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In this paper, free axial vibration of nanorods is investigated by focusing on the inertia of the lateral
motions effects. To this end, Rayleigh and nonlocal theories considering the inertia of the lateral
motions and the small scale effects, respectively, are used. Then, by implementing the Hamilton’s
principle nonlocal governing equation of motion and boundary conditions are derived. Since using
nonlocal elasticity causes the 2-order local governing equation to be changed to the 4th-order nonlocal
governing equation while number of boundary conditions remains constant (one boundary condition at
each end of nanorod), the governing equation is solved using Rayleigh-Ritz method. In Rayleigh-Ritz
method a suitable shape function for the problem should be selected. The shape function must at least
satisfy the geometrical boundary conditions. In the present study, orthogonal polynomials are selected
as shape functions then they are normalized by using the Gram-Schmidt process for more rapid
convergence.

After that, the first five axial natural frequencies of nanorod with clamped-clamped and clamped-free
end conditions are obtained. In the next step, effects of various parameters like length of nanorod,
diameter of nanorod and nonlocal parameter value on natural frequencies are investigated. Results of
the present study can be useful in more accurate design of nano-electro-mechanical systems in which
nanotubes are used.
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Fig. 1 Schematic of the nanorod geometry
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Fig. 2 Convergence of first six natural frequencies for a clamped-free
nanorod
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Table 1 Comparison of local and nonlocal dimensionless natural
frequencies of clamped-clamped and clamped-free nanorods using
simple theory
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Table 2 Comparison of local natural frequencies of clamped-clamped
nanorod using Rayleigh theory
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Table 3 Fundamental local axial frequencies of nanorod based on simple and Rayleigh theories and frequency ratios for various nanorod lengths, and

clamped-clamped and clamped-free boundary conditions
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0.9968  0.9966  0.9999  0.9968 188.31 188.34
0.9973  0.9971  0.9999  0.9973 172.62 172.64
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0.9988  0.9987  0.9999  0.9988 115.09 115.10
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09762  0.9751  0.9989  0.9762 517.35 517.93 20.0
0.9811  0.9802  0.9991  0.9811 459.97 460.38 22.5
09846  0.9839  0.9993  0.9846 414.05 414.34 25.0
09872  0.9866  0.9994  0.9872 376.45 376.68 275
0.9892  0.9887  0.9995  0.9892 345.11 345.29 30.0
0.9920  0.9917  0.9996  0.9920 295.85 295.96 35.0
0.9939 09936  0.9997  0.9939 258.89 258.97 40.0
0.9952  0.9949  0.9998  0.9952 230.14 230.19 45.0
0.9961  0.9959  0.9998  0.9961 207.14 207.17 50.0
0.9973  0.9971  0.9999  0.9973 172.62 172.64 60.0
0.9980  0.9979  0.9999  0.9980 147.97 147.98 70.0
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Table 4 Fundamental local axial frequencies of nanorod based on simple and Rayleigh theories and frequency ratios for various nanorod external
diameter values, and clamped-clamped and clamped-free boundary conditions
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0.9939  0.9936 0.9997 0.9939 258.89 258.97 0.9762  0.9751 0.9989 0.9762 517.35 517.93 3.000
0.9939  0.9935 0.9997 0.9939 258.88 258.97 0.9762 0.9749 0.9986 0.9762 517.23 517.93 3.335
0.9939  0.9935 0.9996 0.9939 258.86 258.97 0.9762 0.9746 0.9984 0.9762 517.09 517.93 3.670
0.9939  0.9934 0.9995 0.9939 258.84 258.97 0.9762 0.9743 0.9981 0.9762 516.94 517.93 4.005
0.9939  0.9933 0.9994 0.9939 258.82 258.97 0.9762 0.9740 0.9978 0.9762 516.78 517.93 4.340
0.9939  0.9933 0.9994 0.9939 258.80 258.97 0.9762 0.9737 0.9974 0.9762 516.61 517.93 4.675
0.9939  0.9932 0.9993 0.9939 258.78 258.97 0.9762 0.9734 0.9971 0.9762 516.42 517.93 5.010
0.9939  0.9931 0.9992 0.9939 258.75 258.97 0.9762 0.9730 0.9967 0.9762 516.22 517.93 5.345
0.9939  0.9930 0.9991 0.9939 258.72 258.97 0.9762 0.9726 0.9963 0.9762 516.00 517.93 5.680
0.9939  0.9929 0.9990 0.9939 258.70 258.97 0.9762 0.9721 0.9958 0.9762 515.78 517.93 6.015
0.9939  0.9927 0.9988 0.9939 258.67 258.97 0.9762 0.9717 0.9954 0.9762 515.54 517.93 6.350
0.9939  0.9926 0.9987 0.9939 258.63 258.97 0.9762 0.9712 0.9949 0.9762 515.29 517.93 6.685
0.9939  0.9925 0.9986 0.9939 258.60 258.97 0.9762 0.9707 0.9944 0.9762 515.03 517.93 7.020
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Fig. 3 Variations of third and fourth frequency ratios versus different values of outer diameter of nanorod for first,

third and fifth natural frequencies
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Fig. 4 Variations of second, third and fourth frequency ratios versus
different values of nonlocal parameters for (a) first, (b) second and

third mode numbers
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