans Hyzes (cwidige it sladin;
@b Soenl 5l 6 dle dng g i sla ez i Jlog 9o
S5 5o S b ojle G Jels (Saezm ol 95
sladle y3 opiize gaeadle 4 g9d50 (nl hod 4 e ey
EVolae ,0 S ymte 5layl oyl Ot Oludis! b ol oads axsds
sl plyiea 8 e Jol> 5538 andpep (Sl
b ocagd S Gys ool [1] ohlen 5 plols gl po ailils 5 e
S b ki ) S e iy jgee Cod osle SlaolSaSS ()0 Ll b
9 955 Wold 18 (s 990 oS e 2 QLD (sO90e (sadlge (385
9 o)l e o gy (Senlns JB8) (saine) 10 alaiegl ol lSes
ks 35 58 Bl ey ol o lools plas] S e (slag >
3] S ot gyl sl 5 sl 5 [2] S e 2 il oo S50
bS5 hbis Gy (Sl 18, (o) & [4] 55555 5 58 b
9 (938 W GOS S pate p2 jgue CoS lie (6550 Ll b
it calis b S lbies gl Seslus gl [5] oSen
bl oy @b dae gy 5l esliiul L 1) Sy oy (o I0SL o
Seelad ol S35 ke 4 S pSllyny slaalog Sl ool s S
b aalllae [6] (S58, 5 55 g Sy oy Jal> S3L sla
by Syxie oz 6 NSk cod Ll slag)s o Selus
bols 5 plsbez b (qyn 8] (S58, 5 plladl 5 [7] ()en 5 (598,
L s S e oz ol s (bt Gy (Seabus by [9]
SIS B L |y o )9 Sl by [10] 55 s S 25
S 935 (omyp S e 2 5l (BU S 5 3550 5l 25 slag
5 50 3l 25 g (i prz S5 > VL Glace gl oS 08
9 Syl (Hly oS oo Ll B9 (Seslos Fuly 10 (cote A d52)S
Sy blpd b s (Lbiee glagyy (Sealus )3, [11] () Sea
290 & b gy 65 L) S slap sz jses Cod Gt
2 e 509y [12] Gl oS (o ol aie (SB0 5)s ol
o S5b (el sy (20 )l sadllhas (sl dgame el
[13] s Glasdllae po ol owizman 3,5 @) WS e o2 IS0
S3b hebte sladyy (o255 9 ok S oy p slp wlie ()
e ooliaealpl (85I Geste Sy b S e o)l jges o
b cos S b slagyg 0 2 g5y [14] of)Ken 5 sl
3,5 gy |y S e slap sl Glawg 5

Slog B8 ((Siglam 5 (Sl S5 laptens 5l ()l 5
5 Ol 5l gl 4z gi emgbite S0 5l A6 (Sl sl
5 )bl s g0 4 Gl SloSh z .l 005 Gl ) rwiige
oS wibl e Gl (elin 5)lal S5 Wgd o (SamEand Sl
Syl b sl end €Sl oslie 695 bawy Seoliyd s
(Oley b oslee) ploj b e sl el )l 992 (samet SG by G208
&9 &8y e 4 Syl S 4 Sl e Swl e (o
lge Wt cnl 0 S0l 92085 U 4 93085 5l (03 4 pamie
s grrk 58 ol 90 4 oo coglie sla il Ll 3 S
Sl o ezl &5 wd selss Sl wads e e w9

226



Ubed 9 YU 5 lual

S HFie e )l SlAimgs dcgezo ygac S Sl i o 2819 abiume Y)Y (e liblei )l )3 S ielply 3345 £989

fro Camdge ol Li sl s el STys slls b Gyae § a5
A9 By bpsr JolS led (28 L el oad ool 89 (s,

L) e W pss g Jsl Sloy slagian (ol (om il lop 5 saagisd S

Ao G589 5 B)
dw 0dwdx OJowdy odw
— =t 4 ®)
dt o0xdt OJdyadt ot
d*w 0 (6W6x+6way+aw>6x
dt2 = 9x\dx ot dy ot ot/ at
d (owox Owdy JOw\ady
+—(——+——+—)—
dy\ox ot dy dt 0t/ dt
+ a <6W6x+6w6y+6w)
at\ox ot ' dy at ' ot )

okl R 5 O) akly  Gpr Slles g )lake plxil L

A7 oy jee el e Sl (651080 &b Cales yo (7)o Jols

0%w 0w 262w —
F(x.y,t)=M g—W—ZVaxat—V ﬁ 5(X—Vt)
8(y —b/2) 10)

A MV?0%w/0x? §2M 3*w/0xdt MI*w/0t? slaay oS

Joily 6551 aid 1535 50 5 Gudsn)S gl Slog s Syme i
D g0 iy y25 (11) gabayl ) & g0 a4y Sl iy

1
U, = EJ- k,w? dA A1)
A

A4 By i S5 e Sl My iy S Ky &S
Sgdse ol (12) aka,
k=2 [ o (%) as az
P2 at
wlle.wAJw‘ bl S5, dolae gliFul plate o
SVolee zlmeial j3 a5 Jolate oygikeon Jol g ooliiul axblgess
W Slaptons slp L 250 S I @ baptass 5>
s o] goaims LSas @lhd 5 aily ol pr a5 lagienw)
She 5o &5 jlwl sae Glapies B el e (S (oo
St (glp IS o yi g Cenl Sl o] (631 bl (gl
g ced 655 lmly 4 e Tagd bl slag s jpam pas b
Jo5as D) &5 plaptas ln Jol ol &5 Sl (5908 5 p3Y Il
@ b cpl il peesd WS (e oS ol SB35 L gl (gonias
Sk by Jlew Jsl gladlgd 5l Jlw e wiile (bl o (p5as
@z bl geyS 999, 4 4z g puc 9 009 s D sladlg) 5l WglS
S Jdos a0 5 O¥olre glzeinl jo s 50 4 e qeiacw
2 5 lie (pl )0 Con 090 i 09d o0 blE S Jpa> g ol

0 a

=Y

M

y S
A,
ENENE NN
zV

Fig. 1 A moving mass traveling along a straight path
redites (6o Job p0 S Sl p3 S e oy 1 S0

)

227

al)l 2ol (B9 6,lbl Julow jo alise (50 dalpl (38,5 Sl 0 b
S Slres 5 (Sl slaojle go3pm ;0 o] & azxg a5 sl 0as
Sre B9 Tl $3) S e lap,r S > Gl el Coeal pl>
S ez (bilue 0 a5 (ge il oal a8 T L 0 il
e plonlsn slagh gal e (rizmen 9 by (59, o)lad 5 alis Lo

o o Yl -2
PM S e 0 5o oy ;> S e p Bly pdi Sl S5
Sy sk e M USE" Gllae Vel Ce g b et (g e Jsbo
5V Ol s B b Joe h calis b 2y @ Jsb sl Gy
9 Jsb @ s o8 b 85 Sl 0 bcwl P a2y ey
5 Shed ekl S et S B9 6y 5l esliiul 9 By9 2se
Oldes il 1S 35 5,95 Gillae D9 oo a0 (o0 Sla IS s
Syge & Ol LZ 9y X Sl yo B 5l abi e Gl U abnlr

3,5 sl (1) gk,

ow
U (x,y,2,t) = —z—

ox

( 0 = ow

uy,(x,y,2,t) = Zay
u,(x,y,2,t) =w(x,y,t) D

ol aibige s oo gl 28 S5 eeis WK, Y, E)
sy @) sy Sz b 55 ol sloailye wigBnS b

sl

%w %w %w

Exx =ZW' Eyy =ZW, ‘gxy =Zm,
€7 = &z = Eyz = 0 @

iy B) sablaly ©jgo a (1,5 il (See g8 bl
g o
Oyy = —1 2 (sxx + vsyy),
Iyy =12 (gyy + Vvex)
Opy = Gy (©)
e 3,5 S $lp 8555 G5l @bl B3 (chp Jgae G &S
D5 go Cayyi5 (4) galal) O jso 4y atdly S ss

h/2
1
Up =5 f f (Oxxbxx + 205y 8xy + 0yy €y, )dz| dA &
A |-h/2

Cabs slinl) 3o SIS0 5 B) ;0 B) 5 @) Ly, ,li0> L

Lo delys ply L25,5 655043)9
D 2w\® 9*wa w
— 2 2 _ -
U, = 2”(v w)?+2(1-v) <<6x6y> 9x2 6y2>
A
®)

Sl (65,00 sl 59 dod 5w D = ER3/12(1 —v?) o5
g (6) salal, ygo 4 plgion ) S e 02
UM=—fF(x,y,t)wdA )

A
Ol () Gably, Sjso & Syie o b hase )50 &b

D9 s
2

d w\ = —

9 opleibs 17 095 1396 ,3T (I3 SHlle (Swiue



Ubed 9 YU 5 lual

S HFie S )l SlAimgs dcgezo ygac S Sl i o 2819 labiume Y)Y (e liblei )l ) S el )l 3345 £989

2

d _ _
+2v W) 5(x —VE)8(y —b/2) = 0 a7

dxot
ol Sigalacsl iy Slhos Va5

O o Al (8l diuns” -3
olsie @ tolesl b il
iy ol ) el s S el 1) e pyem s salles oand
[21] 55500 Jlosl <S> lo)ly Jemiliss doles & 55 s,
Gedrb oo bs sdies (B W Ghaleil @b Sl W s &b cnlnle
9y Fol salobas 51 S SISl o 9 W (59 &6 50 A7) salal,

D90 50 A5 (39 el
J‘D 6"‘W_+2 o*w _+6"‘W
axt " 0x20y? W oy*
A

_ *w
A
_ ’w ,0%w _
+fkwwwdA+fM —gW+——w+V*—w
A A

Jat? dx2
s 2V w) S(x—VE)8(y —b/2) dA =0 18)
dxot
mally Sge & Gl |y Bys s20 Sl Sl salesl &b
55w (19) s
w(x,y,t) = Z ¢i(x,¥)q:(t) 19)

asly s ql(t) 5 Slawlio plgs @i (X, Y) @b wlg slows N a5
oS cul S8 apY ol wlgr aubre a5 e aislil ley @

g o2alel @ b dassye 9 ol 0 Lol 1, Wlie (6550 Ll o8

Sy on 08} s (20) galal,

N
W(y,0 = ) ;63O @0)
=

SYolee (6,0l b anily oo olgsds floj 4y aasly algs G (2) o
Sl Glds b Cools 51 oolaiwl s (18) salsles ,o (20) 5 (19)

Wyge & 5L slae 5 6l

*2 D™ (xy)  x1 < xp < Xy
[ a5 6= x0) ax =
X1 0 Sz ol pd o

1)

Colyg o dile Slpo slils gl e uabn Kl ™ () a5
55 008 S iy lolae Gj(8) (33 sho yod 5 olsds 4y 4z L
Silise Sy 22) salal, S g & Sl o 05
M(t)q(t) + C(O)G(t) + K()g(t) = F(t) 22)

el Jloge sbvaaise s, 4(E) = {q1(2), q2(£), .. 3T T jo a5
lasle (22) calaly 4 ond s cla yuy yilo cloailge

My = [ PRuGy)1y) dA -+ M Gove 1)y Gov o)
C,; = 2MV Jon (XM:}’M)
f 0% (x ( y)

¢1( M'yM)

Kij=D ¢i(x,y) dA

2
+zpf#¢,( y) dA

A

9 ol 17 095 1396 ,3T (e Sle (Swiye

2z b lopins aiws 5l G55 9, 52 ey slug 5,5 9995 Az
ol Sl LB (13) sty 50 @ ool ol S o5 392 il ke

[20]
t, t,
f 8(L)o dt + f SHdt=0 (GH13)
SH = 6W + ff (pmti - 67) (Vg — ) - ds (-13)
Bo(t)
02 b s 505Y (Lo = (Ky = Up = Uy=U,,), 5

Sile el was cnl 5, 0ud plail ilme S EW g L S
pooe | ol 3l S5 alis & olgion | (2-13) selolas o 1500
@bl 3ol les a Bo (1) 5k gl 1 (308 slops) s 5L
Sy Jsb )3 Sygme Slapyr &5 Sl Gl (B8 GRagh (nl o &S
Oilple S e S8 > 59 Jsb slead silge Sl Co g b i
ey (BW = 0) 55 gilme lmle yas (0l Jsb j0 S e p >
wfsRas el =R+VE oy G5 gl 5l g5 5 3908 2 o7
s 5y sletl g lanl o 4G elee 5 olulr slajloy i
LooRlr oo sl 5l s e e e
@ e | (0-13) alal, elis ul bl (@ — V) 7 = 2V

255 e (4) ek, &5

6H=0+ﬂ (oiid - 67) (Vs — @) - i dis
Si(E)USe(t)

x=a

= (-mv (R +vE)s7) . a4)
GaS )y Silre pyiias J! S0k (14) ekl conly o a5

99555 sload sl el cal o e J S e SIMV (S35 0L >
o0 ooliial )10, 5 ool slaolSasSs 1 legi )5 mlaw (535 7 9>
O, 092y LelBASS g6 (il jo il gl a5 Slsl el
sabl, Bl 5 as walss jao uly (14) ek, ams 14 (67 = 0)

A aalss el (15) salal, & g0 4 (13)
tz

f S(L)y dt = 0 15)

tq

S5 3 poz @orr W v sad sl a5 oo )lge o ool S5 LB

50 s ol 5l S el slp oo solinl Sl slaolSaSs 5 )9
sy Bl o8 1> c¥olas o (14) alal, b Wyl s Lol

u"-g)f 9 5) salal,y o a2 9 A1) «6) «® Ly, S L

ff h6W66W
Pt ot

1555 oo 42T W &y e gl Dl oS

025w 9%6w
2 -
D{(V W)< axZ dy? >

02w 026w 9%w 9%6w  0*w0%Sw
+(1-v) + -2
0xdy d0xdy  dydx dydx 9dx? dy?
OWITIWY _  wbw + F3(x — VOB (y — b/ 2)dw]| da dt
377 9x? WwWow x y w
=0 (16)

o 3 Bl 5 e salolae ilise (slaciond 3l 5SS L
by, Oigo 4 OS> loyl Jewilyas doles an ol SW ols
%*w 62

w
— — 2
32 +kww+M< g+at2 +V %

2
DV*w + ph—

228



Ubed 9 YU 5 lual

S HFie e )l SlAimgs dcgezo ygac S Sl i o 2819 abiume Y)Y (e liblei )l )3 S ielply 3345 £989

s ety B0) selaf, S 4, SSSS (5550

(1 44 M 2 (T[Vt)) i(0)
phab s a 1

+(8 MVm (th) (th)) 0
phastm a cos P q

k MV 2n? vt
24 W _ in2 [ —
+<a)1 +ph 4 oha®h sin ( . >>q(t)

1%
) 30)

2M . (
=——=gsin|—
ph\/abg a
Jsl 0se b LS B wy =+/m*D/ph(1/a® +1/b?) &

Bl) alayl; 1o o iy y25 s o sl el )b 5l eolaul .l 5,9 Solss )

PR
A M A T[V A t K* A kw
a_phab' g " aw,’ TEpont, ~ phw?
q 9
2 L *a 31
R N b

p oSl Jedlas dolee cgloyumiy i (gousld 5l colaiul o

Pedse Jol> (B2) galal,) S5 @ ane p)8 50
B?(1 + 4asin?(1))Q" (t) + 8aB? sin(t) cos(r) Q' (1)

+(1 4+ K* — 4af?sin?(1))Q(z) = 2ag* sin(t) 32)

b cwl Tam o oloy 4 Cond Biie los 4wl GusVl oS
L B2) sloles calps ol &S ,> 50 G5 gl 65, 7 &5 Sl
Jole w5 S5 Gys e Sl LAme 4 S o s ey LIS
Jas Gyg o1 Lol salolee 45 (B2) (salolas g 04 co Bl o,
acgarme Wb Sopll gg 5l S slml sl @ alply 005 s
065 B o bl ppl o isd 59 S sl ap > ] glatsy
ol a4 lold b alie S lap x5l slatsn dsgerme joe
ol Gay Gam oz dsdiee T (ys Sl 3l ey S (SB9) G s
B9 2t S Sy (WS e 5 > ol 55y Sl ey bg oad o
sy g g jgee S5 Gyg 2P 2l b @Bly jo d9dee Jlesl
ol Al sl a0y o JBT = a/V sl b Sy loap >
Ol b e culpd sy88 by g b oSl galolae o 08
1094 oo 4z (32) (salolas

B?(1+ 2a(1 — cos(21)))Q" (r) + 4af?sin(27) Q' (7)
+(1+ K" — 2ap?(1 — cos(21)))Q(7)

= 2;% (% + kzﬂm%mcos(ZkTO 33)
o ) B S (g e Sy S o s
b ecnlpbo [16] 5,5 oo el wass g5y bulrs 65l oy sl
0395 b sl s 2 oSl i Kem alsbas ol 5l )8 S50
e Sy B4) sally Spgo 4 T = T gy
B(1+ 2a(1 — cos(21)))Q" (r) + 4af?sin(27) Q' (7)
+(1+K* = 2aB?(1 — cos(21)))Q(x) =0 34)

Sl Yl STige,la (g, -1-4
Ll el 5 WSl salobas a5 ot slp @S 5,55 L (ilae
slad o I8 gl s (g9, witd T gl 0)50 b Sodg n cal o
S 20929 2T 5 T gl 0,99 b (Suog p slagealy walolee sl 2l
Olsm &5 (9) 2 4 nlply aiS (oo bz o I LG Sl (2le
@il |y Al 5 oSl Jowdlyiss doles 2T 5 T glis 0,90 b slageuly

229

+D f a4¢i(x,Y)

ay4 ‘i’](x,)’) dA

+ f kwi(x, y)p;(x,y) dA
A
02¢;(xp, ym)
+MV2LaT¢j(xM'YM)

F; = Mgo;(xm, ym) 23)

@ Lol eel oot a8 5 a0 el BI3 3,5 4,51 a5 conl S8 LG

@Sl SYoles 0 S i pie bl slaailge saen ;9,5 bl bl

s S0 @l Oy b i Slagm b oz mle noogdle

@2) galolae ulyo 13 55 (53550 Qled 31 ,0) (S5 5 (Ods)sS
Gl 0 }.&:Uo

Solly Jubooi -4
ol g gl piass b sl uilS B g JS mlg alias (655
Oygo 4wz gie ld b S Lt glagyy ol @ly
59 0ads 48,5 1as 15 (65,0 dayl el ouls &1 [22] L awgs Lo
it 25,8 5l T b s e IS8 gy g asdllae oyl

oolw 6L¢colfd.:.§3 &y9 64.:.5 )LQ;> BL) :SSSS

2 /mmxy  muy
i) = dmn(x,y) = ==sin (T) sin (T) @4)
B3 P 9 Job sliwly o L) sleoge o amgm aS

)loﬁf 6L"°°'5“1t53 &y9 L;A.:J )Lér" 2 CCCC
Sl o le Sl ol e UK wlg
¢i(xvy) = ¢mn(x'y)
- (2 - ) e (252) -
= 3\[@ cos a cos b 25)
oolw )ig_o Lglmd.:.] 9 )b),,f dlﬁo@w &y9 ‘_,,_Js.la Lg:\:J 99 SCSC
Sl o le Sl e UK wlgs

6, y) = Pmn(x,y)
2 (mnx)( (Znny) 1)
=—=sin|——)(cos|——) —
v3ab a b @6
)bﬁf )iio 6[.@4...] 9 ool éLbelfd.:SS &9 6J9Ja 64.\.] 9o {CSCS
5l as,le clls cpl e IS8 ailgs
d:(x,y) = P (x, )
2 2mmx Osi (nny)
=-—=\Cos - sin|\——
(s ) ~1)sn (5 @
oole ;S0 slaad g oljT sloolFass 5,9 Job (54 40 :SFSF
5las)le Cdlo el jo IS8 &iles

2
G:(4,Y) = Prn(x,y) = \gsin (?) 28)

NS Ko slaad 5 o3l sleolSaSs (55 Jsb s 5o CFCF
sl Sl ol 4o U alg

bi(x,y) = Ppmn(x,y) = \/%(cos (21’7“;‘1'[)6) - 1) 29)

sg0 5 5 40 5 22) 5 Q4) sala, ISl b el e
Lalyd b Gy slp Jloge Slaie p oSl Jomiiins dolas (551 3l

9 opleibs 17 095 1396 ,3T (I3 SHlle (Swiue



Ubed 9 YU 5 lual

S HFie S )l SlAimgs dcgezo ygac S Sl i o 2819 labiume Y)Y (e liblei )l ) S el )l 3345 £989

&dd = [ay,as,as, ..., by, bs, ... 1T
AA,4q = [Aay, Aas, Aas, ..., Aby, Abs, ... 1T 41)

Azl gl 0,90 o sl BB) salolae p (S 3y, Jleel b

Pyl
f SAQ)T[B2(1 + 2ay(1 — cos(21)))AQ"
0

+4a,2 sin(27) AQ’
+(1 + K* —2aoB2(1 — cos(Zr)))AQ] drt

= f SAAQT[R — (282(1 — cos(21)) Q4 + 4B2sin(21) Qg

—20,83(1 — c0s(27)) Qo)A
—(Zﬁo(l +2a,(1 — cos(Zr)))Q{,’ + 8 Bysin(27)Q,
—4aofo(1 — cos(21))Qy)AB]dT 42)
S Shy oolul 5 42) ;5 (40) L (38) (go0,28 08 (N> L
8 AAB s A AA slapy 5l s cYsles 5 slacgeme ol
Sgdin Jol> (43) sala,
SaadA + Speda + SppAB = R 43)
Q'l o as

T

Saa = JT’T[ﬁg(l + 2a5(1 — cos(27)))T”
+Za0[3§ sin(27)T'
+(1+ K — 2a0f3(1 — cos(20)) )] dr

Spa = f TT[2B2(1 — cos(20))T" + 4Bsin(20) T’
_2035(1 — cos(27))T] A dt

T

Sap = ITT[Zﬂo(l +2a,(1 — cos(21)))T"
0
+8a0ﬁosin(2‘rﬁ” - 4-a0ﬁ0(1 - cos(Zr))ﬂ Adt

R=— [ T2 + 2a0(1 - cos@))T”

0
+4aoB2 sin(27)T'
+(1+ K" = 2a0f2(1 = cos(21)))T| Kz @4)

Slbl sl e 30 ,5] Cands sl a5 il glalolas (43) salolas
S chds s Al ol s eolinad By 5 o (A slaps sl
Voles ol o 6l 4 ol BEaS il sy b pé salolae
S wiied AR gAa DA ey oS SYolae s
5 dseme sl sl o8 bl ) isdioe S (A55L o5
(Y gpome g DYolee dlaws ol ol gl el i B 9o SV olee sluss
2ol Blie sei 5 S e K ol Sy alles o 2ol palS oo
bl olsie & @ QLRI L rizman 55 e £3,5 iy jho ln AR
dlole o Jlo gd oo 485 )l 50 jhe pln A (> W) 50 poles
myssdl sl Jo BB g eal ply DVgemme g DVolee Slaws «(43)
ol ) 7 4 oad oolaiwl iS5k

S Sl 1, K 5 By (sl ! e -1

oS > |, 45) s sdloles -2

[San  Sag] {ﬁé} =R (45)

g ekl (30,5 B L Spg sl JSE w5 Spg of yo oS

9 ol 17 095 1396 ,3T (e Sle (Swiye

oslizial b allie o o s walss asie bl g b (o>l o 50
b ez gambo o e nl gged WYL Sigejla s,
B3 4L (595 wule soue oy, 4z S| sbioe patie (50
Sl Ll wilos S )] Sovgn Slopienms 5,0l Julos 0 s
Sloody (95 (aRie a4 pB Lldass slajls, oS wlesls (las
@ glagiy, b5 s lojes ol oy emes o
[23] o5 azgi |, Lo lsi oo
4 (@0, Bo) 51 el g0d Wiy cg50i iVl Sidgasle by, ol oS
Gk b bl Sl g b (2195 w5 » &Bly adg) Al e
4 by g0 (50,5 LS L ol | sslme galai il Qo(T) Sig
2,5 oo B5) ey & 90
a=ay+Aa, L =pB+AB,
Q1) = Qo(1) +4Q (1) @35)
Lls, Gl b aes SesS legei AQ(D) 5AB Aa &5
«SzeS loges ol slapy 5l e by B4) ekl 0 (3D)
Al ge Zusds B6) sabaly o5 4 a3 (5505 Alsles
BE(1+ 2ao(1 — cos(21)))AQ" + 4aoBE sin(27) AQ’
+(1+ K* = 2a082(1 - cos(21)) )AQ
=R —(2B2(1 — cos(21))Qq + 4B2sin(27)Q,
—2B2(1 - cos(21)) Qo)A
—(2Bo(1 + 2a4(1 — c0s(27))) QY + 8By Bosin(27)Q

_4a0ﬁ0(1 - COS(ZT))QO)A,B 36)
dl J 4
R =—(B2(1+ 2a,(1 — cos(21)))Qy + 4ayfd sin(27)Q
+(1 + K —2a,B2(1 — cos(Z‘E)))QO) @n

el (5 G e Blate LS il 4 a8 cenl oailendl o)l R
Beden e e 4 bl

3 el Vb Seigala W) i(s9es Vb Sigesle g, pgs o8
5 Qo 7S b B4 salolas Sasgs slacly 553 jolite & plS
Sedgrn Slaclez oS I gy Jlesl 5 S90e (541568 slas e 4 AQ
@ ol HT ool )90 b Sovgn lagul waighise 00)s] sy
Sges ko B8) alal, & 50

Qo(7) = Z [ap cos(pt) + bp Sin(PT)] = T)even_A)even
p=0,2,4,..

Z [Aap cos(pt) + Ab, sin(pr)]

= T)evenA—A)even @8)
Ol o as
Toven = [1, cos(27), cos(47), ..., sin(27), sin(47), ...]
Aeven = [@o, @z, Ay o) by, by, ... 1T
MAeoyen = [Aag, Aay, Ady, ..., Aby, Ab,, ...]T @9
e 4 BQo 5 Q0 2T 5lis 090 b S0 0 (slogealy 6lp uizeon
Hgdse 258 (40) galal,
Q(») = Z [a, cos(pT) + by, sin(P1)] = ToaaAodd
p=1,3,5,...

AQy(7) = Z [Aa, cos(pt) + Ab,, sin(p1)] = ToaaBAoaa
p=1,3,5,...
(40)
QT o as

Todd = [cos(7), cos(37), cos(57) ..., sin(t), sin(37), ...]

230



Ubed 9 YU 5 lual

S HFie e )l SlAimgs dcgezo ygac S Sl i o 2819 abiume Y)Y (e liblei )l )3 S ielply 3345 £989

—— T-period curve
— — 2T-period curve

(23
Fig. 3 Boundary curve corresponding to T and 2T-periodic solution for
plate with SSSS boundary conditions

Lol s 6l 2T 5 T ool b Seog p ol b JBlie (550 (Sonie 3 Y5
SSSS ;e

8352 Sk e s 51 2VL Sl polie (sl (B9 GOl el SzgS
sl glublb s oy mlpla az o (Jb cpl Lol sales [lauLl
bl e 31 (5 e sl 5l s eS slaces

o loosle (Sealiys J53) 2 (550 Ll b gy 45 ol
ol 35 (Seslod Il Slas wallio (pl 5o dlis (VL Sl
wlie 258 L2l bl 0ol )y 500 bl pd 4 S e lap >
09 8r9 Sl sl ambo s plxil ool slaclTa ST L )9 (sl 4]
CFCF 4 SFSF .CSCS SCSC (CCCC (550 Ll b 5 Sl i
(M4 Sy a2l ysel

Sluk 2 5ok b 50 lalpd o5 28l ol "4 JS8"
25 Snpiz Ol 5 Olsieed s slao )5 5o o o)l (Sealys
oo lulrd b 39 50 Cesl ond ools (i "4 ST o a5 jsblen
ogdle (355 oy "3 JS&") SSSS (55,0 Lulyds L (3,9 4 e CCCC
G5 sl 03,5 gy Gialdl oS e bl gasl Connsg aSiy!
sl ool S5z gt il e B = 1 ol 9,0 45 (gl

Lalrd b Gys e a5 ool @2ls "ad 5 o4 eSS sanlis b
2T sl oysn b Suoge slagealy b blie imie 53 SCSC (55,0
QT leyen gl oy Ol (a3 9 0ol oo K0Sy p M5
2 e 99 (il CSCS (550 Ll b 5y5 lp &S b 5o el ooludl
b el samio ;5 ey Lod bl ail; 5 o350 gl oS
adleals LSy

Ohiled "o-A S )0 SFSF (6550 Ll b baipe gyl amio
oo buslpd b )9 2 oSl dm o doles a5 Lol 5l el sas 0l
wlie ipeiins s Job )3 Syxte slap > wslite j5e <o SFSF
156 oy o oolu slolSaSs b Jgiyshsl s pSle salsles

25

—— T-period curve
— — 2T-period curve

@) (alh

231

Ll el (0,5 B LA sy gadly UKo eis AR 5 )
Sl ]
25 sy RIS & gabaly )3 (o2 by Gy 250 -3
Syge @hSen el Glyie 4 oS col Sess L el e
355 50 1,3 ool
SBEY = Bo+AB Ly, Sl el L LA 5By -4
1y gy 5 ko s 15 5 35, 0 B0 = K 4 B
NS S5 2 gl e
Ot Gl 561 lapls 5 as Dbl @ sy iz lade -5
235 S5 lisa A 5 By polie
Pz slayially 5l s ol cdd> 58 (g9 Vb Sigesla b,
b Jya> & ymie &5 WS o0 atin |, @ = B gamio 0 6y
sl b jblie (550 (o wedoe BA) alolee ln (Seomn
b oSVl o g S3U (lelats 355 sl T ool 0)99 b Su3g
e Jsb 0 S e ez oglie jsee o SSSS (g5 Lulps
Gl 00y jodle gl ool oad puy "2 ST o e
@S el Jelog cnl ol el sihe a5 bl
olass a8 a5 Cenl moly .l oas ax3,F L 0 e = 1070 & g0 4
b 38) Luly, jo ol il 498 slagpw 5l (6t Sigeslo e
Ssbilon il oo il 5 ol simie s wgd Ll JLido s (40)
5 Sigolb py3 dw 5| Lol gl wcanl oud ools (iales "2 JS8" s a5
sl sazme 2l bl oald 1Sen (Jolowi 0 Sise)le o ez
2T ool )90 b Sovgn slagwl lp 3o VL Sigasle )
I o (pomte ol el ouds ol Ll gamio o (6500 (i
AW (5,55 pothe oluly el 0nd ool iales alaiie bglas L "3
slayahl lad o jlubl 5l ( Ay goansS oz b (govie
Sloyially sl oad ol (gove slagssludd a5 550 ,o il allus
e (pl ams oo azS ) ol el (s (ol Bib g0 I ]
S5 (pomie 90 eyl o Sl plajes Bl somy g6y Sl
2 3l e oyl samio 53 bl sal; S gewsas
s o JSa3 ) ol g aten bl sally SGg oad Bilaie K0Sy
Logi 15l BT ool 5 S e 2 i s sl oyl £5%s
Oliiee "B IS Gl o0k (s o [18] () 5 50,5
B 5y Sl 6k 2 i3 Slajk oz 5 ey 4 05 oanline
S (@) fow s0jle 02 4 (5)500 slal p2 S ST cul S

2.5
I term approach
— — 2 term approach
2r -+ 3 term approach
—-—- 4 term approach
15F
Rl
1r 1 e
osp M
0362 0.366 0.37 0.374
0 L L L L
0 0.2 0.4 0.6 0.8 1

a
Fig. 2 Boundary curve corresponding to T-periodic solution for plate
with SSSS boundary conditions
S bbb Gy 6l T ool b Soonn gy b Jblie 55,0 (sionie 2 S5
SSSS

9 opleibs 17 095 1396 ,3T (I3 SHlle (Swiue



Ubed 9 YU 5 lual

S HFie S )l SlAimgs dcgezo ygac S Sl i o 2819 labiume Y)Y (e liblei )l ) S el )l 3345 £989

el 00ls

e 4z S1CFCF (5550 Lyl yds sl a5 amo oo Lt o4 JSC2"
G bl o pmmie pled 4 s T oglis 0,50 L slageuly b bas e
oo Ll sl bl gl Ll anils SWl lew s SFSF
Sl @ 08 Lhgeis ol 5l ole e &5 Cawl sael 5425 CFCF
e T9r5 5 9505 A sl oolu (slaolFaSs jl solil ¢ IS (glossls
S el Jo o inl il ol Glejen aul oy o8y 4 e
Ol 0szg A e daad pl Gl oS eelSass )l colanul
Slegnl pogdle el oads by el )y (gamao Jlaly gaml o Hlallolal;
W&l oy ;0 crwy 09,8 CFCF § SFSF (65,0 lalpis a5 ol
B ol 50 ool (sloolFaSs 3l oolannl a5 o 5 lo g o gl olol
o o o GlolSaSS & i 5 VL pliabl Skl asib
s (Salis sl

Seroliad )y 1 Sl piwn 3G -1-1-4

Sabl s sl (e (KT Sl iy s )-*-'L M5 st e
ol e Gl kg o)l k(s e 68l ¥ ey
Orzred el il 6y slo)l e 5 02 ) 60 polie Il &
8l oo 3l 6 VL e s 0 (55luLL g 5 b atiine o)

o b gilwani -2-4
J> 5 cwil kSl (Sl gl Sgbl) g)lwl )95 Gillae
Sgaze g astive glaaly o (ley CldS b e p @S sdlolre
4 By ool gaals (ley ClidS L oS e pols gaslllas jo .08 less

4 o sS wad ol (Seels zuly o 251y g b Gialidl g, o ysb

25

0 0.2 0.4 0.6 0.8 1
@

@) (Al

0 02 0.4 0.6 0.8 1
a

b )

9 ol 17 095 1396 ,3T (e Sle (Swiye

25

— T-period curve
— — 2T-period curve

b )

— T-period curve
— — 2T-period curve

0 +
0 0.2 0.4 0.6 0.8 1
o
© @
25 T
—— T-period curve
— — 2T-period curve
2k g
1.5F
Rl
| S
05F
0 *
0 0.2 0.4 0.6 0.8 1
(2]
@
25 T
— T-period curve
— — 2T-period curve
2k g
1.5F
Rl
I~=
05F
0 *
0 0.2 0.4 0.6 0.8 1
(2]
(OXO)

Fig. 4 Stable and unstable zones in parameters plane for plate with (a)
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Fig. 7 Time history and phase corresponding to CCCC boundary
condition for parameters (a), (b) (@ = 0.6, 8 = 0.85) belonging to
stable zone, (c), (d) (a = 0.35, 8 = 1.2) blonging to unstable zone and
(e), () (@ = 0.35, B = 0.6669) blonging to instability tongue.
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Fig. 9 Time history and phase trajectory corresponding to CCCC
boundary condition for parameters k., = 2.5 x 10° and
(@) (@ = 0.35,8 = 1.2) (b) (a = 0.35, 8 = 0.6669)
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