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Uncertainty inherently exists in quantity of a system’s parameters (e.g., loading or elastic modulus of a 
structure), and thus its effects have always been considered as an important issue for engineers. 
Meanwhile, numerical methods play a significant role in stochastic computational mechanics, 
particularly for the problems without analytical solutions. In this article, spectral finite element method 
is utilized for stochastic spectral finite element analysis of 2D continua considering material 
uncertainties. Here, Lobatto family of higher order spectral elements is extended, and then influence of 
mesh configuration and order of interpolation functions are evaluated. Furthermore, Fredholm integral 
equation due to Karhunen Loève expansion is numerically solved through spectral finite element 
method such that different meshes and interpolation functions’ orders are also chosen for comparison 
and assessment of numerical solutions are solved for this equation. This method needs fewer elements 
compared to the classic finite element method, and it is specifically useful in dynamic analysis as it 
supplies desirable accuracy by having diagonal mass matrix. Also, these spectral elements accelerate the 
computation process along with Karhunen Loève and polynomial chaos expansions involving numerical 
solution of Fredholm integral equation. This research examines elastostatic and elastodynamic 
benchmark problems to demonstrate the effects of the undertaken parameters on accuracy of the 
stochastic analysis. Moreover, results demonstrate the effects of higher-order spectral elements on 
speed, accuracy and efficiency of static and dynamic analysis of continua. 
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1 Monte Carlo method
2 Perturbation method
3 Weighted integral method
4 Spectral decomposition method
5 Stochastic spectral finite element method 
6 Mesh
7 Probability density function
8 Cumulative density function
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9 Computational fluid dynamics (CFD)
10 Lobatto polynomial
11 Karhunen Loève expansion
12 Polynomial chaos expansion
13 Fredholm integral equation
14 Explicit

Fig. 1 A typical Lobatto spectral element of fourth order 
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x w   

3 (16)   

(16)  
x=[ 1.0000, 0.4472, 0.4472, 1.0000] 
w=[0.1667, 0.8333, 0.8333, 0.1667] 

4 (17)  

(17)  

x=[ 1.0000, 0.6547, 0.0000, 0.6547, 1.0000] 
w=[0.1000, 0.5444, 0.7111, 0.5444, 0.1000] 

5 (18)  

(18)  

x=[ 1.0000, 0.7651, 0.2852, 0.2852, 0.7651, 
1.0000] 
w=[0.0667, 0.3785, 0.5549, 0.5549, 0.3785, 
0.0667] 
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(r 0.6547)(s 0.6547)(r 1.0)(s 1.0) 
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1   
  

Table  1 Eigenvalues obtained from numerical solution of the KLE 
using spectral elements for the first example 

12×6 
4 

8×4 
4  

16×8 

3 
12×6 
3 

  
 

0.00273108 0.00273343 0.00273103 0.00273245 1  
0.00051137 0.00051336 0.00051133 0.00051253 2  
0.00051045 0.00051127 0.00051043 0.00051093 3  
0.00016810 0.00017007 0.00016805 0.00016924 4  

 

 

2   A   
Table  2 Maxima  of  vertical  displacements  of  node  A  for  the  first  
example 

12×6  
4  

8×4   
4  

16×8  
3  

12×6  
3    

84000 38080 84000 47880  
17.73549 17.73233 17.73346 17.73033   

4.154355 4.175747 4.146154 4.154585   

     .
  

    

3-2 -  
]6[ 

) 5 .( 0.333 0.0001 
  .

 x y  48 60  .
  3          

 
 . 12 

 130 ]6[ 
 .1 C )  27 (

  
    .

 
  .

 A  6 7    . 

Fig. 4 Standard deviation vertical displacement history of the rod at 
node A 

4   A  

Fig. 5 Cook’s membrane under rectangular dynamic loading 
5   

1 Assembly

 
Fig. 2 A rod under triangular dynamic load 

2   

Fig. 3 Mean vertical displacement history of the rod at node A 
3   A  
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3   
  

Table  1 Eigenvalues obtained from numerical solution of the KLE 
using spectral elements for the second example 

8×6 
5  

4×3  
5  

16×12  
4  

8×6  
4  

20×15 
3  

16×12 
3  

  

 
8.7536 8.7598 8.7524 8.7547 8.7525 8.7530 1  
2.0225 2.0278 2.0214 2.0234 2.0215 2.0219 2  
0.6685 0.6724 0.6677 0.6691 0.6677 0.6680 3  
0.5896 0.5923 0.5891 0.5901 0.5891 0.5893 4  
0.3179 0.3206 0.3174 0.3183 0.3174 0.3176 5 
0.2819 0.2858 0.2811 0.2826 0.2811 0.2814 6 

  

  
Fig.  6 Mean vertical displacement history of Cook’s membrane under 
rectangular dynamic loading at node A 

6  
A  

  
Fig.  7 Standard deviation vertical displacement history of Cook’s 
membrane under rectangular dynamic loading at node A 

7  
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4   A   
Table  4 Maxima of vertical displacements of node A for the second 
example 

8×6  
5  

4×3  
5  

16×12  
4  

8×6  
4  

20×15 
3  

16×1
2 

3  

  

 

208320 53760 526848 134400 46368
0 

29836
8   

48.3956 48.3325 48.3802
9 

48.3974
9 

48.376
09 

48.40
31   

10.5305
2 

10.5144
2 

10.5422
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10.5206
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10.52
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5   A  

Table  5 Maxima of vertical displacements of node A for the third 
example 

8×6  
5  

4×3  
5  

16×12  
4  

8×6  
4  

20×15 
3  

16×12 
 3  

  

 
20832

0 53760 52684
8 

13440
0 

46368
0 

29836
8   

33.536
95 

33.487
39 

33.548
29 

33.511
18 

33.534
66 

33.521
84 

  
6.7447

23 
6.7523

54 
6.7487

22 
6.7512

84 
6.7523

54 
6.7545

3 
  

 12  .
 6  

  . 63 103 84 
10 

 . A  63103 84 
 0.00480.0049 0.0049 

 0.00087350.0009146 0.0008948  . 
     11 12    

 
)  

  

  
)  

  
)  

  . 13 14  
  . 

   .  
   103     

Fig. 8 Mean vertical displacement history of Cook’s membrane under 
triangular dynamic loading at node A 

8   

A  

Fig. 9 Standard deviation vertical displacement history of Cook’s 
membrane under triangular dynamic loading at node A 

9   

A  

Fig. 10 Configuration of three various meshes for the plate with a hole 
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6   
  

Table  6 Eigenvalues obtained from numerical solution of the KLE 
using spectral elements for the fourth example 

84  
103 

  

 63 

 
  

 
309956779.3013 309982203.6372 310061340.0658 1  
58754160.1487 58823033.6186 58888064.9255 2  
55429788.1184 55401583.7593 55471477.7220 3  
19213038.2428 19242619.8190 19307969.0376 4  

 63   
 . 
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  .  
  

 .13  
103 63 0.004 0.005 
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103  .

    
    

4 -     
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)  
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Fig. 11 Mean values of vertical displacement field for three various 
meshes 
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)  

  
)  
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)   ( )  
 

  . 
 .  ( ) 

 
  

   .
   

Fig. 12 Standard deviation values of vertical displacement field for 
three various meshes 

12   :- 63 - 
103 - 84   

Fig. 13 Probability density function of displacement at node A for the 
plate with a hole 

13  A    

Fig. 14 Cumulative density function of displacement at node A for the 
plate with a hole 

14  A    
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