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 Applying and combining h and p refinement techniques in isogeometric method with the possibility of 
continuity elevation that this method provides, convergence and error of using different kinds of shape 
functions with different orders and continuities is investigated. It is done in a numerical analysis 
framework of a practical and well known problem called “Diametral Compression Test”. The advantage 
of this case is its circular geometry, since IGA provides designers with high potential of the possibility 
of using minimum elements to make the exact circular geometry. The point load inserts singularity to 
the problem. The refinement is utilized uniformly as the effective parameters are limited to the kind, 
order and continuity of shape functions. With different refinement techniques the convergence of 
approximated solution to the exact solution of linear elasticity is examined. It is concluded that with the 
singularity that is   mentioned, the error in IGA is not necessarily reduced with a rise  in order, more 
precisely the level of continuity is another important issue to determine error rise. It is also seen that in 
the presence of point load singularity the rate of error converges to the same value for all degrees of 
NURBS and Lagrangian shape functions with any continuity. At the beginning of refinement process 
the minimum number of elements is used to make the process clearer to understand. In the next steps h 
and p techniques and their combination are used to refine the model. 

Keywords: 
Isogeometric 
Diametral Compression Test 
Singularity 
Convergence  

 

  

1 -   
  

  .

 
 . 

  

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

12
.2

8.
6 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
4-

03
 ]

 

                               1 / 7

https://dorl.net/dor/20.1001.1.10275940.1394.15.12.28.6
https://mme.modares.ac.ir/article-15-6049-en.html


    

                       

  

266  13941512  

 .  
 
 

    .
1 

  .2

 

   .  3 
]1[ .

4  
 . 

 ]2[ .5 
 .

6 
 . 

.  
  .

7 
 ,    .

 .
   

   "" 
 .8 

 9 
]3[ .

 
 ""10 

.  
 

  .

 .

 .

]4[ .
-]5[ .

]6[ .

1- Finite Difference Method 
2- Finite Volume Method 
3- Unstructured grid discretization 
4- Meshfree Methods 
5- Finite Element Method 
6- Calculus of Variations 
7- Basis functions 
8- NURBS 
9- Computer Aided Design(CAD) 
10- Isogeometric (IGA) 

 ]7[ .
 ]8[ .

]9[ . 
 .

 ]10[.
h p k ]11[ .

-11 
 ]12[.  

 .   
""  .

  .
 

 . 
 

 "" 

 .  

  

  hp 
 .

 . 

 .
 .

  h p 
  h-p

 .   
  . 

 
 

  )  p (
     h  .

  
    h  .

 .

11- T-Splines 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

12
.2

8.
6 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
4-

03
 ]

 

                               2 / 7

https://dorl.net/dor/20.1001.1.10275940.1394.15.12.28.6
https://mme.modares.ac.ir/article-15-6049-en.html


    

                       

13941512  267  

  
  .   :

 .

  .
 .

  
 .

  

2 -   
 

 ]13 ,14[ .

]15[ .
 .

 
) 1.(  

)  1 (
  ]16[. 

 
=

2 ( )
+

( + ) 1
2  

 
=

2 ( )
+

( + ) 1
2  

)1(  
=

2 ( )
+

( + )
 

= ( ) +  = ( + ) + 

 
 

 .
 .

)1 () 2 (
 .  

  
= 0  .  

)   2 (
 )  3 ( 

 1 
  

Fig. 1 The disc under diametral compression and stress distributions on 
two vertical and horizontal diametral directions 

1  
 

3 -   
 

1 2  .
 ,

]17[ .
 .

  .
   

 .
 

 
  h p hp-FEM 

]17[.  

) 2 .(
  3  

 . 

 .
h p  

 .4 
1   .

    
  

4 -  
 -3  

  

1- ODE 
2- PDE 
3- B-Splines 

=
1

, =
1

, =
1

 

)2( = , = , = +  

 | =
2

(1 + )
×

 

 +(1 ) tan 2  

)3( =
2

log
+

+ ( 1) 2  

|  

R=3cm

E=200GPa

P=1000N

|
= cte 

= 0.3 

 [
 D

O
R

: 2
0.

10
01

.1
.1

02
75

94
0.

13
94

.1
5.

12
.2

8.
6 

] 
 [

 D
ow

nl
oa

de
d 

fr
om

 m
m

e.
m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
4-

03
 ]

 

                               3 / 7

https://dorl.net/dor/20.1001.1.10275940.1394.15.12.28.6
https://mme.modares.ac.ir/article-15-6049-en.html


    

                       

  

268  13941512  

 

Fig. 2 Three kinds of langrangian elements that are applied in classic 
FEM analysis 
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Fig. 3 Butterfly mesh grid, suitable for circular geometries 
3  

 
Fig. 4 Discretization and uniform h-refinement with classical 
lagrangian quadratic elements 
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Fig 5 In IGA the parametric domain (patch) may consist of number of 
elements 

5  ( ) 
 

1- Patch 

Fig. 6 Order elevation by p refinement from the coarsest mesh grid and 
then applying h refinement to produce four element cubic NURBS 
based grid with three continuities respectively C  ,C  and C  (filled 
points are control points) 
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Fig. 7 The refinements which are used in one direction to produce mesh 
grids in fig 6: in first step with p-refinement the order is elevated from 
two to three and then with insertion of knot = 0.5  with proper 
multiplicities different continuities C , C  and C  are achieved 
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Fig.  8 Convergence with increasing NDF. (a) linear and quadratic 
shape functions, (b) cubic shape functions 
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