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 Free hydroelastic coupled vibration analysis of frictionless liquids with a free surface in spherical tanks 
with a flexible bottom has been performed. The side wall has been considered as a rigid body. The 
flexible bottom behaves as a membrane at a certain distance below the center point, and the free surface 
is considered as a cross cut at the top of the center point. The spherical coordinate system is adopted to 
derive the governing coupled equations, and finally a vibration analysis is carried out, using the 
traditional Galerkin's method, leading to closed-form solutions. Effects of various system parameters, 
i.e., membrane tension, liquid density, geometric parameters of the system such as the container radius, 
free surface distance discriminate parameter, and bottom distance discriminate parameter on the 
vibration behavior are investigated. The novelty of the present work is to obtain direct formulas for 
hydroelastic coupled vibration analysis of the mentioned system, which can be easily used in 
engineering design applications. Coupling between two mode numbers can be clearly seen in the results, 
in other words, there is a coupling between vibration modes as interaction in spherical geometry. 
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Fig. 1 Spherical container with a membrane bottom and adopted 
coordinate systems  
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1   
Table 1 Characteristic parameters of the system 

R 
(m) 

T 
(N/m) 

g 
(m/s2) 

f   
(kg/m2) 

m   
(kg/m2) 

  
(N/m) 

1   
(rad) 

2   
(rad) 

 

0.5 105 0.1 1000 39 0.01 / 3   3 / 4    

2      
Table 2 System frequencies for different half wave parameters  

10 9 8 7 6 5 4 3 2 1  
12 10.7 9.15 7.76 4.68 4.99 3.79 2.97 - 1.15 1 

11.9 10.4 8.98 7.8 6.24 4.8 3.9 7.2 - - 2 

13.3 14 8.98 7.68 7.64 9.65 2.5 - - - 3 

11.9 10.4 8.95 7.65 7.42 21.1 - - - - 4 
12 10.9 6.8 11.4 - 6.99 - - - - 5 
12 11 12.4 - - - - - - - 6 

14.5 19.9 - - - - - - - - 7 
23.5 - - - - - - - - - 8 

- - - - - - - - - - 9 
- - - - - - - - - - 10 

  
Fig. 2 2nd mode shape in software modeling 

2  

 
3  

Table 3 10 first natural frequencies obtained from software modeling 
 

(Hz) 
 

1.09 
2.37 
2.80  
3.64  
3.79  
4.51  
4.67  
4.68  
5.98  
6.87 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

 
Fig. 3 1st vibration mode of the free surface 
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Fig. 4 1st vibration mode of the membrane bottom 

4  

  
  

Fig. 5 2nd vibration mode of the free surface 
5  

  
Fig. 6 2nd vibration mode of the membrane bottom 
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4    
Table 4 Comparison between natural frequencies of analytical method and those of software modeling 

  
(Hz) 

 
(Hz) 

 

0.055 
0.054  
0.060  
0.041  
0.29  
0.037  
0.027  
0.026  
0.043  
0.017 

1.09 
2.37 
2.80 
3.64 
3.79 
4.51 
4.67 
4.86 
5.98 
6.87 

1.15 
2.50  
2.97  
3.79  
3.90  
4.68  
4.80  
4.99  
6.24  
6.99 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
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Fig. 7 Dependence of three natural frequency modes on membrane 
tension 

7  

  
Fig. 8 Dependence of three natural frequency modes on liquid density 

8   

  
Fig. 9 Dependence of three natural frequency modes on container 
radius 

9  
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